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Abstract —Morse decomposition provides a numerically stable topological representation of vector elds that is crucial for the ir rigorous
interpretation. However, Morse decomposition is not unique, and its granularity directly impacts its computational cost. In this paper,
we propose an automatic re nement scheme to construct the Morse Connection Graph (MCG) of a given vector eld in a hierarchical
fashion. Our framework allows a Morse set to be re ned through a local update of the ow combinatorialization graph , as well as the
connection regions between Morse sets. The computation is fast because the most expensive computation is concentrated on a small
portion of the domain. Furthermore, the present work allows the generation of a topologically consistent hierarchy of MCGs, which
cannot be obtained using a global method.

The classi cation of the extracted Morse sets is a crucial step for the construction of the MCG, for which the Poincaré index is
inadequate. We make use of an upper bound for the Conley index, provided by the Betti numbers of an index pair for a translation
along the ow, to classify the Morse sets. This upper bound is suf ciently accurate for Morse set classi cation and provi des supportive
information for the automatic re nement process. An improv ed visualization technique for MCG is developed to incorporate the Conley
indices. Finally, we apply the proposed techniques to a number of synthetic and real-world simulation data to demonstrate their utility.

Index Terms —Morse decomposition, vector eld topology, upper bound of Conley index, topology re nement, hierarchical re nement .
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1 INTRODUCTION Morse sets envelop separatrices. An MCG may provide a

UMERICALLY stable topology of vector elds is requiredseemingly coarser topological structure of a vector eldrth
for the rigorous interpretation of the dynamics of th&€ trajectory-based topology, such asextor eld skeleton
ow data stemming from a wide variety of engineering4l and Entity Connection Graph (ECGhich consists

applications such as Computational Fluid Dynamics (CF f xed points, periodic orbits' and their connec.tivity.[l].
aerodynamics, tsunami modeling, and automobile and #ircrdOWever, the detailed topological structure obtalneq ia th
design. Conventional (or differential) topology of vectelds ~trajectory-based topology [1], [14] could be the artifadt o
consists of special trajectories which are either points. (i th® numerical error or noise in the original data. Showing
xed points, loops (i.e.periodic orbitd, or curves (i.esep- such detailed but unreliable topology may provide mislegdi

aratrice§. Chen et al. [2] have shown that trajectory-basdgformation (Figure 3, left). On the other hand, the MCG
topology is sensitive to noise and error introduced duriagad €nds to be more numerically stable than the trajectorgdbas
acquisition and processing. To overcome this, they adeoc&P0!0gy- This is because both the Morse sets and connection
Morse decompositioras a more reliable representation of€dions of the MCG are less sensitive to noise and error
vector eld topology. The result of the Morse decompositioff@n their respective counterparts in trajectory-baspdlamy.

of a vector eld is an acyclic directed graph calledviorse Figure 3 shows the comparison of the stability of MCGs versus
Connection Graph (MCG)The nodes of this graph alorse ECGs under different integration schemes in the analysé of
setsand the edges show the connectivity (direct ow paths’i”ce from the diesel engine_simulgtion. We refer the resder
between the nodes. The Morse sets in an MCG enclose '[1] for @ more thorough discussion. _
regions of ow recurrence, in particular all periodic oit 10 compute an MCG, we rst encode the ow dynamics

and xed points of the ow. The connection regions betweefl'l0 & directed graph. We refer to the graph & (Flow
combinatorialization Graph). The nodes of && are the

polygonal primitives of the space discretization (e.giart
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The MCG of a vector eld is not unique, and the granularity
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Fig. 1: The MCGs of an analytic vector eld using the geometry-based methgdhe)global computation ((f):= 0:1 and (c)t = 0:2)

and our hierarchical re nement framework ((d}ax= 0:1 and (€)tmax= 0:2). Our re nement method takes 10 seconds fotmax= 0:2,
while the global method uses &8 seconds with the santevalue. Note that our re nement method obtains comparable results tddbalg
method but with a more coherent representation of the topology. Thiscaube the global method re-labels all the Morse sets after each
computation, while our hierarchical re nement modi es only one Mosst (one node of the graph) after each iteration starting from the
MCG shown in (a). In particular, in (d®3 is obtained from the re nement &l in (a), 2 andR2 are fromA2 in (a). In (e),R4 andA3 are

the results of re ningS2 in (d). In addition, we point out that the MCG in the left visualization (3)kcks the ability to distinguish between

a source-like Morse set and a periodic orbit-like source Morse sgt, @l andR4). The new Morse set classi cation and visualization
based on the Conley index provides such information.

of the MCG directly relates to its computational cost, mdst ompared to the ECG [1] (Figure 3, left), this classi cation
which is spent on computing the image of every polygon icannot distinguish a Morse set containing a repelling pkcio
the domain under the induced ow for a certain tirhausing orbit from that containing a source (el (a source) an@4
the t map approach. The larger thte the ner the MCG (a repelling periodic orbit) in Figure 1(c)).
is, but also the more computationally expensive it becomes\ye yse the Conley index, a measure of ow complexity
Since an optimat value is typically unknown for a given ow, jnside a Morse set, to obtain a more complete classi cation
obtaining a high quality MCG requires several experiments \jorse sets (Section 3.2). To reduce expensive compatatio
using increasingly larget values which can make such aysgociated with the Conley index [15], we propose a simple
procedure computationally intractable in practice. Alfte 5,4 ef cient technique to compute an upper bound of the
results obtained by using differert values are often hard Conley index given a Morse set. Our experiments show that
to relate to each other because of inconsistent labeling gpgk upper bound coincides with the Conley index for most
an unclear relationship between the respective Morse Sifyse sets in the example datasets shown in Section 6. The
Figure 1 (b) and (c) illustrate these challenges. MCGs augmented with the Conley index information for each
To address this issue, we propose an ef cient Morse dilorse set are shown in Figures 1 (d)(e) and 3 (right). This
composition framework based on a hierarchical re nemefisualization allows the user to distinguish between Meests
process. In this framework, we rst compute an MCG usingontaining different ow features (e.gR1 andR4 in Figure 1
the geometry-based methofd] which is fast but coarse. (€)). Beside Morse set classi cation, the Conley index can
Next, we enter an iterative process in which a Morse salso be used to guide the aforementioned re nement process
in the current MCG is identi ed and re ned throughlacal (Section 7) by giving higher priority to Morse sets that @nt
updatewith increasingt values. The Morse sets in the re nedcomplicated dynamics.
region are then incorporated into the original MCG, and the Note that during the initial stage of our framework, some
connection regions between these Morse sets and neiggbonforse sets from the geometry-based method may contain
Morse sets are also re ned using largevalues. See Figure 2 multiple ow features but with a trivial Conley index sincee
for an example. This not only yields substantial accelerati ow features cancel each other and cause the whole Morse set
of performance but also preserves topological consistengybehave like a regular ow (i.e. featureless). To overcdahe
between two successive MCGs (Figure 2). Note that ogbssible loss of features, we retain all the Morse sets stingi
re nement process does not increase the resolution of tbemore than one triangle even though they may have a trivial
mesh. index. This guarantees no loss of features at the beginrfing o
Another limitation of the existing Morse decompositiorfn€ re nement because a single triangle with the trivial egn
procedure [2] is that it does not provide adequate clastipea Ndex does not contain any ow recurrent feature (due to the
of the extracted Morse sets. This classi cation method tises in€ar constraints of our problem), and thus, can be ignored
ow directions at the boundary of each Morse set to charac- In what follows, we rst review the related work on
terize them into source-like, sink-like, and saddle-likgions. vector eld topology in Section 2. Section 3 provides the
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Fig. 2: An example of hierarchical Morse decomposition of a vector eld: (aJ®lobtained from the geometry-based method [1], (b) local
re nement of R1 in (a) witht = 0:05, (c) local re nement of S1 in (b) witlt = 0:1, and (d) local re nement of S3 in (c) with= 0:1. The
meaning of the color coding is provided in Figures 1 and 3. Note that theection regions (dotted regions) are also re ned during the
process. The corresponding MCGs are provided in the bottom rowinfdrenation of the Conley index of each Morse set is also visualized
(a)-(d). This provides the user with the detailed classi cation of the etdthiMorse sets (see the important Conley indices in Section 3.2).
Morse setSl in (a) has trivial Conley index0;0;0), but further decomposition reveals more features of interest (desa@ldource, and a
periodic orbit). Therefore, we include it in the constructed MCG (Sectipfoi7further re nement.

