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Expansions with PP = NP

The uniform model of computation
The complexity classes Py, NPy, DECs

Why is it difficult to find an R with Py = NPy »

How to construct a relation R such that SATy € Py ?




1. The uniform model of computation

over structures -

A structure: constants  operations relations
A~ A

A
~

., G, fe B Ry, Ry, [2])

—

- finite signature
finite universe

or
infinite universe

Examples:

.= ({0, 1} 0, 1; ;=) (= Turing machines),

>z = ({a, b}*; & add,, add,, sub,, sub,; R, =)
S the empty string
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The uniform model of computation

The Z-maChlneS The complexity classes P, NP, DEC for X

M Why is it difficult to find an Rwith P = NP for Zg?

How to construct R such that SAT € P for Xx?

Registers for elements of U : Z;, Z,, Zs,... (U 2 the universe)

Registers for indices: g, I5,..., Iy,

Z, L4, 4Ly L, Ly Ly L; Ly Ly Ly L, v
HEEEEEEENEES
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The X-machines

(input)

The uniform model of computation
The complexity classes P, NP, DEC for X
Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for Xx?

The input:  (Z;,..., Z) = (Xg,---, X); 1= 0; 1= 1;...

The size of
the input
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The uniform model of computation

1 o lexity classes P, NP, DEC for ¥
The X-machines (output) | e complet dases P, NP, DEC for
Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for Xx?

The output:  (Zy,..-, 4;,)

The size of
the output

Ly L, Ly Ly Ly Ly Ly Ly Ly Ly Zy
\
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The X-machines

(instructions)

The uniform model of computation
The complexity classes P, NP, DEC for X
Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for Xx?

Structure: X = (U ; C,..., C

u1

Computation:

Branching:

Copy:

Index computation: I,== 1; I:= I, +1; ifl, =1l thengotol, elsegotol,;
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The uniform model of computation

The non-deterministic |
The complexity classes P, NP, DEC for X

machines Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for Xx?

The guessing:  (Zy1y---5 Zoem) == Ypp-ees Y) € UM
non-deterministic!

The size of
the input

Ly L, Ly Ly Ly Ly Ly Ly Ly Ly Zy
\

---l---

\yl yz y3 y4 y5 Dy
e

Arbitrary elements can be guessed!
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The uniform model of computation

Representatlons The complexity classes P, NP, DEC for X

of a X.-machine Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for Xx?

A Computation

prograin flowchart
: Input: &, ..., X)) .
Guess:y,, ...,Y,) €10, 1}.
=1+ 1
L =1 +Z1*Z|2;
. if 1, =1, then got®
else goto;
=1, + 1
s =1+
: Z1 = Z1 + Z'S* le;
: goto4;
. if Z, =1 then gotol 1
else gotal 0;

2

: Output:Z,.

Christine GalBner gassnerc@uni-greifswald.de




2. The complexity classes DEC,., P, , NP,

Decidable, (non-) deterministically recognizable in polynomial time

Every element can be stored in one register !

One operation can be executed in one time unit (one step) ! <:|

= Computation in polynomial time means

output after p(N) steps for any (X;,..., X,) <i
i}

and some polynomial p.

The usual problems (for structures with two constants):

SAT; The Satistfiability Problem

(Compare: the Blum-Shub-Smale model introduced in 1989,
the algebraic programming systems considered by Asveld and Tucker in 1982.)

UNIZ The NP-complete problem recognized by a usual universal machine
HZ The Halting Problem




The uniform model of computation

A questlon The complexity classes P, NP, DEC for X
Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for Xx?

POIZAT (1995):

Is there a structure of finite sighature with P = NP ?
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3. Why is it difficult to find an R with
P, =NP, ?

m  The idea: Some Rwith SATy € Ps_

m How can a tuple be encoded by one element?

m  The undecidability of SATy , for some R




The ldea: The uniform model of computation

A new relation R With The complexity classes P, NP, DEC for X

S A_T E P Why is it difficult to find an Rwith P = NP for Xg?
)2 R )2 R How to construct R such that SAT € P for Xx?

tuple of elements

—P—

~

(Xg5-es Xpp COOE(Y)) € SATy ?

o

S RCODE (Xjyers Xy ¥)) ? \ 4

—

one element

The first problem:

How can a tuple be encoded by one element?
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The uniform model of computation

How can a tuple be

The complexity classes P, NP, DEC for X
encoded by one element? Why is it difficult to find an R with P = NP for Zg?

How to construct R such that SAT € P for Xx?

