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Expansions with P = NPExpansions with P = NP

1.1. The uniform model of computation The uniform model of computation 

2.2. The complexity classes PThe complexity classes PΣ Σ , , NPNPΣΣ , DEC, DECΣΣ

3.3. Why is it difficult to find an Why is it difficult to find an RR with Pwith PΣΣRR
= = NPNPΣΣR R 

??

4.4. How to construct a relation How to construct a relation RR such that SATsuch that SATΣΣRR
∈∈ PPΣΣRR

??



A structure:A structure: constants      operations             relationsconstants      operations             relations

ΣΣ == ((U U ; ; cc11,,……, , ccu u ;  ;  ff11,,……, , ffvv ;  ;  RR11,,……, , RRww , [=]), [=])

finite signaturefinite signature

Examples:    Examples:    
ΣΣbinbin == ({0, 1}; 0, 1; ; ({0, 1}; 0, 1; ; ==)) ((⇨ Turing machines),  ,  

ΣΣRR = ({= ({ aa, , bb}*; }*; εε; ; addaddaa , , addaddbb , , subsubaa , , subsubbb ; ; RR, =), =)
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finite universe
or

infiniteinfinite universe

1. The uniform model of computation1. The uniform model of computation
over structures over structures ΣΣ

the empty string



···

The The ΣΣ--machinesmachines
MM

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

Registers Registers for elements of for elements of UU :  :  ZZ11, , ZZ22, , ZZ33,,…… ((U U ≙≙ the universe)the universe)

Registers for indices:  Registers for indices:  II11, , II22,,……,, IIkkMM

…
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···

Z11Z10Z9Z8Z7Z6Z5Z4Z3Z2Z1

Z1

The The ΣΣ--machines machines 
(input)(input)

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

TheThe inputinput:: ((ZZ1 1 ,,……, , ZZnn) ) ≔≔ ((xx11,,……, , xxnn); ); II11≔≔ nn;  ;  II22≔≔ 1;1;…… IIkkMM
≔≔ 1;1;

4

x1 x2 x3 x4

Z4

Z1

1

1

x4x1 x2 x3 x4 x4 x4 x4 x4

…

…

The size of 
the input
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···

The The ΣΣ--machines (output)machines (output)

TheThe outputoutput:     (:     (ZZ11,,……, , ZZII11
))

7

1

1

The size of 
the output

…

…23 7 1 6 1 2 1 823 7 1 6 1 2

23 7 1 6 1 2

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??
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The The ΣΣ--machinesmachines
(instructions)(instructions)

Structure: Structure: ΣΣ == ((U U ; ; cc11,,……, , ccu u ;  ;  ff11,,……, , ffvv ; ; RR11,,……, , RRww, =), =)

Computation: Computation: ll:  :  ZZkk ≔≔ ffjj((ZZkk11
,,……, , ZZkkffjj

)) ;;

ll:  :  ZZkk ≔≔ ccjj ;;

Branching:    Branching:    ll:  :  ifif RRjj((ZZkk11
,,……, , ZZkkRRjj

)) then then gotogoto ll1 1 else else gotogoto ll22; ; 

ll:  :  ifif ZZkk == ZZjj then then gotogoto ll1 1 else else gotogoto ll22; ; 

Copy:Copy: ll: : ZZIIkk
≔≔ ZZIIjj

;;

Index computation:Index computation: IIkk≔≔ 1;  1;  IIkk≔≔ IIkk++1;  1;  if if IIkk == IIjj then then gotogoto ll1 1 else else gotogoto ll22;;

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??
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TheThe guessingguessing:: ((ZZn+n+11,,……, , ZZn+mn+m)) ≔≔ ((yy11,,……, , yymm)) ∈∈ UU mm

nonnon--deterministicdeterministic !!

Arbitrary elements can be guessedArbitrary elements can be guessed !!

···

The nonThe non--deterministicdeterministic
machinesmachines

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

4

1

1

The size of 
the input

…

y1 y2 y3 y4 y5
...

y2x1 x2 x3 x4 y1 y3 y4 y5
…
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Representations Representations 
of a of a ΣΣ --machinemachine

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

1:  Input:  (x1, …, xn) .  
Guess: (y1, …, yn) ∈ {0, 1}. 