background on Morse decomposition and the Conley indexore complete topological skeleton of vector elds, thetity

In Section 4, we introduce our pipeline of hierarchical MorsConnection Graph (ECG)y incorporating periodic orbits.
decomposition. Section 5 provides the detail of local upslatLater, Chen et al. [2] study the instability of trajectorgged
needed by the Morse set and connection region re nementector eld topology and, for the rst time, propose Morse
In Section 6 we describe an ef cient algorithm to compute aglecomposition for vector eld topology computation which
upper bound on the Conley index of a Morse set. In Sectionléads to more reliable interpretation of vector eld topgjo
this upper bound is used (together with the areas of Morsg séReininghaus et al. [25] apply the combinatorial theory of
to control the Morse decomposition re nement process. ThHerman [10] to study the topology of 2D ows. The combina-
proposed framework has been applied to a number of synthetidal topology is de ned as the extrema nodes and the paths
and engine simulation datasets from industry. The resuéts @hat connect them in a simplicial graph (i.e. a combinatoria
shown and discussed in Section 8, followed by a summary wéctor eld) converted from the original ow. In contrast,

the presented work in Section 9. Morse decomposition studies a directed graph encoding the
ow mapping between polygonal elements, which is the outer
2 RELATED WORK approximation of the original ow. This guarantees that the

This section reviews the related work from vector eld visu!vICG not only contains the more accurate topology but also
alization and mathematical topology. tole_rates a certain amoun'F of error and uncertainty of the.dal
While the present work is closely related to Chen et al.s
_ work on Morse decomposition, it is distinct in its hieraili
2.1 Vector Field Topology re nement framework for Morse decomposition using local
Topological analysis of 2D vector elds has received mucbomputation that enables faster computation and consisten
attention since its introduction to the visualization coomity topology re nement. Furthermore, we provide an efcient
by Helman and Hesselink [14]. In terms of xed point extracalgorithm to estimate the Conley index for Morse sets, which
tion, Tricoche et al. [35] and Polthier and Preul3 [23] prése not discussed in [2].
ef cient algorithms to locate xed points in a vector eld.
Scheuermann et al. extend the work on rst-order xed points A different approach to Morse decomposition is presented
to higher-order xed point analysis usir@lifford algebraand in [29]. In their method, the input vector eld is rst ap-
present solutions to higher-order xed point visualizati@6], proximated by a piecewise constant (PC) one, i.e. constant
[27]. Later, it is shown that more complicated recurrent own the interior of every triangle. The Morse decomposition
patterns can be detected, such as periodic orbits. Widchgsl computed from the transition graph that represents the
and Scheuermann are the rst to present an algorithm fomjectories of the PC vector eld. While the PC-based arialys
detecting periodic orbits in planar ows [37]. This techo& is more efcient and produces Morse sets of sub-triangle
has also been extended to 3D vector elds [38] and timgrecision, trajectories of the PC approximation represent
dependent ows [39]. Theisel et al. [32] present a mestelatively poor approximation of the true trajectories bét
independent approach to compute periodic orbits. Regentbyiginal system, roughly corresponding to Euler's methathw
Chen et al. [1] present efcient algorithms to construct atep sizes proportional to the grid size. In contrast, ththote
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Fig. 3: This gure provides the ECGs [1] (left) and MCGs [2] (right) of a crassction of a diesel engine simulation. This cross section
is cut at the 25% of the length of the cylinder from the top where the intakes poeet the chamber. The images to the left show two
ECGs computed using the Runge-Kutta integration scheme [24] of thedender (RK2) and of the fourth order (RK4), respectively.
The two inlets show the detected periodic orbits under different integratioenses. As can be observed, ECGs are numerically unstable
and can provide misleading information. As a comparison, the MCGs o$dahee eld are computed using RK2 (middle-right) and RK4
(right-most), respectively. Despite the different sizes of the Morse isethe two MCGs, their topological graphs are identical, indicating
the stable extraction of these features. We refer the readers to [2]mmre detailed discussion.

presented in this paper can work with any integration methagea metric [6]. These techniques are applied to two impbrta
and any step size. Therefore, the results can be expected t@pplications from vector eld simulation [5]. Tricoche et

closer to the true Morse sets for the input vector eld. al. [34] present a simpli cation method that also provides
a piecewise analytic description for the simplied eld. In
2.2 Morse-Smale Complex this way, complementary visualizations such as textusetia

Morse theory has been introduced by Edelsbrunner et al. [ ethods [19] may be combined with the visualization result.
. - is method is later extended to time-dependent 2D ows.[36]
[8] for scalar eld topology. In their work, the analysis Oforicoche et al. [35] also present a topological simpli eati

a scalar eld is converted to the analysis of the gradient o - .
the scalar eld, which gives rise to a curl-free vector eId.mQthod very similar to De Leeuw and Van Liere [6]. However,

The Morse-Smale complex then decomposes the manifold ||§t'155?ﬁ . C‘;"it'?nnsl a:]%arclh;ﬁvegi :)y alcC:u_Ia_IrI]y imoldn;ylr;g gle \mstt
cells (usually quadrilateral) of uniform ow according tbd o the original underlying data eld. Theisel et al. [31] jsen

gradient vector eld. Note that this decomposition is e@l@ant an _algorlthm for compressing v_ector elds Wh”e. preserving
pelr topology. Later, they combine both topological simpl

to the segmentation of the ow domain using the topologicéat.on and topolo reserving compression techniquel [30
skeleton of vector elds [14] where the obtained cells arg% ' pology p ving P ' Iqu

known as aasin Recent work on the Morse-Smale complexec;ggu:itnal'l_[li?j] %r%%iifnmggi't}z;afngiﬁzr:z?:ggm (e):;ik??: gtm_
for the analysis of scalar elds can be found in [12], [13]. 9 9 p