Solution: We extend £ =(U;c,....,C,; f, L f - Ry ).

s MU

isz (A) gaaab) Cl)"') Cua ?) ?) ?) f]_l) 29 V ) R\N Ra )

operations for concatenation,. ..

A = U* g oo G ) = T G o O )i (S S) = €

dkl’ 5 005 dkfj c U, (Skl’ ...,Skfj) & kaj

(Xl’"" Xn, COde( W)) = SATZRI) <: tup]e of strings

— - -

z:R = R(String(xla"'a Xna‘/j))? <i one string
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Why iS it difﬁcult tO ﬁnd an The uniform model of computation

R With The complexity classes P, NP, DEC for X

SAT, € DEC;_?

Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for Xg?

For many relations R :

The assumption

of the decidability of SATy _ (by means of R)

implics the decidability of Hy,_ . =

) SATy,_ ¢ DEC,_ .
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The uniform model of computation

Some Rh Wlth The complexity classes P, NP, DEC for X
SAThalt & DECZRh Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for Xx?

- = ({a, b}*; & operations for concat. ; R, =). TM set of all deterministic Turing machines.

Q= true If s=rCode,,(M), M € TM, M halts on Code,,(M) after |r| steps
Rh( ) ~ | false  otherwise

SAT, =4 { COdeR (Y10 A 1)) | METM & 2 F Y, R, (Y10,-0 )}

SAT,,, € DECy, | =z

Hyy & DECyy = SAT, ,, & DECs, = SATs & DECy,

ZRh
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4. How to construct a relation R such
that SAT, € Py 7

The idea:
YrE R(string(x, @)) < (x, code(y)) € SATy,

ﬁ> R is definable < SAT,; is decidable!

m Can we find an R such that SATy_ is decidable?

m Can we give a definition of R such that SATy_ € Py ?




The uniform model of computation

IS R deﬁnable SuCh that The complexity classes P, NP, DEC for X
R(string(x, ¢)) —3dY @ (X,Y) ? Why is it difficult to find an Rwith P = NP for Eg?

How to construct R such that SAT € P for X?

B Problems:

® Y can contain R,
m The guesses for Y,,..., Y,can be the codes of formulae.

m Can all possible guesses for any formula be finitely described by one
quantifier-free (—, V, A)-formula over X ?

B Solution: Definition of R such that
Rand SATy_ can be described by a tree

which 1s similar to a tree of computation paths.




The uniform model of computation

The description of

The complexity classes P, NP, DEC for X
SATZR by a tree Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for Xg?
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The uniform model of computation

The description of

The complexity classes P, NP, DEC for X
SATZR by a tree Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for X?

The codes of the
tuples

in SATZRﬂAk
in SATzRﬁAk+1
in SATzRﬁAk+2
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The uniform model of computation

Some R Wlth The complexity classes P, NP, DEC for X
SATER E DE CZR Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for X?

R(¢<x,,...,x,, code(@)> 4, ) = true

iff (Xy,.-., X,, COOE(WY)) € SAT;

<s,...,S> € A code of (S,...,5) € A¥
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Some R with
SAT;_ € DEC,,_

= Paddmg of strings
(by doubling the length)

<s,...,S> € A code of (S,...,5) € A¥

The uniform model of computation
The complexity classes P, NP, DEC for X
Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for X?

R(¢<x,,...,x,, code(@)> 4, ) = true
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The uniform model of computation

The new operations for
The complexity classes P, NP, DEC for X

slow (! ! !) computation Why is it difficult to find an Rwith P = NP for Zg?
How to construct R such that SAT € P for X?

2 =(Usc, 0 frp 1 Ry R, 3,
ii (A; ea,bcl, C,; addsub ,sub,, f',... 1 LR/, R, =)

s MU»

) add(s, o) = suby(sd) = s subr(sd) — d se A de U

s=d;d_d B
add(s, d) = d;-~ d,d
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The uniform model of computation

Similar trees The complexity classes P, NP, DEC for ¥
Why is it difficult to find an Rwith P = NP for X7

How to construct R such that SAT € P for X?

A tree of computation paths O&? The paths corresponding to
K the strings satisfying R
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The uniform model of computation

Similar trees The complexity classes P, NP, DEC for ¥
Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for X?

A tree of computation paths O&? The paths corresponding to
K the strings satisfying R

contains the
inputs traversing
the red path
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The uniform model of computation

Similar trees The complexity classes P, NP, DEC for ¥
Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for X?

A tree of computation paths O&? The paths corresponding to
K the strings satisfying R

contains the tains th g £ the ketupl %:
inputs traversing contains the codes of the k-tuples

the red path belonging to SAT; MNAX
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The uniform model of computation

Trees and The complexity classes P, NP, DEC for X
polynomlal time Why is it difficult to find an R with P = NP for Zg?

