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Average payoff games

Discrete-time average payoff games

e 2-player perfect information, zero-sum games
onweightedfinite automata.

a a
@ run=v; — Vo — V3...
e players optimize
e reward per transitionmean-payoff games

Continuous-time average payoff games

e 2-player perfect information, zero-sum games
on pricedtimed automata

=5 ]
@ run =vi3 — Vo — V3...
5] )

e players optimize :
o time per transition(average time gamg
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Average payoff games
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Average payoff games (discrete-time)

Game arena
o Afinite directed graplG = {V,E}
@ A partition of verticesV = Vyax U Vmin
e Areward functiorr : V — Z.

Optimization goals

Min

a as
@ T=V], — Vo —V3...
o A(m) =IliMp_e(1/n)-Fi 1 (Vi)

Strategies
o History dependentZyax = {V* X Vmax — V}
o Positional Zyax = {Vvax — V}
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Average payoff games

Value of the game
e A(v,x,u) = limiting average of the game.
o upper-valueA*(v) = infyesy, sup,es,,., AV 1, X),
o lower valueA,(v) = sup,cs,  infues AV, 1L, X).
e (minimax)value of the gameA*(v) = A.(v) = A(v, x*, 1*).

Algorithmic problem
e Find the optimal strategy for Max and Min.
e Pseudo-polynomial time algorithm [Zwick and Paterson’95].
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Optimality equations

Local witness of global optimality
e gain(v) = value of the game.
e bias(v) = measure of initial fluctuations.

Optimality equation®’&
For everymaxvertexv € Vivax,
@ g(v) =max{g(u) : (v,u) € E}.
@ b(v) = max{r(v) —g(v)+b(u) : (u,v) € Eandg(v) = g(u)}.

Positional optimal strategy
@ Solution to&'& gives optimal value of the game.
e Solution tog'&providespositional optimal strategy
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Optimality equations — Contd.

Optimality equations
If solution for &&exists, then R
e optimal-cycle(v) = Cycle reachable from vertex i
when players play optimal strategies. o b3
e gain(v) = average of theptimal-cycle(v).
o bias(v) = optimal distance (fluctuations) fromto o
an arbitrary vertex iroptimal-cycle(v). =
gl = g2 = g3 = g4 = g

bl =zl - g+ b2
b2 = r2 - g + b3

b3 = r3 - g + b4
bd = rd - g + b2
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Optimality equations — Contd.

Optimality equations

Strategy improvement algorithm

Average payoff games (discrete-time)

Optimality equations
If solution for &' &exists, then

e optimal-cycle(v) = Cycle reachable from vertex
when players play optimal strategies.

e gain(v) = average of theptimal-cycle(v).
e bias(v) = optimal distance (fluctuations) fromto
an arbitrary vertex iroptimal-cycle(v).
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Average payoff games (discrete-time)

Optimality equations

Strategy improvement algorithm

Optimality equations — Contd.

Optimality equations
If solution for &' &exists, then

e optimal-cycle(v) = Cycle reachable from vertex
when players play optimal strategies.

e gain(v) = average of theptimal-cycle(v).
e bias(v) = optimal distance (fluctuations) fromto
an arbitrary vertex iroptimal-cycle(v).

Does it always exist?
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1-player(Min) strategy improvement algorithm SIA

SIA;

@ Fix an arbitrary positional
strategyu : V — V. vz

@ Compute gain and bias values
for the subgraph restricted

v3

to u. ‘
© Modify u to new positional

strategyu’, by choosing the vt

successors with minimag, b)

pair.
Q@ If u =/, the stop and report

u as optimal positional

strategy. Otherwisg := p’

and goto 2.

v4
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1-player(Min) strategy improvement algorithm SIA

SIA;

o

2]

o

Fix an arbitrary positional
strategyu : V — V. v2 (2.5,1.5)

Compute gain and bias values
for the subgraph restricted
to u.
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successors with minimag, b)
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v4 (2.5,1.5)

Ashutosh Trivedi Average Payoff Games



Introduction
Average payoff games (discrete-time) Average payoff games (discrete-time)
Average payoff games (continuous-time) Optimality equations
Conclusion Strategy improvement algorithm
Appendix

1-player(Min) strategy improvement algorithm SIA

SIA;

o

2]

o

Fix an arbitrary positional
strategyu : V — V. v2 (2.5,1.5)

Compute gain and bias values
for the subgraph restricted
to u.

Modify u to new positional
strategyu’, by choosing the
successors with minimag, b)
pair.

If u =y, the stop and report
u as optimal positional
strategy. Otherwisg := p’
and goto 2.

v4 (2.5,1.5)

Ashutosh Trivedi Average Payoff Games



Introduction
Average payoff games (discrete-time) Average payoff games (discrete-time)
Average payoff games (continuous-time) Optimality equations
Conclusion Strategy improvement algorithm
Appendix

1-player(Min) strategy improvement algorithm SIA

SIA;

o

2]

o

Fix an arbitrary positional
strategyu : V — V. v2 (2.5,1.5)

Compute gain and bias values
for the subgraph restricted
to u.

Modify u to new positional
strategyu’, by choosing the
successors with minimag, b)
pair.