Our work on the Morse decompositions of vector elds igonent independently before Summing them. Zhang etal. [40]
concerned with the extraction of the regions of ow recuen introduce a framework for xed point pair .cancellauon bdse
containing xed points and periodic orbits, as well as theif" Conley |r_1dex thgory for vecFor_eId e.dmlng. Chen etall [1
connectivity information (Figure 3). The focus is the rbla extend this idea to include per|0(_d|c orbits m_to this frarpdw
identi cation of ow recurrence. In contrast to a Morse-Skaa and present a more complete pair cancellation scenaricaror
complex which addresses scalar elds (curl-free elds), i overview of related work on vector eld topology, see Larame

decomposition handles general vector elds. etal. [17]

3 BACKGROUND

2.3 Multi-scale Processing of Vector Fields ] _ _
. In. this section, we review the relevant concepts related to
The presented work can be considered as a means of mylfi- -
orse decomposition for completeness.

scale processing of vector elds, an active research topic.
There are two directions in multi-scale processing: re @emn - )
and simpli cation. While this paper focuses on the re nemen$-1 Morse Decomposition and Morse Connection
aspect, it is worth reviewing some simpli cation work onGraph (MCG)

this topic. One of the earliest investigations on the subjeConsider a vector eldv on a manifoldM whose solution
of topological simpli cation in visualization was done byeD denesamap :R M ! M . A trajectory through a point
Leeuw and Van Liere [4]. They make use of a distance metrig2 M is a curve orM that is obtained by solving the initial
to determine the pair of xed points to be cancelled. In fallo value problemx = V(x), X(0) = xo. A Morse decomposition
up work, they perform topological simpli cation based on ais a collection of disjoint closed sets (called Morse sets) t
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Fig. 4: The MCG computation pipeline using Morse decomposition

Note that the modules colored in black are the focus in this papegre.ome"y'baseu‘

More speci cally, we introduce the idea of local ow combinatorial-| Fg & ...
@

ization and provide an ef cient algorithm for the computation of an -
upper bound of the Conley index. @@
0 e @ @ e The portion of FD associated with T1 The portion of FD associated with

after a timet 1 after a timet 2 =2t 1

together contain all the recurrent dynamics of the ow ineldc Fig- 5: Two approaches to ow combinatorialization: a geometry-
by the vector eld. More precisely, setdl, i 2f 1;2;::::Ng based approach (left) and titemap (middle and right). Each node

N . . in the directed graphs corresponds to a triangle of the mesh. The
form a Morse decomposition if and only if the trajectory Of?nages of triangleT; in the right two gures are shown as the red

any point is either (i) entirely contained in one of the Morsgiosures. The set of triangles that intersect with each imade &f
sets or (ii) contained in some Morse 9dt for large enough referred to as theuter approximationof this image [2]. Note that
negative times and in some other Morse kgt with j > i, the geometry-based method produces=@which is a super set of
for large enough positive times. Intuitively, (i) meansath 2" FG using thet map approach. As such, tfeG from at map

h ) f . de the M pproach isner and more accurate than tifeG of the geometry-
the trajectory of any point outside the Morse sets can o sed method. For instance, the path, colored in green, Tioto

move from a set with lower subscript to a set with a higher,, in the left FG does not re ect the accurate ow map (the right
subscript. (ii) excludes any recurrent dynamics outside tRG's). The right two gures also illustrate how an increasihgalue

Morse sets, making it gradient_“ke [3] In practice’ thetm WI” make a better app_roximation of the ow map. The brown dots
order between Morse sets can be represented as an ac;%iﬂfedle gure) are particles enclosed | and advected by the ow.

. . € gray dots are particles inside the outer approximation (union
directed graph called Borse connection gragtor MCG. of the trianglesTy; T3; Ta; Tg; To; Tao) Of the image ofT; over t; but

An indexing of Morse sets consistent with the above de nieutside of the true image df (the red closure). They represent the
tion can be obtained from the MCG by means of topologic&lor between the outer approximation and the true image. To obtain
sort. For the example shown in Figure 2 (a), the Morse s%ﬁ? outer approximation of the image B overt = 2ty, we can use

e

. - M _ middleFG computed using;. This is equivalent to advect the
forming a Morse decomposition can & = Ry, Mz = Sy, particles inside the previous approximation (all the gray and brown

M3 = S, Mg= S, Ms = Ay, Mg = Aq. Clearly, the MCG (ots) overt;. This leads to the dark gray closure in the right gure.
contains more restrictions on connecting trajectoriesn th&lowever, directly tracking the image ®f overt, produces a smaller

the resulting sequence (linear ordering) of Morse sets a#@f of triangles containing the real image of it (the red closure in the

therefore carries more information about the structurehef trilght), which has smaller error than the one containing the dark gray
closure.
ow.

We now turn to a review of the computation of Morse
decompositions. In this work, the underlying domain is repnapping (directed edges) between neighboring triangles by
resented by a triangular mesh. Vector values are de ned ainsidering the ow behavior across each triangle edge. In
the vertices only, and interpolation is used to obtain v@lueontrast, the map approach keeps track of the image of each
on the edges and inside triangles. For the planar case, twangle over a constant time to obtain the ow mapping.
use the piecewise linear interpolation method [35]. On edrv Figure 5 illustrates these two approaches. The red curved
surfaces, we borrow the interpolation scheme of Zhang dbsure (Figure 5 right) illustrates the real imabe of T.
al. [40], which guarantees vector eld continuity acros® thThe set of triangles that intersect withy is referred to as the
vertices and edges of the mesh. These interpolation schereter approximatiorof this image.
support ef cient ow analysis operations on both planes and Second, the strongly connected components are extracted
surfaces. from the directed graplr . These strongly connected com-