2:  I2 ≔ I1 + 1;
3:  Z1 ≔ 1 + Z1 * ZI2

;
4:  if I1 = I3 then goto9 

else goto5;
5:  I2 ≔ I2  + 1;
6:  I3 ≔ I3  + 1;
7:  Z1 ≔ Z1 + ZI3 *

ZI2
;

8:  goto4;
9:  if Z1 = 1 then goto11

else goto10;
10:  Z1 ≔ 0;
11:  I1 ≔ 1;
12:  Output: Z1.

A 
program

A 
flowchart

Computation Computation 
pathspaths
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2.2. The complexity classes DECThe complexity classes DECΣ Σ , P, PΣ Σ , , NPNPΣΣ
Decidable,Decidable, (non(non--)) deterministically deterministically recognizablerecognizable in polynomial timein polynomial time

Every element Every element can be stored in one register !can be stored in one register !
One operationOne operation can be executedcan be executed in one time unitin one time unit (one step) (one step) !!

⇒⇒ Computation inComputation in polynomial time polynomial time means means 
output after output after pp((nn) steps for any () steps for any (xx1 1 ,,……, , xxnn) ) 

and some polynomial and some polynomial pp..

TheThe usual usual problems (for structures with two constants): problems (for structures with two constants): 
SATSATΣΣ The The SatisfiabilitySatisfiability ProblemProblem

(Compare: the (Compare: the BlumBlum--ShubShub--SmaleSmale model  introduced in 1989,model  introduced in 1989,
the algebraic programming systems considered by the algebraic programming systems considered by AsveldAsveld and Tuckerand Tucker in 1982.)in 1982.)

UNIUNIΣΣ The NPThe NP--complete problem complete problem recognizedrecognized by a usual universal machineby a usual universal machine
HHΣΣ The Halting Problem The Halting Problem 



A questionA question
The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

POIZATPOIZAT (1995):(1995):

Is there a structure of finite signature with Is there a structure of finite signature with P = NP ?P = NP ?
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The idea: SomeThe idea: Some R R with  with  SATSATΣΣR R 
∈∈ PPΣΣRR

How can a How can a tupletuple be encodedbe encoded by one elementby one element??

The The undecidabilityundecidability of SATof SATΣΣRR
for some for some RR

3. Why is it difficult to find an 3. Why is it difficult to find an RR with with 
PPΣΣRR

= = NPNPΣΣR R 
??



The idea: The idea: 
A new relationA new relation R R withwith

SATSATΣΣR R ∈∈ PPΣΣRR

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

The first problem:The first problem:

How can a How can a tupletuple be encoded by one element?be encoded by one element?

reductionreduction

((xx11,...,,..., xxnn,, codecode((ψψ )))) ∈∈ SATSATΣΣR R 
??

ΣΣRR ⊨⊨ RR((CODECODE((xx11,...,,..., xxnn, , ψψ )) )) ??

tupletuple of elementsof elements

one elementone element

??
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How can a How can a tupletuple be be 
encoded by one element?encoded by one element?

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣR R ??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

Solution:            Solution:            We extendWe extend ΣΣ == (( UU ; ; cc11 ,,……, , ccuu ;  ;  ff11 ,,……, , ffvv ; ; RR11 ,,……, , RRww , , ==).).
ΣΣRR= = ((AA ; ; εε, , aa, , bb,, cc11,,……, , ccuu ;  ;  ??,  ,  ??,  ,  ??,  ,  ff11'',,……, , ffvv ''; ; RR11'',,……, , RRww'', , RR, , ==))

A A == UU** ffjj ''((ddkk11
, , ……, , ddkkffjj

) ) = = ffjj ((ddkk11
, , ……, , ddkkffjj

); ); ffjj ''((sskk11
, , ……, , sskkffjj

) ) = = εε
ddkk11

, , ……, , ddkkffjj
∈∈ UU, , ((sskk11

, , ……, , sskkffjj
) ) ∉∉ UU kkffjj

reductionreduction

((xx11 ,...,,..., xxnn ,, codecode((ψψ )))) ∈∈ SATSATΣΣRR
??

ΣΣR R ⊨⊨ RR((stringstring((xx11 ,...,,..., xxnn ,,ψψ ))))??

tupletuple of stringsof strings

one stringone string

concatconcat

Christine Christine GaßnerGaßner gassnerc@unigassnerc@uni--greifswald.degreifswald.de

operations for concatenation,…operations for concatenation,…



Why is it difficult to find an Why is it difficult to find an 
RR withwith

SATSATΣΣR R ∈∈ DECDECΣΣRR
??

