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A Structure with P = NPA Structure with P = NP

SatisfiabilitySatisfiability of of ψψ ((YY11,,……, , YYmm) ) for relations on padded stringsfor relations on padded strings forfor
ΣΣRR = = ({({aa, , bb}*;}*; εε; ; addaddaa , , addaddbb , , subsubaa , , subsubbb ; ; RR, , =) =) 

SatisfiabilitySatisfiability for special conjunctions for special conjunctions ψψ ((YY11,,……, , YYmm ))
Replacement of strings by small elementsReplacement of strings by small elements

Some Some SatisfiabilitySatisfiability Problems for Problems for ΣΣ

PPΣΣRR
= = NPNPΣΣRR

for for RR = = RR00

The recursive definition ofThe recursive definition of RR00

The reduction of SATThe reduction of SATΣΣRR00



The structures and the The structures and the 
formulae formulae ψψ ((YY11,,……, , YYmm))

SatisfiabilitySatisfiability for relations on padded stringsfor relations on padded strings

Some Some SatisfiabilitySatisfiability Problems for Problems for ΣΣ
PPΣΣRR

= = NPNPΣΣR  R  
for for RR = = RR00

Some simple structures:Some simple structures:

ΣΣRR = = ({({aa, , bb}*;}*; εε ;  ;  addaddaa , , addaddbb , , subsubaa , , subsubbb ;  ;  RR , , =)=) ,       ,       εε ≙≙ empty stringempty string

addaddaa((ss) = ) = sasa,, addaddbb((ss) = ) = sbsb , , subsubaa((ssaa) = ) = s s ,, ……

We consider aWe consider a special case special case as example:as example:

ψψ == ψψ ((Y Y ) ) == ψψ ((YY11,,……, , YYmm)  = )  = λλ11 ∧∧······∧∧ λλkk conjunction conjunction 
only free variables only free variables YY11,,……, , YYmm ,,

((=, =, ≠≠,, RR,, ¬¬RR))--literalsliterals λλ11 ,,……,, λλkk ,,
((εε,, addaddaa ,, addaddbb ))--termsterms. . 
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Relations on padded stringsRelations on padded strings
SatisfiabilitySatisfiability for relations on padded stringsfor relations on padded strings

Some Some SatisfiabilitySatisfiability Problems for Problems for ΣΣ
PPΣΣRR

= = NPNPΣΣR  R  
for for RR = = RR00

AA = {= {aa, , bb}* }* ,      ,      ss,, rr ∈∈ AA

TheThe paddingpadding of strings: ssdbldbl = = sasa ||ss||∈∈ AA (by doubling the length)(by doubling the length)

RELREL
=={{RR | | ∀∀ss∃∃rr ((RR((ss)) →→ s = s = ((rbrb))dbldbl) ) & & ∀∀ii∀∀jj ((ii≤≤ jj––33 →→ RR((((aaiibbjj–– ii))dbldbl)) )})}

s = s = ((rbrb))dbldbl = = dd11··· ··· ddkkbb aaaa ······ aaaa a a ······abab ······bbbbbb a a ··· ··· aaaaaa

(|(| rr || ++ 1) 1) ××
character a

|| rr || ++ 11
characters

j j characters       jj ×× aaOnlyOnly
padded stringspadded strings
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SatisfiabilitySatisfiability of of ψψ ((YY11,,……, , YYmm)) for for 
relations on padded stringsrelations on padded strings

SatisfiabilitySatisfiability for relations on padded stringsfor relations on padded strings

Some Some SatisfiabilitySatisfiability Problems for Problems for ΣΣ
PPΣΣRR

= = NPNPΣΣR  R  
for for RR = = RR00

TheThe new new satisfiablesatisfiable system where the conditions have the following form: system where the conditions have the following form: 
YYjj = = [[YYii][][dd11······ddkk], ], YYii1 1 ≠≠ [[YYii22][][dd11······ddkk],],