Chen et al. [2] describe a pipeline for the computatioponents correspond to the regions enclosing ow recurrence
of Morse decompositions of the given vector elds. In thidhe Conley index of each region is computed. Those regions
pipeline, the input vector eld is rst converted into a dad with non-trivial Conley indices contain the Morse sets of
graph (i.e.FG), denoted byF , through ow combinatori- interest [16]. The strongly connected components congjsti
alization. The nodes of are the individual triangles of of more than two triangles are also considered, since they
the mesh where the vector eld is de ned. The directedhay contain multiple features that cancel each other suah th
edges ofF indicate the ow mapping relations betweenthe ow at the boundary acts like a regular ow. For instance,
triangles. For instance, if there is a directed edge T,, in Figure 2 (a), the Conley index of Morse s8t is trivial.
some particles inside triangld; can reachT, following However, it contains a saddle and a source whose total isidice
the ow. In other words,F encodes the dynamics of thesum to zero.
ow at a combinatorial level. There are two approaches to Third, each strongly connected component corresponding
computeF : the geometry-based approach [1] and thenap to the region with either a non-trivial Conley index or more
approach [2]. The geometry-based method computes the dlan one triangle is collapsed into a single node. This resluc
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the original graph into a quotient graph. From the quotiemumber. We assume th#t is a subset of a two-dimensional
graph, the nal MCG can be computed through path searchimganifold surface, a triangulation & is available, and that
between these strongly connected components using sthndara union of boundary edges ™, called exit edges Thus,
graph search algorithms. the Conley index has the form @H (M) = ( bo; b1; b2) since
The complete algorithm of this pipeline is provided in [2]other Betti numbers are all zero based on the assumption of
We point out that Chen et al. do not provide the algorithtwo-dimensional manifolds. More detailed explanation ofvh
for Conley index computation which will be addressed in thige Betti numbers of a quotient space are computed is prdvide
work. In addition, they do not show the relation between tha Section 6.
connections (dotted regions) of Morse sets and the sefmastr Note that for a 2D ow, by and b, cannot be both positive.
in the differential topology of vector elds. We will proval Further,bg;b, 1 for an isolated block with one connected
such discussion in Section 5.2. component (e.g., one Morse set). To that end, given the three
The computation of the Morse decomposition of a vectd@etti numbers of the Conley index, a Morse set can be
eld typically requires repeating experiments with diféet classied as follows. Ifbg = 1, it is a sink-like Morse set
t's according to the user's requirements before a satisfyirfgolored in red); ifb, = 1, it is a source-like Morse set (colored
MCG is returned. Figure 4 illustrates such an iterative pssc in green); otherwise, it is a saddle-like Morse set (colored
This manual process can be labor intensive and inconsistenblue) (see Figures 1, 2 and 3). In addition, a number of
in the sense that each ftrial relabels the MCG such thHandamental Conley indices in 2D ow analysis are as follows
there is no correspondence of Morse sets between any
computations. We address this challenge by introducing &g an attracting xed pointe:g:sink) )  CH (%) = ( 1;0;0)
automatic local update scheme for ow combinatorializatio Xo a saddle xed point )  CH (xo) = ( 0;1;0)

and MCG computation. Xo a repelling xed point(exg:sourcg@ )  CH (x9) =(0;0;1)

G an attracting periodic orbit) CH (G =(1,;1,0)

_ o ) G a repelling periodic orbit) CH (G =(0;1;1)
The computation and visualization of MCGs requires the _ .
ability to classify the extracted Morse sets. Chen et alpsim . M=0 ). CH (M) =(0:0,0)
resort to the direction of the directed edges emanating fromFrom this, we see that the Conley index is a more general
the Morse sets to classify them [2]. The more accurate cld@Pological descriptor for the characterization of diéer ow
si cation requires the introduction of a topological depeor ~ features than the Poin@index [35]. Particularly, the Poincar
called the Conley index. In our approach the Conley inddRdex ofM is bo b+ by [21].
is used to classify Morse sets and identify which Morse setsT0 visualize the Conley index of each detected Morse set

3.2 Conley Index

need further re nement (Section 7). in the MCG, we make the following modi cation compared
to the MCG visualization used by Chen et al. [2]. Since
I AAA A bo; b, can only be either 0 or 1 and have been used to
7 y l & M classify Morse sets, we describe how we visualize the rst
i g e <« N Betti numberb,. Particularly, we visualize it using concentric
T ‘\ | /S L circles. For instance, ib; = 1, the corresponding Morse set
I Vit L - is visualized as a solid disk with a circle around it (see the
v inlet image for an example). Similarly, #»1 = N, there will
@ ® © be N concentric circles around the solid disk. The color of
Fig. 6: A number of simple examples of isolating blocks (shaded the additional circles is determined by(©9%2) (Y

regions) containing (a) a sinKL; 0;0), (b) a saddlg0;1;0), and (c .

a ?epell?ng periodig c(>rt))i(0; 1n% Re)d I(in)es repreSE(ent thg exit séti g:)ir(t:ﬁzﬁkecijt:riel\gZ:,eresdetf.orgsrienekrjlilig (020
and blue for saddle-like. This improved (11,0
visualization of MCG enables the user to
distinguish the periodic orbit like Morse

sets from the source or sink like Morse sets (e.g. the MCG
in Figure 1(e) versus the one in 1(c)). The resulting MCGs
-9° . e : . / have similar appearance as ECG with one difference being
Similarly, x is an exit point if its trajectory is outsidd for all the visualization of saddles. Speci cally, in an ECG saddle
suf ciently small positive times (traced in the ow directn). are displayed as blue disks, while in an MCG they are drawn

The Conley index oM can be de ned as the homology 5¢ e disks surrounded by a few circles (see the ECGs and
of the quotient spac® =L, whereL is the exit setconsisting MCGs in Figure 3).

of all exit points [15]. Intuitively, the quotient space cae
obtained fromM by collapsing all points irL into a single
point (e.g. collapsing the two red segments of Figure 6 (tm) in4 PIPELINE OF THE HIERARCHICAL MORSE

a point). (M;L) is anindex pairin the sense of [3]. In what DECOMPOSITION

follows, we represent the Conley index Mif as a sequence of Theory of dynamical systems shows thatiaalating neigh-
Betti numbers oM=L [7]. Let bk be thek-dimensional Betti borhood(a polygonal region under a discrete setting) exists for

Computing the Conley index of a séf is particularly (10,0)

simple if M is an isolating block, i.e. if every point on
the boundary ofM is an exit point or an entry point An
entry point is a poink whose trajectory for suf ciently small
negative times (traced in the reversed direction) is oatsid
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Vector F‘e"’\"i“”aw‘tmi“vt max (optional) indices of these components. If the number of Morse sets in
Geometry-based Mi(X;V) is larger than 1, which means the selected Morse set
Morse decomposition is re ned, we construct a locdICG and incorporatMCG;
F, M(X,V)J, MCG into MCG and addVj;(X;V) into Q . If the number of Morse
sets inM;j(X;V) equals 1 and 2 tmnax (Wheretmax is a user
indices and priority values df1(X,V) . . _
v speci ed maximumt), we sett = 2t and proceed as before.
Add Morse sets iM(X,V) Otherwise,M; can not be further re ned for the givetinax
to priority queueQ and will be removed fronQ. This re nement process repeats
[——————— N T T T T T T T T until Q is empty. Note that in order to allow the re nement
ENDLJRYE s empty 2 to exhaustively apply the values ofup to tmax tmin Can be

computed agma=2 (k2 N).