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣRR??

For many relations For many relations RR ::

The The assumption assumption 

of the of the decidabilitydecidability of SATof SATΣΣRR
(by means of (by means of RR))

impliesimplies the the decidabilitydecidability of Hof HΣΣRR
..

SATSATΣΣRR
∉∉ DECDECΣΣRR

..
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SomeSome RRhh withwith
SATSAThalthalt∉∉ DECDECΣΣRRhh

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣR R ??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

ΣΣRR = = ({({aa, , bb}*; }*; εε; operations for ; operations for concatconcat. ; . ; RR , , ==)) . . TMTM set of all deterministicset of all deterministic Turing Turing machinesmachines. . 

RRhh((ss)) ==

SATSAThalthalt ==dfdf {{ codecode((RRhh((YY11dd11······ddkk−−11))))| | MM∈∈TMTM && ΣΣRRhh
⊨⊨∃∃YY11RRhh((YY11dd11······ddkk−−11))}}

CodeCodeTMTM((MM ) ) 

SATSAThalthalt ∈∈ DECDECΣΣRRhh
HHTMTM ∈∈ DECDECTMTM

HHTM TM ∉∉ DECDECTMTM ⇒⇒ SATSAThalthalt ∉∉ DECDECΣΣRRhh
⇒⇒ SATSATΣΣRRhh

∉∉ DECDECΣΣRRhh

true     true     if   if   ss == rr CodeCodeTMTM((MM )),  ,  MM ∈∈ TM,TM, M M haltshalts on on CodeCodeTMTM((MM )) after after ||rr|| stepssteps
false    false    otherwiseotherwise
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Simulation Simulation 
by a TMby a TM



4.4. How to construct a relation How to construct a relation RR such such 
that  SATthat  SATΣΣR R 

∈∈ PPΣΣRR
??

The idea: The idea: 
ΣΣRR⊨⊨ RR((stringstring((xx, , ψψ )) )) ⇔⇔ ((xx,, codecode((ψψ )))) ∈∈ SATSATΣΣRR

R  R  is definable    is definable    ⇔⇔ SATSATΣΣRR
is decidableis decidable !!

Can we find an Can we find an RR such that SATsuch that SATΣΣRR
is decidableis decidable??

Can we give a definition of Can we give a definition of RR such that SATsuch that SATΣΣR  R  
∈∈ PPΣΣRR

??



Problems:Problems:

Solution:Solution: Definition of Definition of R R such that such that 
R R and and SATSATΣΣRR

can becan be describeddescribed byby a treea tree
which is similar to a tree of computation paths.which is similar to a tree of computation paths.

ψψ can contain can contain RR. . 
The guesses for The guesses for YY11,…, ,…, YYmm can be the codes of formulae.can be the codes of formulae.
Can all possible guesses for any formula be finitely described bCan all possible guesses for any formula be finitely described by one y one 
quantifierquantifier--freefree ((¬¬, , ∨∨, , ∧∧))--formula over formula over ΣΣR.R.??

Is Is R R definable such that definable such that 
RR((stringstring((xx,,ψψ )) )) ↔∃↔∃YY ψψ ((xx,, YY ) ) ??

The uniform model of computationThe uniform model of computation

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??



The description of The description of 
SATSATΣΣRR

by a treeby a tree

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣRR??

dk dk−1        dk−2     ···      d2           d1

≙ d1··· dk−1dk∈ A
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The description of The description of 
SATSATΣΣRR

by a treeby a tree

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

in SATΣR
∩Ak

in SATΣR
∩Ak+1

≙ d1··· dk−1dk∈ A

in SATΣR
∩Ak+2
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The codes of the 
tuples

dk dk−1        dk−2     ···      d2           d1



SomeSome R R withwith
SATSATΣΣRR

∈∈ DECDECΣΣRR

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

RR((‹‹xx11,..., ,..., xxnn , , codecode((ψψ))››dbldbl )) == truetrue

iffiff ((xx11,..., ,..., xxnn , , codecode((ψψ )))) ∈∈ SATSATΣΣRR
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a|‹x, code(ψ)›|