[[¬¬]]RR((YYiiaa
ww), ), [[¬¬]]RR((YYiidd11······ddww11

babaww22))

kk, , ww, , ww11+ + ww22+1< +1< mm,     ,     ii,, ii11,, ii22 ∈∈ I I ⊆⊆ {1,{1,……,, mm}},   ,   jj ∉∉ I I 

A A satisfiablesatisfiable cconjunction onjunction ψψ ((YY11,,……,, YYmm)),  ,  ||codecode((ψψ)|)|= = m m 

Transfer Transfer 
forfor

R R ∈∈RELREL
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SatisfiabilitySatisfiability of of ψψ ((YY11,,……, , YYmm)) for for 
relations on padded stringsrelations on padded strings

SatisfiabilitySatisfiability for relations on padded stringsfor relations on padded strings

Some Some SatisfiabilitySatisfiability Problems for Problems for ΣΣ
PPΣΣRR

= = NPNPΣΣR  R  
for for RR = = RR00

The The new new satisfiablesatisfiable system:system:
YYjj == [[YYii][][dd11······ddkk], ], YYii11≠≠ [[YYii22][][dd11······ddkk],],

[[¬¬]]RR((YYiiaa
ww), ), [[¬¬]]RR((YYiidd11······ddww11

babaww22),),

kk, , ww, , ww11+ + ww22+1< +1< mm,     ,     ii,, ii11,, ii22 ∈∈ I I ⊆⊆ {1,{1,……,, mm}},   ,   jj ∉∉ I I 

AA satisfiablesatisfiable cconjunction onjunction ψψ((YY11,,……,, YYmm)), , ||codecode((ψψ)|)|= = m m 
Replace:Replace: addadddd((YYii)) byby YYiidd ,, ddjj , , eejj ,, dd,, e e ∈∈{{aa, , bb}}

[[YYii][][dd11······ddkk]]d d ==//≠≠ [[YYjj][][ee11······eell]]dd
byby [[YYii][][dd11······ddkk] ] ==//≠≠ [[YYjj][][ee11······eell] ] ,,

YYjj by by [[YYii][][dd11······ddkk]] ifif YYjj == [[YYii][][dd11······ddkk] ] ,,
Remove:Remove: YYii = = YYii, , εε = = εε,, YYii ≠≠ YYii dd11······ddkk ,, εε ≠≠ YYiidd11······ddk k ,  ,  kk≥≥11

[[YYii][][dd11······ddkk] ] d d ≠≠ [[YYjj][][ee11······eell] ] ee ifif d d ≠≠ e e ,,
¬¬RR(([[YYii][][dd11······ddkk]]bb)) ,  ,  ¬¬RR((YYiidd11······ddww11

babaww22)   )   if if ww11≥≥ww22
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Transfer Transfer 
forfor

R R ∈∈RELREL



The The new new satisfiablesatisfiable System:System:
YYjj == [[YYii][][dd11······ddkk], ], YYii11≠≠ [[YYii22][][dd11······ddkk],],

[[¬¬]]RR((YYiiaa
ww), ), [[¬¬]]RR((YYiidd11······ddww11

babaww22),),

kk, , ww, , ww11+ + ww22+1< +1< mm,     ,     ii,, ii11,, ii22 ∈∈ I I ⊆⊆ {1,{1,……,, mm}},   ,   jj ∉∉ I I 

SatisfiabilitySatisfiability of of ψψ ((YY11,,……, , YYmm)) for for 
relations on padded stringsrelations on padded strings

SatisfiabilitySatisfiability for relations on padded stringsfor relations on padded strings

Some Some SatisfiabilitySatisfiability Problems for Problems for ΣΣ
PPΣΣRR

= = NPNPΣΣR  R  
for for RR = = RR00

AA satisfiablesatisfiable cconjunction onjunction ψψ((YY11,,……, , YYmm)), , ||codecode((ψψ)|)|= = m m 
Replace:Replace: addaddee((YYii)) byby YYiiee ,, ddjj , , eejj ,, dd,, e e ∈∈{{aa, , bb}}