Figure 7 illustrates this pipeline. The modules colored in
black are the focus of this paper, with the implementation
of local ow combinatorialization provided in Section 5,eh
computation of the Conley index discussed in Section 6, and
the computation of the priority value introduced in Sectibn
This pipeline proceeds in a hierarchical fashion and is ebtgak

( to produce an MCG (Figure 1 (e)) similar to the one produced
°°mp°”;ms - by the previous manual-map approach [2] with respect to

I

I

I

I

I

I

I

I
Gompute the upper bounds on Conle | a globally appliedt (Figure 1 (c)). More importantly, the
| intermediate and nal MCGs produced using this pipeline

I

|

I

I

I

I

I

|

FALSE&
Mi<—Dequeue the top element of)

t=max(t min, 2*pre_used t) for Mi
Update local FGH) P
of Miwith t h

\4

Extractstrongly connected

A are guaranteed to be topologically consistent. In contrast
TRUE _ Number of Morse sets . FALSE the MCGs generated with differerit values using a global
o - s computation scheme lack such consistency (Figure 1 (b)(c))
v After re ning Morse sets (i.e. regions with ow recurrenge)
Compute localMCGof M >t max rase | the connection regions that connect them are similarly ed n
IncorporateMCG to MCG or T(Mi(X,V)) =T(M))? — | (Section 5.2).
\4 § TRUE
Ad‘f()“f)‘;{j;ﬁjéﬂﬂ%‘“” FELTET 5 LoOCAL FLOw COMBINATORIALIZATION
¥ = The key to our hierarchical Morse decomposition approach
.___ __ __ " lterate | is the ability to locally modify the ow combinatorializadn.

Fig. 7: The pipeline of the proposed locally hierarchical re nementn this section, we show that locally updating thG in

of Morse decompositions of vector elds. Note that the highlighte§ Particular fashion will not affect the ow structure with
modules are the focus in this paper (Section 5 for local re nemerfgéspect to MCG outside of the bounded Morse neighborhood

Section 6 for Conley index computation, and Section 7 for thef interest. In addition, the local update scheme can betadap
computation of the priority values). to re ne the connection regions (the dotted regions in Féguk
and 2).

each Morse set [16]. In addition, Chen et al. [2] demonstrate

that computing the ow combinatorialization does not regui 5.1 Re ne Morse Sets

a constantt value everywhere in the domain. This leads u this section, we discuss how to re ne a Morse 96t

to a local re nement scheme with spatially varyiigvalues. locally. First, we update the ow combinatorialization gia

Next we describe our pipeline. F . The update procedure replaces all edges out of every
First, an MCG is computed from theG using a geometry- triangle in M; by edges computed using a largervalue.

based ow combinatorialization. We denote the Morse sets The new edges are obtained using a function identical to

this MCG as M(X;V). Second, we compute an upper boundonstruct multivaluemapin [2], but only edges out of tri-

of the Conley index of each detected Morse set (Section &gles inM; are constructed.

as well as a priority value based on this upper bound and theHaving updated the ow combinatorialization graph, we

area of the Morse set (Section 7). Third, all Morse sets asee set to re ne the Morse decomposition. This is done

placed in a priority queu®. If Q is not empty, we enter an by replacingM; with strongly connected components of the

iterative process. restrictionF ; of the re ned ow combinatorialization graph
We remove the top elememd; from Q and sett = tnin F to M;. The set of vertices df ; consists of triangles iiV;

(tmin can be provided by the user) or 2pre_usedt, a and the set of edges contains edgeg-ofthat start and end

previously used value iM; has been re ned before. We thenat a triangle inM;. Clearly, the resulting strongly connected

update the locaF G, F; by conducting & map based ow components are subsets df.

combinatorialization witht within M;. Next, we extract the  The re nement process works by increasing the accuracy of

strongly connected componentsef and identify the Morse the ow combinatorialization graph. To illustrate this,sasne

setsM;(X;V) by computing the upper bounds of the Conlethat F ; andF , are ow combinatorializations fot and 2
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(respectively). For a given triangl®, both graphs provide an
upper bound (i.e. the outer approximation) on the im&ge
of the triangle under translation by timg Zlong the ow.
To obtain an upper bound ob from F 1, one can follow
two-edge paths fronD in F ; and union the triangles at the
endpoints of these paths. The upper bound provide# bys
the union of all endpoints of edges I starting atD. The
later bound is generally better (i.e. smaller) than the frm
(see Figure 5, middle and right, for an illustration).

Figure 2 provides an example of the MCG re nement usingig. 8: This gure shows the connection regions before (left) and
our local updating scheme. We start from an MCG (lefgfter re nement (right).
which is computed from a ow combinatorialization using
the geometry-based method. Next, we perform a local update
inside the extracted Morse sets with largevalues. Note that graph. The region connectinyylj and My is recomputed
in addition to the re ned Morse sets, the connection regi@hs locally, by growing regions out oM; and My within R. The
between two Morse sets are re ned due to the re nement & ned connection regiorR is the union of all paths iR
the underlyingF which we use to compute the connectioigonnecting the two Morse selt4; andM in the updated graph
region. FGO

This connection region re nement can be performed either
during the re nement of Morse sets or after all the Morse
] ) ~ sets have been rened. We elect to do the latter in our
After re ning the Morse sets, we re ne the connection regionpineline because of the simplicity of implementation arstda

between the newly created Morse sets and their origin&mputation. Figure 8 provides an example comparing the
nEIgthI’S N the MCG before re nement. We rst review thq:onnection regions before and after re nement.

computation of connection regions given Bf&.

5.2 Re ne Connection Regions

5.2.1 Compute Connection Regions 6 CONLEY INDEX COMPUTATION

We are interested in the connections starting from sadkke-l As described in Section 3.2, the Conley index is easy to
Morse sets. Consider aAG and its Morse set®1(X;V). If  compute for an isolating blockl. Morse sets computed using
M; 2 M(X;V) is a saddle-like Morse set, we grow a regi®h  the geometry method are isolating blocks [1], but this is not
from it following the outgoing edges dfG until it reaches true for Morse sets computed using tilemap approach.
another Morse séil (k6 j). Next, we grow a regioR from However, an upper bound on the Conley index (called an
M following the outgoing edges of FG (the inverse graph estimateof the index later on), that tends to be the same as
of FG). R= R"\ R is a connection region containing all thethe index itself, is easy to obtain for such Morse sets.

paths connecting/lj and M. This process continues until we The construction described here is based on [28].L0&te
have identi ed all the connection regions starting frdhj. A a union of edges ol obtained as follows. In order to decide
similar process is conducted to take care of the other (bathan edgee on the boundary oM is contained inL% take a

outgoing and incoming) connection regions fraf. triangle T incident upore (i.e. e is an edge ofl) and outside
_ _ M. Edgee is in LOif and only if there is an edge d&G that
5.2.2 Connection Region Re nement startsat a triangle inM and endsat T. Note that(M;L9 is

While the connection regions can be shown to contain albt an index pair for the ow, in the sense of Section 3.2.
connecting trajectories between two Morse sets (Sectid?), 10 In particular, one cannot claim that the Conley index is the
they tend to be large if computed using the geometry-basgaime as the Betti numbers f=L° However, in Section 10.1
method or a small value of, similar to a Morse set gen- we give a proof that the Betti numbers bf=L° are an upper
erated using the geometry-based method or a smafilue. bound for the Betti numbers of the Conley index of the ow
Therefore, we present a re nement technique to improve tlo@ Morse setM.
precision of these regions. An example is shown in Figure 9. Consider a boundary
Let R be a connection region for two Morse séfg and edgee; shared by triangle3; 2 M and Tg 2 M. There is no
M. Recall thatR consists of all paths fronM; to My in a directed edge pointing from a triangle M into To. Edge
ow combinatorialization grapiG. The edges of theG are e; is not contained ir.% Now consider edges and triangle
obtained using either the geometry-based method ortthe T11 2 M. There is a directed edge from 2 M to Ty1. Hence,
map with some positive value @f The re nement procedure e3 L%
removes all edges out of nodesAt= R[ Mj[ M and into We now turn to the description of the computation of the
nodes inR from FG. These edges are replaced with edgeBetti numbers foriM=L° The zero-dimensional Betti number
out of nodes inA into R computed using a larger value ofb8 is equal to the number of connected componentdMin
t (ideally, larger than the maximum used to compute a that are disjoint with.% If M is connected, thebg is zero if
removed edge, but this is not required for the containmeité 0 and 1 otherwisebg is equal to the number of connected
property proved in Section 10.2). L&G° be the updated components oM whose entire boundary is containedLif
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MCG