‹‹ss11,..., ,..., sskk›› ∈∈ A A code ofcode of ((ss11,..., ,..., sskk) ) ∈∈ AAkk

ss ∈∈ A   A   ⇒⇒ ssdbldbl ==dfdf ssaa||ss|| ∈∈ AA

‹x, code(ψ)›



SomeSome R R withwith
SATSATΣΣRR

∈∈ DECDECΣΣRR

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

‹‹ss11,..., ,..., sskk›› ∈∈ A A code ofcode of ((ss11,..., ,..., sskk) ) ∈∈ AAkk

RR((‹‹xx11,..., ,..., xxnn , , codecode((ψψ))››dbldbl )) == truetrue

iffiff ((xx11,..., ,..., xxnn , , codecode((ψψ )))) ∈∈ SATSATΣΣRR

ss ∈∈ A   A   ⇒⇒ ssdbldbl ==dfdf ssaa||ss|| ∈∈ AA
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⇨ PaddingPadding of strings
(by doubling the length)

a

a

a

a
a

a

a|‹x, code(ψ)›|

‹x, code(ψ)›



ΣΣ == (( U U ; ; cc11 ,,……, , ccuu ;  ;  ff11,,……, , ffvv ; ; RR11,,……, , RRww , , ==)),,
ΣΣRR= = ((AA ;  ;  εε, , aa, , bb,, cc11 ,,……, , ccuu ;  ;  addadd, , subsubll , , subsubrr , , ff11'',,……, , ffvv''; ; RR11'',,……, , RRww'', , RR , , ==))

The new operations for The new operations for 
slow (!!!) computationslow (!!!) computation

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣR R ??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

addadd((ss, , dd) =) = sdsd subsubll((sdsd) = ) = s     s     subsubrr((sdsd) = ) = dd s s ∈∈ AA,, dd∈∈ UU
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d dk dk−1     ···       d2           d1

s = d1··· dk−1dk

add(s, d) = d1··· dkd

s



Similar treesSimilar trees

A tree of computation paths The paths corresponding to 
the strings satisfying R

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣR R ??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??
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Similar treesSimilar trees
The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??
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contains the 
inputs traversing 
the red path

A tree of computation paths The paths corresponding to 
the strings satisfying R



Similar treesSimilar trees
The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??
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contains the codes of the k-tuples
belonging to SATSATΣΣRR

∩∩AAkk

A tree of computation paths The paths corresponding to 
the strings satisfying R

contains the 
inputs traversing 
the red path



Trees and Trees and 
polynomial timepolynomial time

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??
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cutcut cutcut

a

a

a

A tree of computation paths The paths corresponding to 
the strings satisfying R



Trees and Trees and 
polynomial timepolynomial time

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??
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We cannot distinguish 
between the codes of the 
tuples which satisfy R and 
which begin here 

We cannot distinguish 
between the inputs 
traversing these paths

cutcutcutcut

A tree of computation paths The paths corresponding to 
the strings satisfying R



Replacement of arbitrary guesses by small guesses.Replacement of arbitrary guesses by small guesses.
Restriction of the quantifier domains.Restriction of the quantifier domains.
Recursive definition of  Recursive definition of  R R ..

The recursive definition is The recursive definition is 
possiblepossible

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

R R and and SATSATΣΣRR
can be described by a tree can be described by a tree 

which is similar to a tree of computation paths.which is similar to a tree of computation paths.

Reduction of the Reduction of the tuplestuples ((xx11,..., ,..., xxnn, , codecode((ψψ )))) to small strings.to small strings.
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Let us consider some details in the next talk.Let us consider some details in the next talk.



Thank you for your attention!Thank you for your attention!
Christine Christine GaßnerGaßner

I thank  I thank  

Gerald van den Gerald van den BoogaartBoogaart, , 
VolkmarVolkmar LiebscherLiebscher, , 
Rainer Rainer SchimmingSchimming,,
Michael Michael SchürmannSchürmann

of  theof  the

Department of Mathematics and Computer Science,Department of Mathematics and Computer Science,
Ernst Ernst MoritzMoritz ArndtArndt University of University of GreifswaldGreifswald

for  discussion on the presentation.for  discussion on the presentation.
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DECDECΣ Σ ,, PPΣ Σ , , NPNPΣΣ
Decidable,Decidable, (non(non--) deterministically ) deterministically 

recognizablerecognizable in polynomial time in polynomial time 

The uniform model of computationThe uniform model of computation

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct  How to construct  RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

The size of an input (The size of an input (xx11,,……, , xxnn):): nn..
EveryEvery uu∈∈ U U can be stored in one register.can be stored in one register.