[[YYii][][dd11······ddkk]]d d ==//≠≠ [[YYjj][][ee11······eell]]dd

byby [[YYii][][dd11······ddkk]] ==//≠≠ [[YYjj][][ee11······eell]     ]     ((deletedelete dd) ) ,,

YYjj by by [[YYii][][dd11······ddkk]    ]    ifif YYjj == [[YYii][][dd11······ddkk] ] ,,

Remove:Remove: YYii ==YYii,   ,   εε = = εε,, YYii ≠≠ YYii dd11······ddk k ,, εε ≠≠ YYiidd11······ddk k ,, kk≥≥11

[[YYii][][dd11······ddkk]]d d ≠≠ [[YYjj][][ee11······eell]]ee ifif d d ≠≠ e e ,,

¬¬RR(([[YYii][][dd11······ddkk]]bb),), ¬¬RR((YYiidd11······ddww11
babaww22)    )    ifif ww11≥≥ww22
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SatisfiabilitySatisfiability of of ψψ ((YY11,,……, , YYmm)) for for 
relations on padded stringsrelations on padded strings

SatisfiabilitySatisfiability for relations on padded stringsfor relations on padded strings

Some Some SatisfiabilitySatisfiability Problems for Problems for ΣΣ
PPΣΣRR

= = NPNPΣΣR  R  
for for RR = = RR00

The The new new satisfiablesatisfiable system:system:
YYjj == [[YYii][][dd11······ddkk], ], YYii11≠≠ [[YYii22][][dd11······ddkk],],

[[¬¬]]RR((YYiiaa
ww), ), [[¬¬]]RR((YYiidd11······ddww11

babaww22),),

kk, , ww, , ww11+ + ww22+1< +1< mm,     ,     ii,, ii11,, ii22 ∈∈ I I ⊆⊆ {1,{1,……,, mm}},   ,   jj ∉∉ I I 

AA satisfiablesatisfiable cconjunction onjunction ψψ((YY11,,……,, YYmm)), , ||codecode((ψψ)|)|= = m m 
Replace:Replace: addadddd((YYii)) byby YYiidd ,, ddjj , , eejj ,, dd,, e e ∈∈{{aa, , bb}}

[[YYii][][dd11······ddkk]]d d ==//≠≠ [[YYjj][][ee11······eell]]dd
byby [[YYii][][dd11······ddkk] ] ==//≠≠ [[YYjj][][ee11······eell] ] ,,

YYjj by by [[YYii][][dd11······ddkk]] ifif YYjj == [[YYii][][dd11······ddkk] ] ,,
Remove:Remove: YYii = = YYii, , εε = = εε,, YYii ≠≠ YYii dd11······ddkk ,, εε ≠≠ YYiidd11······ddk k ,  ,  kk≥≥11

[[YYii][][dd11······ddkk] ] d d ≠≠ [[YYjj][][ee11······eell] ] ee ifif d d ≠≠ e e ,,
¬¬RR(([[YYii][][dd11······ddkk]]bb)) ,  ,  ¬¬RR((YYiidd11······ddww11

babaww22)   )   if if ww11≥≥ww22
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Transfer Transfer 
forfor

R R ∈∈RELREL



SatisfiabilitySatisfiability of the new system of the new system 
for relations on padded stringsfor relations on padded strings

SatisfiabilitySatisfiability for relations on padded stringsfor relations on padded strings

Some Some SatisfiabilitySatisfiability Problems for Problems for ΣΣ
PPΣΣRR

= = NPNPΣΣR  R  
for for RR = = RR00

∀∀ss∃∃rr ((RR((ss)) →→ s = s = ((rbrb))dbldbl)    )    &     &     ∀∀ii ∀∀jj ((i i ≤≤ j j –– 33 →→ RR((((aaiibbjj-- ii))dbldbl))))