How to construct R such that SAT € P for X?

A tree of computation paths O&? The paths corresponding to
K the strings satisfying R

Christine GalBner gassnerc@uni-greifswald.de




Trees and
polynomial time

A tree of computation paths

We cannot distinguish
between the inputs
traversing these paths

The uniform model of computation
The complexity classes P, NP, DEC for X
Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for X?

O&? The paths corresponding to
K the strings satisfying R

We cannot distinguish
between the codes of the
tuples which satisfy R and
which begin here
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The uniform model of computation

The recursive deﬁnltlon 1S The complexity classes P, NP, DEC for X

pOSSlble Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for X?

Rand SATy_ can be desctibed by a tree

which 1s similar to a tree of computation paths.

) Reduction of the tuples (Xq,..., X,, CO0&(W)) to small strings.

|:> Replacement of arbitrary guesses by small guesses.
I:> Restriction of the quantifier domains.
|:> Recursive definition of R.
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et us consider some details in the next talk.




Thank you for your attention!

Christine GalBner

I thank

Gerald van den Boogaart,
Volkmar Liebschert,
Rainer Schimming,

Michael Schiirmann

of the

Department of Mathematics and Computer Science,

Ernst Moritz Arndt University of Greifswald

for discussion on the presentation.




Appendix




DE CZ PZ NPZ The uniform model of computation
y y

The complexity classes P, NP, DEC for X
Decidable, (non-) deterministically

; . ) ) Why is it difficult to find an Rwith P = NP for Xg?
recognizable in polynomial time

How to construct Rsuch that SAT € P for X?

The size of an input (Xy,..., X,): n.
|:> Every U € U can be stored in one register.
The execution of any instruction: one time unit (one step).

|:> The execution of one operation = one time unit.

Computation in polynomial time: output after P(N) steps
for any input (Xy,..., X)) and some polynomial p.

Non-deterministic / deterministic acceptance: output a (or halt).
Deterministic rejection: output D (or no halt). (a,b€ U, a# b)

Py € NPy, Ps € DECy B NPy £DEC;= Py # NPy
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The uniform model of computation

NP-complete problems,

The complexity classes P, NP, DEC for X
Haltlng Problem Why is it difficult to find an Rwith P = NP for £g?

How to construct Rsuch that SAT € P for X?

The Satisfiability Problem
SAT, ={(x,code(e)) e U~*| wely & XE dY ¢UX Y)}

The NP- complete problem recognized by a usual universal machine

UNI; ={(X,..., X, Codg(M), a,...,a) € U &t M eNM;
& M accepts (X;,..., X,) within 7steps} € U

The Halting Problem
Hy ={(x,Code(M)) e U~*| M & My & M halts on X}

U £ the universe, Ly £ formulae, NMy £ non-det. machines, My £ det. machines
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The uniform model of computation

SAT,

Satisfiability Problem Why is it difficult to find an R with P = NP for I

The complexity classes P, NP, DEC for X

How to construct R such that SAT € P for Xx?

)y :(U,a,b,C3,,Cu, fl""JfV;R]_J"'JR\N’:)

Ly set of quantifier- free (—, V, A )-formulae

m (5% R,....R, 7R,,..., 7R )-literals
m (a,bcs,...,C,, fy,..., f)-terms.

Ye Ly = code(y) € {a,b}*c U~=;U, UK
SATy = {(X,,..., X, code(p)) e U~ | @we L
& XE d(Y,....Y) WUX,...., %, Y,..., Yo)}

SATy € NPy, SATyis NPg-complete. ~ BB SATy € Py = Py =NPy
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UN IZ aﬁd HZ The uniform model of computation

. . . . Th mplexity classes P, NP, DEC for X
Recognition by universal machine, ¢ compilexity classe o

Why is it difficult to find an Rwith P = NP for Xg?
Halting Problem

How to construct R such that SAT € P for Xx?

NM; set of all non-deterministic X -machines.

UNI; = {(Xy,..., X,, Code(M), a,..., @) € U "kt M eNM;
& M accepts (Xyg,..., X,) within 7 steps}

UNI; € NPy, UNL is NPy-complete. B UNIL; € Py = Py = NPs

M; set of all deterministic X-machines.

H, ={(X,..., X,, Code(M)) | (Xg,..., %) €U & M € My
& M halts on (Xy,..., X))}

B H;¢ DEC;
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The uniform model of computation

Some hiStorical remarks The complexity classes P, NP, DEC for X

P versus NP for special structures | Why is it difficult to find an Rwith P = NP for Zg?