The execution of any instruction:The execution of any instruction: one time unitone time unit (one step)(one step)..
The execution of one operation =  one time unit.The execution of one operation =  one time unit.

Computation in polynomial time:Computation in polynomial time: output after output after pp((nn) steps) steps
for any input (for any input (xx11,,……, , xxnn) and some polynomial ) and some polynomial pp..

NonNon--deterministic / deterministic acceptance:deterministic / deterministic acceptance: output output aa (or halt).(or halt).
Deterministic rejection:  Deterministic rejection:  output output bb (or no halt). ((or no halt). (aa,, bb∈∈ UU,, a a ≠≠ bb))

PPΣΣ⊆⊆ NPNPΣΣ , , PPΣΣ⊆⊆ DECDECΣ Σ NPNPΣΣ⊈⊈DECDECΣΣ⇒⇒ PPΣΣ ≠≠ NPNPΣΣ
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NPNP--complete problems,complete problems,
Halting ProblemHalting Problem

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct  How to construct  RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

The The SatisfiabilitySatisfiability ProblemProblem

The NPThe NP-- complete problem complete problem recognizedrecognized by a usual universal machineby a usual universal machine

The Halting ProblemThe Halting Problem

U U ≙≙ the universe, the universe, LLΣΣ≙≙ formulae,formulae, NMNMΣΣ≙≙ nonnon--detdet. machines,. machines, MMΣΣ≙≙ detdet. machines. machines

SATSATΣΣ = {(= {( xx,, codecode((ψψ )))) ∈∈ U U ∞∞|   |   ψψ ∈∈ LLΣΣ && ΣΣ ⊨⊨ ∃∃YY ψψ((xx,, YY )} )} 

UNIUNIΣΣ = {(= {( xx11 ,,……,, xxnn,, CodeCode((MM )), , aa,…, ,…, aa)) ∈∈ U U nn++kk++tt|   |   MM ∈∈NMNMΣΣ

&& MM acceptsaccepts ((xx11 ,,……,, xxnn)) within within tt stepssteps} } ⊆⊆ U U ∞∞

HHΣΣ = = {({( xx, , CodeCode((MM )) )) ∈∈ U U ∞∞|  |  MM ∈∈MMΣΣ && MM halts onhalts on xx}}

Christine Christine GaßnerGaßner gassnerc@unigassnerc@uni--greifswald.degreifswald.de



SATSATΣΣ
SatisfiabilitySatisfiability ProblemProblem

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR? ? 

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

ΣΣ == ((U U ; ; aa, , bb, , cc3 3 ,,……, , ccu u ;  ;  ff11 ,,……, , ffvv ; ; RR11 ,,……, , RRww , , ==))

LLΣΣ set of quantifierset of quantifier-- freefree ((¬¬, , ∨∨, , ∧∧))--formulae formulae 
((==,, ≠≠,, RR11,,……, , RRww, , ¬¬RR11,,……, , ¬¬RRww))--literalsliterals
((aa,, bb, , cc33 ,,……, , ccuu ,  ,  ff11,,……, , ffvv))--termsterms. . 

ψψ ∈∈ LLΣΣ ⇒⇒ codecode((ψψ )) ∈∈ {{ aa, , bb}} ∞∞ ⊆⊆ U U ∞∞ ==dfdf UUkk≥1 ≥1 UU kk

SATSATΣ Σ ∈∈ NPNPΣΣ ,  ,  SATSATΣ Σ isis NPNPΣΣ--complete.complete. SATSATΣ Σ ∈∈ PPΣ  Σ  ⇒⇒ PPΣ Σ == NPNPΣΣ

SATSATΣ Σ = {(= {( xx11,,……,, xxnn,, codecode((ψψ )))) ∈∈ U U ∞∞ |    |    ψψ ∈∈ LLΣΣ

&& ΣΣ ⊨⊨ ∃∃((YY11 ,…, ,…, YYmm) ) ψψ((xx11 ,,……,, xxnn ,, YY11 ,,……,, YYmm)} )} 
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UNIUNIΣΣ and and HHΣΣ
Recognition by universal machine, Recognition by universal machine, 

Halting ProblemHalting Problem

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

NMNMΣΣ set of all nonset of all non--deterministic deterministic ΣΣ --machinesmachines..