If u =y, the stop and report
u as optimal positional
strategy. Otherwisg := p’
and goto 2.

v4 (2.5,1.5)

Ashutosh Trivedi Average Payoff Games



Introduction
Average payoff games (discrete-time) Average payoff games (discrete-time)
Average payoff games (continuous-time) Optimality equations
Conclusion Strategy improvement algorithm
Appendix

1-player(Min) strategy improvement algorithm SIA

SIA;

o

2]

o

Fix an arbitrary positional
strategyu : V — V. v2 (2.5,1.5)

Compute gain and bias values
for the subgraph restricted
to u.

Modify u to new positional
strategyu’, by choosing the
successors with minimag, b)
pair.

If u =y, the stop and report
u as optimal positional
strategy. Otherwisg := p’
and goto 2.

v4 (2.5,1.5)

Ashutosh Trivedi Average Payoff Games



Introduction
Average payoff games (discrete-time) Average payoff games (discrete-time)
Average payoff games (continuous-time) Optimality equations
Conclusion Strategy improvement algorithm
Appendix

1-player(Min) strategy improvement algorithm SIA

SIA;

o

2]

o

Fix an arbitrary positional
strategyu : V — V. v2 (2.5,1.5)

Compute gain and bias values
for the subgraph restricted
to u.

Modify u to new positional
strategyu’, by choosing the
successors with minimag, b)
pair.

If u =y, the stop and report
u as optimal positional
strategy. Otherwisg := p’
and goto 2.

v4 (2.5,1.5)

Ashutosh Trivedi Average Payoff Games



Introduction
Average payoff games (discrete-time) Average payoff games (discrete-time)
Average payoff games (continuous-time) Optimality equations
Conclusion Strategy improvement algorithm
Appendix

1-player(Min) strategy improvement algorithm SIA

SIA;

@ Fix an arbitrary positional
strategyu : V — V.

@ Compute gain and bias values
for the subgraph restricted
to u.

© Modify u to new positional
strategyu’, by choosing the
successors with minimag, b)
pair.

Q If u =y, the stop and report
u as optimal positional
strategy. Otherwisg := p’
and goto 2.

v4

Ashutosh Trivedi Average Payoff Games



Introduction
Average payoff games (discrete-time) Average payoff games (discrete-time)
Average payoff games (continuous-time) Optimality equations
Conclusion Strategy improvement algorithm
Appendix

1-player(Min) strategy improvement algorithm SIA

SIA;

o

2]

o

Fix an arbitrary positional
strategyu : V — V. v2 (1.5,0.5)
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Average payoff games (discrete-time)
Optimality equations
Strategy improvement algorithm

1-player(Min) strategy improvement algorithm SIA
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2-player strategy improvement algorithm SIA

SIA,

© 6 o0 o090

Fix an arbitrary positional strategy: Vmax — V for Max player.

Compute the best counter-stratagy Vin — V for Min player,
againsty.

Compute the gain and bias values for the subgraph restricted to
andy.

Modify x to new positional strategy’, by choosing the successor with
maximal(g, b) pair.

If x = x’, then stop and report andy as the optimal strategies for
Min and Max players. Otherwisg := x’ and goto 2.
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On the complexity of strategy improvement algorithm

Complexity of strategy improvement algorithm
o Complexity isnot well understood
e In practice requires linear number of improvement steps.
e Each improvement step is polynomial|.
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Average payoff games (continuous-time)

Average payoff games (continuous-time)
Average time games

Game arena

e A finite directed graph
G = {V7 E},V - VMaXuVMin.

o A finite set of real valued variables — cloc&s "

e The graph hagfinitely many configurations
(V x (R)®).

@ A price-rate (price per unit-time step) function
p:V—Z

Optimization goals
a P

@ T=V, —Vo2—V3...
ty t

o A(m) =limp_w(l/n) 3 t;
e Average time games
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Average payoff games (continuous-time)
Average time games

Average time games

Optimality equations
° g(s) = ma)%eA,teRJr{g(S/) : S% s’}
® b(s) = Maeaser. {t—9(9) +b(S) : s> 5,9(5) =g()}

Challenges
e Infinitely many states.
e Infinitely many (positional) strategies.

Solution

e Finitary abstraction (Thin region abstraction)

e Symbolic representation of strategies.
e Finite (positional) symbolic strategies.
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Conclusion

Results

e Discrete-timeAlternative proof of positional determinacy and
alternative algorithm.

e Continuous timéelementary proof of determinacy and first algorithm
to solve average time games.

Future Work
e Analyse the complexity of strategy improvement algorithm.
e Solving the average price games.

e Implementation of the algorithms into a toolkit for real-time controller
synthesis.

e Experimental benchmarking of strategy improvement algorithm against
[Zwick and Paterson’ 96], [Karp'77], [Bouyer'04 al.] etc.
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Results on timed game automata

e Reachability game(constraint ortime) on timed game automata
[Asarin, E. and Maler, O. 1999]

e Reachability game(constraint orprice) on timed game automata.
[Alur et al. 2004],[Bouyer et al. 2004].

e Average price gamefor one player [Bouyer et al. 2004]
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