A2

Mors¢g Exit set Upper Bound|
set of Conley Inde|

R1 CEM) bo(L)[ba(L) ba(L)[ c(L) | b8[ b'1] b2

R1 1 3 3 0 0 o 2|1
Al 1 0 0 0 0 1/0]0
Al A2 1 0 0 il 0 0 1(0]|0
c(M): Euler characteristic of M

c(L): Euler characteristic of boundary exit set L'
bo(L"), b(L), andb2(L") are the Betti numbers for L'
b0,b1,b2 are the Betti numbers of the upper bour

image to the left provides a portion of the mesh with a Morse s g.11: Th|§ gure |Ilustrate_s an_example on hO.W the upper bound of
M inside the shadow region. The image to the right provides t e Conley index can help identify Morse set with co_mplex 0‘_’"' Note
con guration of a discrete map (i.e. a ow combinatorializatidn) . that Morse seR1 has an upper b_ound on its Conley_lnde>(@¢$2, 1. .
Note that we ignore the inner con guration of the graph inside thi§ e meantime, the ow in this Morse set contains two repelling
Morse setM because it does not affect the classi cation. per!odlc orbits (green loops) anc_l a saddle (blue dot). Thereforedbas
on its upper bound, we determine tHRt should be re ned further.

Fig. 9: This illustrates the classi cation of boundary edges. Th}%

7 MORSE SET IDENTIFICATION FOR FURTHER

o REFINEMENT
s3 R2 In this section, we introduce two metrics used to identify
R3 A1 Morse sets for re nement in the automatic framework.
R1 A3 . .
< On the nest level of the hierarchy, one would like to
obtain Morse sets that correspond to hyperbolic xed points
2 or periodic orbits (whenever possible). Thus, our rst riets
S1 R1 de ned as the distance of the Conley index of the Morse set to
A2 the closest Conley index of a hyperbolic xed point or pei®od
Al . . . . .
R4 orbit. More precisely, leE be the set of all possible indices of
hyperbolic xed points and periodic orbits, i.e. (Sectior2)3
Yot ] Exitset o Contey ndek | Exitset ot Conley nce
(M) |boL)ba(L) b2 c(L)| bo] b1] b2 c(M)[bo(L) b bL)] c(L)| bo| b| b2 E = 1(1,0;0);(0;1;0);(0;0;1);(1,1,0);(0;1; D g:
R1 1 1 1 0 0 001 R1 1 1 1 0 0 001 ) )
gt et et e PR 222 Thetopology metricof a Morse seM is de ned by
S3| 0| 1| 0| o 1| o 1Jo|]|[R&jJ O 2] 2] o of of 1] 1 ( )
AL| 1| 0] 0] o]l o1 o0 o[st|2]z2]0o] o[ 2]o0 1o . 2 )
r2| 1ol o] o] o[ afofof[afofo[o| of of 1] 10 tm(M) = Minpy.p:p2e A Jk(M) by
A2 0 0 0 0 0 1 1} o k=0
A3 0 0 0 0 0 1| 11 0

Fig. 10: The computed upper bounds of the Conley indices of a'ﬁ motlva'qor! for this metric is that the mprg complex |nd|ces
Morse sets extracted from two analytical vector elds. The image #yPically indicate complex ow characteristics which recg
the left shows the results using a geometry-based method, while fhgther re nement (e.g., Figure 1R;y).

image to the right provides the results of an MCG derived from a The topology metric alone is not a suf cient re nement

t-map witht = 0:2. Note that the upper bounds for the Morse seigriterion. For instance, the Morse s88 in Figure 10 (left)
in the left example are their actual Conley indices. In addition, in oyr.

experience the obtained upper bounds for the Morse sets computgc? the same Conley indg0;1,0) as a region _contaln!ng
from at -map approach are typically equal to the ideal Conley indice@, Saddle. However, a ner MCG reveals that it contains a
such as, in the example to the right. saddle and an attracting periodic orbit and therefore shoul
be re ned. To handle such cases, we make use gé@metry
metric de ned as the number of triangles in the Morse set
M and denoted by g@MW). It is intuitive that a Morse set
By [7], c(M=L9= bJ b+ b= c(M) c(L9, whereby containing a large number of triangles (therefore largeajr
c(X) we mean the Euler characteristic ¥t c¢(M) (c(L9) may contain more detailed dynamics. For instance, Figure 12
is equal to the number of triangles minus number of edg@eftmost) shows the result of the Morse decomposition ef th
plus number of vertices iM (respectivelyL9 and therefore gas engine simulation using a geometry-based approack. Not
is easy to compute. Sindg§ andb? are already knownh can that there is a Morse set at the back of the cylinder of the
be determined from the equatityy bP+ b9= c¢(M) ¢(L9Y. engine which covers a large portion of the engine surface.

) Further re ning this Morse set reveals more detailed strret
Examples of upper bounds for the synthetic vector elds are Combining the above topology and geometry metrics, we

shown in Figures 10 and 11. Note that for both datasets, §g o the priority P(M) of a Morse seM by
upper bound is the same as the Conley index for each Morse

set. P(M) = ( 1+ tm(M))gm(M): Q)
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Fig. 12: This gure illustrates the re nement process of the MCG from a gas emgimulation. Left-most shows the MCG of a geometry-
based approach. From (1)-(3) we re ne the circulated Morse set #ith0:2, 0.4, and 04, respectively. The MCG obtained using a global
t = 0:4 shows the similar result (right-most). The color coding is provided inreidu

This priority value is used to determine the order of the
re nement of Morse sets in the current MCG. The larger the
value, the earlier the Morse set will be re ned. Morse sets
containing one triangle are not considered for re nement.

Ring-like regions containing a periodic orbit have larder
value since they contain many triangles (for example, Morse
setsR3 and R4 in Figure 10 (right)). In this case, further
re nement will discover that no more Morse sets can be
extracted. The system then removes these Morse sets from the
priority queueQ (Figure 7). Note that once local re nement
has been applied to a Morse set without success (it
or a user speci ed maximum number of trials), it will not
be processed again. This rule ensures the re nement process
terminates even ifhax= ¥ (see Section 8.3).