UNIUNIΣ Σ ∈∈ NPNPΣΣ , , UNIUNIΣ Σ isis NPNPΣΣ--completecomplete.       .       UNIUNIΣ Σ ∈∈ PPΣ Σ ⇒⇒ PPΣ Σ = = NPNPΣΣ

MMΣΣ set of all deterministic set of all deterministic ΣΣ--machinesmachines.  .  

HH Σ Σ ∉∉ DECDECΣΣ

UNIUNIΣ Σ = = {({( xx11,,……, , xxnn, , CodeCode((MM), ), aa,,……, , aa)) ∈∈ UU nn++kk++tt|   |   MM ∈∈NMNMΣΣ

&& MM acceptsaccepts ((xx11,,……, , xxnn)) within within tt stepssteps} } 

HHΣ  Σ  = = {({( xx11,,……, , xxnn, , CodeCode((MM)))) |   |   ((xx11,,……, , xxnn )) ∈∈UU nn && MM ∈∈ MMΣΣ

&& MM halts onhalts on ((xx11,..., ,..., xxnn)})}
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Some historical remarksSome historical remarks
P versus NPP versus NP for special structuresfor special structures

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

GGÖÖDEL, TURING, CHURCH, KLEENE, COOK, KARP DEL, TURING, CHURCH, KLEENE, COOK, KARP (1931, 1936, 1971, 1972):(1931, 1936, 1971, 1972):

The classical theory of computationThe classical theory of computation

ENGELER, FRIEDMAN, MANSFIELD ENGELER, FRIEDMAN, MANSFIELD (1967, 1971):(1967, 1971):

Computation over structures for functions of fixed Computation over structures for functions of fixed aritiesarities

ASVELD, TUCKER ASVELD, TUCKER (1980, 1982):(1980, 1982):

Deterministic and binary nonDeterministic and binary non--deterministicdeterministic algebraic programming systems and an abstract  algebraic programming systems and an abstract  
SatisfiabilitySatisfiability ProblemProblem

BLUM, SHUB, SMALEBLUM, SHUB, SMALE (1989): (1989): 

The uniform model of computation over the real numbersThe uniform model of computation over the real numbers

CUCKERCUCKER (1990):(1990):

Investigation of computation pathsInvestigation of computation paths
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Some historical remarksSome historical remarks
P versus NPP versus NP for special structuresfor special structures

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

MEERMEER (1992, 1993):(1992, 1993):
P P ≠≠ NP for NP for ((ℝℝ ; ; 0, 10, 1; +,  − ;  =) and for; +,  − ;  =) and for ((ℝℝ ; ; 0, 10, 1; sin, ; sin, coscos, , ··,, +,  − ;  =)+,  − ;  =)

KOIRANKOIRAN (1994):(1994):

DNP = NP for DNP = NP for ((ℝℝ ; ; 0, 10, 1; +,  − ;  ; +,  − ;  ≤≤))

POIZATPOIZAT (1995):(1995):

The question: Is there a structure of finite signature with The question: Is there a structure of finite signature with P = NP?P = NP?

PRUNESCUPRUNESCU (2001, (2001, GreifswaldGreifswald):):

Talk on Talk on PoizatPoizat‘‘ss idea to define an additional relation for a structure over {0,1idea to define an additional relation for a structure over {0,1}*  which }*  which 
implies P = NPimplies P = NP

MAINHARDTMAINHARDT (2001, (2001, GreifswaldGreifswald):):

A structure of infinite signature with A structure of infinite signature with P = NPP = NP

DN DN ≙≙ digitally (binary) nondigitally (binary) non--deterministic:deterministic:
yy11,,……, , yymm∈∈ {0{0 , 1}, 1}
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SomeSome RRhh withwith
SATSAThalthalt ∉∉ DECDECΣΣRRhh

(The idea of the proof)(The idea of the proof)

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

RRhh((ss)   )   iffiff s = s = r r CodeCodeTMTM ((MM ),), MM ∈∈ TM,TM, MM haltshalts on on CodeCodeTMTM((MM )  after )  after ||rr|| stepssteps