Solutions:Solutions: RR((YYiidd11······ddww11
babaww22)       )       ⇔⇔ ||YYii | | = = ww22-- ww11--11 ((< < mm)),,

YYii == aaiibb22mm++11-- iiaa22mm++11––ww ⇒⇒ RR((YYiiaa
ww), ), 

YYii == aaiibb22mm –– iiaa22mm++11 ⇒⇒ ¬¬RR((YYiiaa
ww). ). 

small strings small strings YYii small strings small strings YYjj

The The new new satisfiablesatisfiable system:system:

YYjj == [[YYii][][dd11······ddkk], ], YYii1 1 ≠≠ [[YYii22
][][dd11······ddkk], ], 

[[¬¬]] RR((YYiiaa
ww), ), [[¬¬]] RR((YYiidd11······ddww11

babaww22))

kk, , ww, , ww11+ + ww22+1< +1< mm,     ,     ii,, ii11,, ii22 ∈∈ I I ⊆⊆ {1,{1,……,, mm}},   ,   jj ∉∉ I I 

ii11 ≠≠ ii22 ⇒⇒ YYii11
≠≠ YYii22
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Some Some SatisfiabilitySatisfiability Problems Problems 
forfor ΣΣ

SatisfiabilitySatisfiability for relations on padded stringsfor relations on padded strings

Some Some SatisfiabilitySatisfiability Problems for Problems for ΣΣ
PPΣΣRR

= = NPNPΣΣR  R  
for for RR = = RR00

SSjj,, vv==dfdf SMALLSMALLjj,, vv==dfdf {{aaiibb j j –– i i ss|| 1 1 ≤≤ ii≤≤ jj –– 3 3 && ss∈∈AA((≤≤vv))}}, , AA(<(<kk)) ==dfdf {{ss∈∈ AA|| ||ss||<<kk},},……

SATSATΣΣ = {(= {(xx,, codecode((ψψ )))) ∈∈ AA∞∞| | xx ∈∈AAnn && ψψ ∈∈LLΣΣ && ΣΣ ⊨⊨ ((∃∃YY∈∈AAmm ))ψψ((xx,,YY )})}

RESRES--SATSATΣ Σ = {(= {(xx,, codecode((ψψ )) )) ∈∈ SATSATΣ Σ || ΣΣ ⊨⊨ ((∃∃YY ∈∈ ((AA(<(<kk’’) ) ∪∪ SSkk’’,, kk’’++ll’’))
mm) ) ψψ((xx,,YY )})}

SUBSUB--SATSATΣ Σ = {(= {(xx,, codecode((ψψ )) )) ∈∈ SATSATΣ Σ | | xx∈∈ ((AA(<(<kk) ) ∪∪ SSkk,,kk++ll))
nn}}

RESRES--SATSATΣΣ
(1)(1) = {= {‹‹xx, , codecode((ψψ ))››dbldbl ∈∈ AA | | ((xx,, codecode((ψψ )))) ∈∈ RESRES--SATSATΣΣ}}

kk and l l are polynomiallypolynomially dependent on n and m ⇒⇒ small strings !!!small strings !!!

the new codethe new codeunaryunary
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k’k’ and l’ l’ are polynomiallypolynomially dependent on |x1|,…,|,…,|xn|| and m ⇒⇒ small strings !!!small strings !!!



SSmall codes satisfying
R ∈∈ RELREL

AA ={={aa, , bb}* }* 

The The code for the code for the tupletuple ((ss11,...,,..., sskk) ) ∈∈ AAkk : : 

1.1. ‹‹ss11,...,,..., sskk›› ∈∈ {{dd11······ddnnbb33 ∈∈ A A || ∀∀ii ((ddii······ddi+i+3 3 ≠≠ bb33aa ))}},,

2.2. ‹‹aaiibbjj –– ii ,, codecode((XX11=X=X11))›› =dfdf aaiibbjj –– ii∈∈ AA (1 ≤ (1 ≤ i i ≤≤ jj ––3)3)

SatisfiabilitySatisfiability for relations on padded stringsfor relations on padded strings

Some Some SatisfiabilitySatisfiability Problems for Problems for ΣΣ
PPΣΣRR

= = NPNPΣΣR  R  
for for RR = = RR00

We get manyWe get many small codessmall codes
‹‹aaiibbjj –– ii, , codecode((XX11=X=X11))››dbldbl∈∈SMALLSMALLjj, j, j

satisfying satisfying R R ∈∈ REL.REL.