How to construct R such that SAT € P for Xx?

GODEL, TURING, CHURCH, KLEENE, COOK, KARP (1931, 1936, 1971, 1972):

The classical theory of computation

ENGELER, FRIEDMAN, MANSFIELD (1967, 1971):

Computation over structures for functions of fixed arities

ASVELD, TUCKER (1980, 1982):

Deterministic and binary non-deterministic algebraic programming systems and an abstract
Satistiability Problem

BLUM, SHUB, SMALE (1989):

The uniform model of computation over the real numbers

CUCKER (1990):

Investigation of computation paths
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The uniform model of computation

Some hiStorical remarks The complexity classes P, NP, DEC for X

P versus NP for special sttuctures | whyis it difficult to find an Rwith P = NP for Zg?

How to construct R such that SAT € P for Xx?

MEER (1992, 1993):
P # NP for (R;0,1; +, —; =) and for (R ; 0, 1; sin, cos, -, +, —; =)

O TS5 DN 2 digitally (binary) non-deterministic:
DNP = NP for (R;0,1; +, —; S Yi,--- Y € {0, 1}

POIZAT (1995):

The question: Is there a structure of finite signature with P = NP?

PRUNESCU (2001, Greifswald):

Talk on Poizat‘s idea to define an additional relation for a structure over {0,1}* which
implies P = NP

MAINHARDT (2001, Greifswald):

A structure of infinite sighature with P = NP
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Some Rh With The uniform model of computation

(The idea of the proof)

The complexity classes P, NP, DEC for X
Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for Xx?

R(s Iff s=rCode,,(M), M& TM, M halts on Code;,,(M) after |I| steps

Assume: Pydecides SAT, .
COde(Rh(Y1 dl."dk—]_)) COdeTM (M ) — dl".dk—l

-

Acceptance iff M halts on Coder,,(M )
= Contradiction since H 1, & DEC,

) Hyy & DECry = SAT,,, & DECy,

Simulation of P,
by a TMI M
Simulation of any test
R, (r Codey, (M)
by simulation

of || steps of My

) SAT;, € DECy,

) Py, * NP5,
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The description Of The uniform model of computation

The complexity classes P, NP, DEC for X
SAT,_ by a tree P
R Why is it difficult to find an Rwith P = NP for Zg?

for X = ({8, B}*; & add,, add,, sub,, sub,; R, =)

How to construct R such that SAT € P for X?
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The description Of The uniform model of computation

The complexity classes P, NP, DEC for X
SAT,_ by a tree P
R Why is it difficult to find an Rwith P = NP for Zg?

= X. g ‘R =
for Tp = (13, b}%; & adda’ addb’ SUba’ SUbb’ R, =) How to construct R such that SAT € P for Xx?

SATy, N AKL
SATy NAKL A
SATy NAK2 LA
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The description Of The uniform model of computation

The complexity classes P, NP, DEC for X
SAT,_ by a tree P
R Why is it difficult to find an R with P = NP for Zg?

for X = ({8, B}*; & add,, add,, sub,, sub,; R, =)

How to construct R such that SAT € P for Xy ?

R(¢<x,,...,x,, code(@)> 4, ) = true

iff (Xy,.-., X,, COOE(WY)) € SAT;

= Paddmg of strings
(by doubling the length)

SEA =5, =sadle A

<s,...,S2> € A code of (S,...,5) € AX
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The uniform model of computation

Trees

for

ZR = ({a, bl*; & adda’ addb’ SUba’ Subb; R, =) Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for Xg?

The complexity classes P, NP, DEC for X

A tree of computation paths The paths corresponding to
the strings satisfying R

contains the
inputs traversing
the red path
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Trees and
polynomial time

for X = ({8, B} *; & add,, add,, sub,, sub,; R, =)

The uniform model of computation
The complexity classes P, NP, DEC for X
Why is it difficult to find an Rwith P = NP for Xg?

How to construct R such that SAT € P for Xg?

The paths corresponding to
the strings satisfying R
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The uniform model of computation

Trees and

The complexity classes P, NP, DEC for X
POlynomlal time Wihy s it difficult to find an Riwith P = NP for Zo?

P)
for X = ({3, b}*; &; adda’ addb, U ba’ U bb5 R, o) How to construct R such that SAT € P for X

The paths corresponding to
the strings satisfying R

We cannot distinguish We cannot distinguish
between the inputs ‘ between the codes of the
traversing these paths tuples beginning here
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