Figure 12 provides the result of the consecutive re nement
for a gas engine simulation. Note that the combination of the
topology and geometry metrics in Eq. 1 may not be intuitive.
However, it works well for all the examples we have examined.
Exploring a better combination is a possible direction for
future work.

8 APPLICATIONS

We have applied our automatic hierarchical re nement frame
work to a number of analytic and real-world simulation
datasets. In what follows, we provide and discuss the ®sult

81 R It Fig. 13: This gure shows the results of the Morse decompositions of
: esults a gas engine simulation dataset using a global method (left column),

Figures 1 (d) and (e) provide the results of an analytic adtasand the present automatic re nement (right column). Both methods
This planar dataset consists qflé4 triangles. Our experimentEMPIOY fmax= 0:4. Note that both methods produce comparable
. decomposition with a slight difference of the shapes and sizes of

takes 1011 seconds to return the result givafax= 0:2. The  yhe ohtained Morse sets. The color coding is provided in Figure 1.

global method witht = 0:2 takes 2288 seconds to compute.

Note that both methods return the same MCG and similar

Morse sets with the difference of a few featureless triasgle

(i.e. triangles with gradient-like ow). dataset consists of 2B98 triangles. Our hierarchical re ne-
Although the performance gain on planar data is abofitent process takes & seconds to analyze, while the global

a factor of 3, we have observed better performance in tAeethod takes 273 seconds. They both usgax= 0:4. Note

analysis of the simulation data (see Table 1). Figures 13, that both analyses successfully extract the circular pate

and 15 provide the analysis results of the present methig§ back of the cylinder of the engine. However, more dedaile

and the global method as the comparison for a gas engiﬁgprmation will need a largett value. For illustration, we

diesel engine, and cooling jacket simulations, respelgtiydl ~decompose the re nement in steps as shown in Figure 12.

these data are the extrapolated boundary velocity elds tHarom (1)-(3) we re ne the circulated Morse set with 0:2,

are obtained through a 3D simulation inside the respecti@&t and 04, respectively.

models [18], [20]. In particular, the gas engine simulation The diesel engine simulation looks for patterns of the
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Fig. 14: This gure compares the results of the Morse decompositions of a desghe simulation dataset using the present automatic
re nement (top) with the global method (bottom). Both analysis usgs= 0:4. The color coding is provided in Figure 1.

Fig. 15: The results on a cooling jacket simulation using the hierarchical re nerfnamework (top) and the global method (bottom). Both
computations usémax= 0:4. The color coding is provided in Figure 1.
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TABLE 1: The complexity and timing results for two CFD data simulating in-cylinder owotigh a combustion engine. Times (in seconds)
are measured on a PC with Intel(R) Xeon(R) 2.33GHz dual processat 8GB RAM. Note that we compare only the performance of the
automatic re nement framework with the globalapproach with the = tmax. Note that the timing does not include the time for connection
region re nement.

Dataset # Fig. Global Update Local Update Speed-Up
name polygons t | #Morse sets time(s) || tmax | #Morse setg time(s) Factor
gas engine | 26,298 13 || 0.4 51 2732 || 0.4 51 65.97 4.14
diesel engine| 221,574 | 14 | 0.4 193 9911 || 04 192 96.30 10.29
cooling jacket| 227,868 | 15 | 0.4 246 1551.3|| 0.4 244 435.2 3.56
planar data | | 6,144 1 |02 7 22.88 || 0.2 7 10.11 2.26
planar data Il| 6,144 2 |02 10 1761 || 0.2 10 5.52 3.19

combustion ow rotating around the axis of the cylinder [1]hierarchical re nement uses adaptit@alues over the domain,
[20]. Both our hierarchical analysis and the global methadghile the global method uses a unifoitmAlso, the numerical
can correctly identify this pattern at the bottom of the @egi inaccuracy incurred during the computation of the samples
(middle column of Figure 14). However, our method takeslong edges for estimating the outer approximation, eafgci
only 9630 seconds for this dataset with 28¥4 triangles, ina ow with high divergence or stretching, contributes kast
compared to the 991 seconds using a global methad« 0:4 difference [2]. Addressing this issue is one of our futuregkvo
for both methods). directions.

The cooling jacket simulation dataset possesses858/  Despite this small discrepancy, the adaptive re nement is
triangles and a complex geometry. Figure 15 provides thetter. It is faster, more versatile, and more supportive of
results using our hierarchical re nement framework and the resulting Morse decomposition's complexity. Therefat
global t-map approach. We can see that most of the extractiedfully capable of performing topologically consistent Ititu
features (the colored regions) are regions of the geomeswale visualization.
above and below the cooling jacket gasket (between the i
cylinder block and head). This is where the ow exhibits thé €formance Analysis ,
most complex behavior [18]. These regions exhibit a numberF™0M the experiments, we have observed different perfor-
of swirling ow patterns which are detrimental to effectiveMance gains for different data (see Table 1), due to thengryi

heat transfer away from the engine block. Both the hieraedhi cpmplexny _Of the OWS. For ms'_tance, if the_ ow contains
re nement and the global computation return similar ressultNgNly rotational (swirling) behavior, the obtained Morsets

However, the former takes 4Z5seconds while the latter takegVith @ smallert value can correspond to relatively large
15513 seconds. regions in terms of area (e.g., the back of the cylinder of

Table 1 provides the timing information of the automatid® 9as engine simulation in Figure 12). It is likely that or
re nement of the MCGs (connection region re nement is notPMputation is needed in order to re ne them. On the other
included) of the data used in this paper. Note that we compatand: if the ow is mostly gradient-like (curl-free) (e.ghe
the performance of the automatic re nement framework onfﬁﬁ’“nder body of the diesel engine simulation in Figure 14),
with the globalt approach witht = tmay Additional time 1€ computation is typically much faster.
spent on smallet values and the user interactions for theomparison between MCGs and ECGs

globalt scheme is not considered. Regardless, our automatiq:igures 3 and 16 respectively provide the comparison of
re nement framework exhibits better performance time. &othe MCGs and ECGs of the diesel engine and gas engine
that all times are measured on a PC with Intel(R) Xeon(R)myiations. To evaluate the stability of both methoddedént
2:33GHz dual processors and 8GB RAM. To achieve fast COMftegration schemes were employed to compute the ECGs and
putation, the rst-order Euler integrator has been emptbi® \icGs. From the results, we see that the ECG computation
all FG computathns in Table 1. In addition, for all tests inetyms different topological structures of the same eld,
Table 1tmin= 0:1 is used to start the re nement. From thesgjgnjighted by the different extractions of periodic ogbi
results, we see that our method improves the analys_is With BBth examples. On the other hand, MCGs provide relatively
to one order of magnitude speed-up for the real simulatiQaple structures under different integration schemess Th

data. demonstrates that MCGs are a more reliable tool than ECGs
) ) in the analysis of ow structure.