Christine Christine GaßnerGaßner gassnerc@unigassnerc@uni--greifswald.degreifswald.de



The recursive definition ofThe recursive definition of RR00

CODESCODES = {= {‹‹ xx,, codecode((ψψ))››dbldbl ∈∈ AA | | xx ∈∈AA∞∞ &  &  ψψ ∈∈LLΣΣRR
}}

SSj,vj,v = = SMALLSMALLj,vj,v = = {{aaiibbjj–– i i s s || 1 1 ≤≤ i i ≤≤ j j –– 3  3  && ss∈∈AA((≤≤vv))}}

ssdbldbl = = sasa||ss||,, ‹‹ss11,...,,..., sskk›› code of the code of the tupletuple,, SS ⊆⊆ A A ⇒⇒ SS(<(<kk)) ==dfdf {{ss ∈∈ SS || ||ss|| < < kk},},……

RR00 ∈∈defdef ∩∩kk ≥≥11 RELRELkk

RELREL0 0 == {{R R ∈∈ RELREL || ∀∀ss ((ss ∉∉ CODESCODES →→ ¬¬RR((ss))}))}

RELRELkk == {{R R ∈∈ RELRELkk––11|  |  ∀∀ss ((ss = = ‹‹xx,, codecode ((ψψ ))››dbldbl ∈∈ AA(=(=kk))

→→ ((RR((ss) ) ↔↔ ΣΣRR ⊨⊨((∃∃YY ∈∈ ((AA(<(<kk) ) ∪∪SSkk,,k+lk+l))mm))ψψ ((xx,, Y Y )))})))}

SatisfiabilitySatisfiability for relations on padded stringsfor relations on padded strings

Some Some SatisfiabilitySatisfiability Problems for Problems for ΣΣ
PPΣΣRR

= = NPNPΣΣR  R  
for for RR = = RR00

⇒⇒ RR00((ss)) ⇔⇔ s s ∈∈ RESRES--SATSATΣΣRR00

(1)(1)

⇨⇨ small strings:  small strings:  ‹‹aaiibbjj–– ii,, codecode((XX11=X=X11))››dbldbl =((aaiibbjj –– ii))dbldbl∈∈ SSjj,, jj where where RR((((aaiibbjj–– ii))dbldbl))
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ForFor
RR ∈∈ RELREL



SATSATΣΣRR00
∈∈ PPΣΣRR00

andand PPΣΣRR00
= = NPNPΣΣRR00

SatisfiabilitySatisfiability for relations on padded stringsfor relations on padded strings

Some Some SatisfiabilitySatisfiability Problems for Problems for ΣΣ
PPΣΣRR

= = NPNPΣΣR  R  
for for RR = = RR00

ΣΣ = = ΣΣRR00

SATSATΣ Σ = RES= RES--SATSATΣΣ (quantifier domains can be restricted)(quantifier domains can be restricted)

SUBSUB--SATSATΣΣ ((small parameters)             small parameters)             SUBSUB--SATSATΣ Σ = SUB= SUB--SATSATΣ Σ ∩∩ RESRES--SATSATΣΣ

RESRES--SATSATΣΣ
(1)(1) (unary)(unary)

Output:  Output:  a a / / bb

Replace parameters by suitable small parametersReplace parameters by suitable small parameters

Compute the code of a Compute the code of a tupletuple and double the lengthand double the length

Check the new string by means of Check the new string by means of RR00
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Thank you for your attention!Thank you for your attention!
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