Assume:Assume: PP0 0 decides decides SATSAThalthalt

⇒⇒ ContradictionContradiction since Hsince H TMTM∉∉ DECDECTMTM

HHTMTM∉∉ DECDECTMTM ⇒⇒ SATSAThalthalt ∉∉ DECDECΣΣRRhh
SATSATΣΣRRhh

∉∉ DECDECΣΣRRhh

PPΣΣRRhh
≠≠ NPNPΣΣRRhh

PP00

Simulation ofSimulation of PP00

by a TMby a TM MM00

Simulation of any testSimulation of any test
RRhh((rr CodeCodeTMTM ((MMss))))

by simulationby simulation
ofof ||rr| | steps ofsteps of MMss

MM00

codecode((RRhh((YY11 dd11······ddkk−−11)))) CodeCodeTMTM ((MM )) == dd11······ddkk−−11

Acceptance Acceptance iffiff MM haltshalts on on CodeCodeTMTM((MM ))
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The description of The description of 
SATSATΣΣRR

by a tree by a tree 
forfor ΣΣRR = = ({({aa, , bb}*; }*; εε; ; addaddaa, , addaddbb, , subsubaa, , subsubbb; ; RR, , ==))

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

≙ d1··· dk−1 dk∈ A
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The description of The description of 
SATSATΣΣRR

by a tree by a tree 
forfor ΣΣRR = = ({({aa, , bb}*; }*; εε; ; addaddaa, , addaddbb, , subsubaa, , subsubbb; ; RR, , ==))

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR R ??

SATΣR 
∩Ak≙
SATΣR 

∩Ak+1 ≙
SATΣR 

∩Ak+2 ≙

≙ d1··· dk−1dk∈ A
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The description of The description of 
SATSATΣΣRR

by a tree by a tree 
forfor ΣΣRR = = ({({aa, , bb}*; }*; εε; ; addaddaa, , addaddbb, , subsubaa, , subsubbb; ; RR, , ==))

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣR  R  ??

dk dk−1      dk−2     ···     d1
≙ d1··· dk−1 dk∈ A
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‹‹ss11,..., ,..., sskk›› ∈∈ A A code ofcode of ((ss11,..., ,..., sskk) ) ∈∈ AAkk

RR((‹‹xx11,..., ,..., xxnn , , codecode((ψψ ))››dbldbl)) == truetrue

iffiff ((xx11,..., ,..., xxnn , , codecode((ψψ )))) ∈∈ SATSATΣΣRR

ss ∈∈ A  A  ⇒⇒ ssdbldbl == ssaa||ss|| ∈∈ AA

a|‹x, code(ψ)›|

⇨ PaddingPadding of strings
(by doubling the length)

‹x, code(ψ)›



TreesTrees
forfor

ΣΣRR = = ({({aa, , bb}*; }*; εε; ; addaddaa, , addaddbb, , subsubaa, , subsubbb; ; RR, , ==))

contains the 
inputs traversing 
the red path

The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣRR??
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A tree of computation paths The paths corresponding to 
the strings satisfying R

contains the codes of the k-
tuples belonging to SATSATΣΣRR

∩∩AAkk



The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣRR??
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cutcutcutcut

A tree of computation paths The paths corresponding to 
the strings satisfying R

Trees and Trees and 
polynomial timepolynomial time

forfor ΣΣRR = = ({({aa, , bb}*; }*; εε; ; addaddaa, , addaddbb, , subsubaa, , subsubbb; ; RR, , ==))



The uniform model of computation The uniform model of computation 

The complexity classes P, NP, DEC for The complexity classes P, NP, DEC for ΣΣ

Why is it difficult to find an Why is it difficult to find an RR with P with P = = NP for NP for ΣΣRR??

How to construct How to construct RR such that SATsuch that SAT∈∈ P for P for ΣΣRR??
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We cannot distinguish 
between the codes of the 
tuples beginning here 

cutcutcutcut

We cannot distinguish 
between the inputs 
traversing these paths

A tree of computation paths The paths corresponding to 
the strings satisfying R

Trees and Trees and 
polynomial timepolynomial time

forfor ΣΣRR = = ({({aa, , bb}*; }*; εε; ; addaddaa, , addaddbb, , subsubaa, , subsubbb; ; RR, , ==))