8.2 Discussion Although MCGs need not extract as detailed information

Global Method vs. Adaptive Framework as the trajectory-based topology, we point out that in some

We have observed some discrepancy between the globagiineering applications, identifying the regions withtaim
method and the presented adaptive re nement in some ofv behavior is more important than computing the exact
the results, although they are generally comparable. Thistailed structure. For instance, in engine design, déterm
small discrepancy between the gloallCG and hierarchical ing whether the simulated combustion forms the ideal ow
MCG is caused by the difference of the compuked's. The patterns is crucial for the evaluation of the design quadity
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2 2 2
7 7 Ve

Fig. 16: This gure provides the ECGs and MCGs of the gas engine simulation ctadpising rst-order Euler (left), RK2 (middle), and
RKA4 (right) integrators (respectively) [24]. Note that the ECGs shofedint structures in terms of the number of periodic orbits: 20 (Euler),
21 (RK2), and 19 (RK4). Whereas, MCGs computed with 0:3 show relatively stable results.

Fig. 17: This gure provides the Morse decompositions of the gas and diesehersymulations, and cooling jacket simulation using the
re nement framework without settingmax. The analysis takes about 213012, and 4524 for these datasets, and returns MCGs with 63,
210, and 265 Morse sets, respectively.

the engine blocks. This can be achieved by identifying tH{€igure 12) indicates such an ideal behavior. In this case, i
desired ow behavior at the boundary geometry of the engine more useful to know there is certain swirling ow at the
[1]. The Morse set at the back of the cylinder of the gas engiback of the cylinder than to detail the number or types of
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Fig. 18: The hierarchical representation of MCG on a portion of the cooling jadket.arrows indicate the parent-children relations between
the obtained Morse sets. The rst MCG is computed using the geomessdbmethod. Thert,= 0:2, 0.4, and 08 are chosen to re ne the
corresponding Morse sets.

the periodic orbits. The same reasoning can be applied to thieich provides the consistent hierarchy (see Figures 2 8hd 1
cooling jacket simulation where the regions of stagnantaodo This consistent hierarchy of a vector eld can assist msittale
ow are highlighted by the extracted Morse sets (Figure 15yisualization of the ow, which we plan to investigate in tue
We also note that if a more detailed structure is needed, therk.
trajectory-based (differential) topology [1], [11], [2BGRn be
extracted from the MCG with more certainty [1], [2].

9 CONCLUSION

8.3 Extensions In this paper, we have identi ed a major drawback of the previ
As indicated in Section 3.1, the global method requires tif#iSt-map based Morse decomposition method and proposed
user to conduct a number of experiments with differént a hierarchical re nement framework for the Morse decomposi
values to obtain the optimal result. Although our previougons of vector elds. More speci cally, our re-computatias
discussion uses &mnax t0 terminate the re nement processyestricted to Morse sets identi ed through a hybrid methatt
this constraint is not necessary. For the further experispenncludes the Conley index. The Conley index is a more general
we have removed this constraint and let the re nement pcdepological descriptor than the Poinéaindex. In this work,
continue until it converges. To guarantee convergence lsee ave make use of the Conley index to classify the extracted
set a thresholdt for each selected Morse set. If the Morse sétlorse sets and present a combinatorial approach to compute
cannot be re ned withirk trials (withk increasing values af), this index. In addition, we present an algorithm to compute
it will be removed from the queu@. In the results provided the upper bound on the Conley index of a given Morse set
in Figure 17, we use& = 4. Parametek can be increased based on a ow combinatorialization graph (a discrete map).
for the extraction of more detailed structure. The maximurfhis upper bound has been shown to be a good estimation to
values oft used for these CFD data are23(Figure 17, the true Conley index for all the examples used in the paper.
left), 128 (Figure 17, middle), and:8 (Figure 17, right) We have proven the soundness of our hierarchical framework
respectively. Such large values (compared to the prewiougind provided examples of applications to the real simutatio
used 04) are apparently dif cult for the global method todata which demonstrates the effectiveness of the framework
predict and not necessary for the whole domain. Note that theThe proposed framework improves the performance of
cumulative integration errors with a largecould compromise Morse decompositions by up to one order of magnitude for
the accuracy of the obtaindeiG. Therefore, the obtainedG the real simulation data. It also conducts the analysis in a
is no longer an outer approximation of the true dynamictgpologically consistent fashion. In addition, the hieracal
and the upper bound of the Conley index computation is fiamework and the computation algorithm for the upper bound
longer guaranteed, which leads to incorrect classi catidn of the Conley index raises a future direction in vector eld
Morse sets (e.g. the big blue ring-like Morse set in Figure 13impli cation and multi-scale processing and visualipati\We
left). This is a limitation of the current Morse decompamiti plan to investigate this in the future.
computation which we would like to investigate more in th&xtension to 3D and Unsteady Flow: The theory behind
future. Morse decomposition and the Conley index is dimensionless,
MCGs also provide a way to achieve hierarchical topologye., it is possible to extend our work to 3D steady vector
representation of vector elds. This hierarchy can be otgei elds. The implementation in 3D, however, is unlikely to be a
by systematically increasing to compute the individual trivial extension of 2D and will need more investigation. On
MCGs. However, the hierarchy obtained using a global methtiie other hand, as a more rigorous form than a vector eld
lacks a consistent topological relation between two sigices skeleton, Morse decomposition is de ned for steady vector
levels, because each computation relabels all the Morse setds. Extending it to unsteady uid mechanics will require
(see Figure 1, (b) and (c)). In contrast, the present framewaew ndings from researchers in dynamical systems and uid
updates the MCG locally and retains the consistent labgelingechanics.
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10 THEORETICAL RESULTS Again, by reversing time, one can obtain a path frieinto D.
HenceDis in the regiorR°resulting from re nement oR. This

10.1 Resultl
The k-dimensional Betti number of the Conley index of a Morgéoves thatM; [ My RY contains all connecting trajectories

set M obtained using thé-map approach cannot be larger etween the two Morse sets.
than the k-dimensional Betti number of=\, where 10 is
determined as described in Section 6. ACKNOWLEDGMENTS

Proof: By the results of [28], the paiM; LY is a valid index e would like to thank Konstantin Mischaikow for the impor-
pair for the continuousnapj = j (t;:) (note that it is not ot giscussions at the initial stage of this work. We aréegih
necessarily a correct index pair for the ow). In [22], it iStor the valuable suggestions from Charles Hansen. We also
shown that thdx-dl_mensmnal Betti number of the Conley '”dexappreciate Zhongzang Lin in helping pre-process the data an
of the ow on M is equal to Edward Grundy and Timothy O'Keefe for proof-reading the
paper. Finally, we wish to thank our anonymous reviewers for
their constructive comments and suggestions. This work was
where j ;¢ is the automorphism induced by; on the k- supported by NSF 11S-0546881 and CCF-0830808 awards,
dimensional homology (with rational coef cients) of thea@u and in part, by EPSRC research grant EP/F002335/1. Guoning

lim rankj I
¥ Kt

tient spaceM=L% The rank of an automorphism cannot b&hen was partially supported by King Abdullah University of
higher than the dimension of the vector space it acts dBcience and Technology (KAUST) Award No. KUS-C1-016-

In particular, the rank ofj t”;k is less or equal than thke- 04.

dimensional Betti number df1=L° for any n. Q.E.D.
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