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Abstract

We present a new principle for introducing new types in
type theory which generalises strictly positive indexed in-
ductive data types. In this new principle a set A is defined
inductively simultaneously with an A-indexed set B, which
is also defined inductively. Compared to indexed inductive
definitions, the novelty is that the index set A is generated
inductively simultaneously with B, or from another point of
view: we mutually define two inductive sets, of which one
depends on the other.

Instances of this principle have previously been used in
order to formalise type theory inside type theory. How-
ever the consistency of framework used (the theorem prover
Agda) is not so clear, as it allows the definition of a uni-
verse containing a code for itself. In this article we give
an axiomatisation of the new principle in such a way that
the resulting type theory is consistent, which we prove by
constructing a set-theoretic model.

1. Introduction

Martin-Lof Type Theory is a foundational framework for
constructive mathematics, where induction plays a major
part in the construction of sets. Martin-Lo6f’s formulation
[17] includes inductive definitions of e.g. Cartesian prod-
ucts, disjoint unions, the identity set, finite sets, the natural
numbers, wellorderings and lists. Backhouse [2, 3] and Dyb-
jer [7] gave external schemas for general inductive sets and
inductive families respectively.

Another induction principle is induction-recursion, where
a set U is constructed inductively simultaneously with a re-
cursively defined function 7' : U — D for some possibly
large type D. The constructor for U may depend negatively
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on T applied to elements of U. The main example is Martin-
Lof’s universe a la Tarski [19]. Dybjer [9] gave a schema for
such inductive-recursive definitions, which Dybjer and Set-
zer [10, 11, 12] internalised. Inductive-recursive definitions
have also been used for generic programming in dependent
type theory [4].

In this article, we present yet another induction principle,
which we in reference to induction-recursion call induction-
induction. A set A is inductively defined simultaneously
with an A-indexed set B, which is also inductively defined,
and the introduction rules for A may also refer to B. So
we have formation rules A : Set, B : A — Set and typical
introduction rules might look like

a:A b:B(a) ag: A b:B(ag) a1:A
intros(a,b,...): A introg (ag, b,...) : B(a1)

This is not a simple mutual inductive definition of two
sets, because B is indexed by A, and it is not an ordinary
inductive family, because A may refer to B. Since B is
constructed inductively, not recursively, it is also not an
instance of induction-recursion.

Inductive-inductive definitions have been used by Dyb-
jer [8], Danielsson [6] and Chapman [5] to internalise the
syntax and semantics of type theory. Slightly simplified,
they define a set Ctxt of contexts, a family Ty : Ctxt — Set
of types in a given context, and a family Term : (I" : Ctxt) —
Ty(T') — Set of terms of a given type. Let us for simplicity
only consider contexts and types. The set Ctxt of contexts
has two constructors

€ : Ctxt
cons : (I': Ctxt) x Ty(T") — Ctxt,
corresponding to the empty context and extending a context
I" with a new type. In our simplified setting, Ty : Ctxt — Set
has the following constructors
'set” : (T': Ctxt) — Ty(T")
IT: (I': Ctxt) x (A : Ty(I')) x Ty(cons(T", 4)) — Ty(T").



The first constructor states that Set is a type in any context.
IT is the constructor for the II-type: If we have a type A
in a context I', and another type B in I' extended by A
(corresponding to abstracting a variable of type A), then
II(A,B)isalsoatypein I

Note how the constructor cons for Ctxt has an argument
of type Ty(T"), even though Ty is indexed by Ctxt. It is also
worth noting that IT has an argument of type Ty(cons(T', A)),
i.e. we are using the constructor for Ctxt in the index of Ty.
In general, we could of course imagine an argument of type
Ty(cons(cons(T", A), A")) etc.

Both Danielsson and Chapman used the proof assistant
Agda [22] as a framework for their formalisation. Agda
supports inductive-inductive (and inductive-recursive) defi-
nitions by the mutual keyword. However, the implemen-
tation in Agda also allows the definition of a universe U a
la Tarski, with a code v : U for itself, i.e. T'(u) = U. If we
also demand closure under II or %, the positivity checker
rejects the code, so this does not necessarily mean that Agda
is inconsistent by Girard’s paradox [13].

A reasonable implementation of induction-induction
should not allow a definition of a universe containing a code
for itself, i.e. if the principle is consistent. It is thus important
to investigate induction-induction, especially as the work of
Danielsson and Chapman relies on the principle.

Plan of the paper In Section 2, we present the type the-
oretical preliminaries. In Section 3, we discuss the new
induction principle. We then proceed with an axiomatisation
in Section 4, which we prove to be consistent in Section 5
by constructing a set-theoretic model.

2. Type theoretic preliminaries

We work in a type theory with at least two universes Set and
Type, with Set : Type and if A : Set then A : Type. Both Set
and Type are closed under dependent function types, written
(x : A) > B. Abstraction is written as Az : A.c and ap-
plication as f(x), with repeated abstraction and application
written as Azxq : Ay,...,2k : Ag.eand f(z1,...,2x). If the
type of x can be inferred, we simply write Ax.e as an abbre-
viation. Furthermore, both Set and Type are closed under
dependent products, written (x : A) x B with pairs (a, b).
We also have 3- and n-rules for both dependent function
types and products.

We need an empty type O : Set with elimination
14:0 — A for every A : Set, and a unit type 1 : Set with
unique element » : 1. We include an n-rule stating that if
x : 1, then x = » : 1. Moreover, we include a two element
set 2 : Set with elements tt : 2 and ff : 2 and elimination
constant caseg : (a : 2) - A(tt) - A(ff) > A(a) where
i:2= A(i) : Type.

With case, and dependent products, we can now as in [12,
A.2] define the disjoint union of two sets A + B = (x: 2) x
casez(z, A, B) with constructors inl = Aa: A.(tt,a) and
inr = Ab: B.{ff,b), and prove the usual formation, intro-
duction, elimination and equality rules. We write Ay + A7 +
oo+ Ay for Ag+ (A1 + (... +Ay)-++) and ing (a) for the kth
injection inl(inr® (a)) (with special case in, (a) = inr™ (a)).

Using (the derived) elimination rules for +, we can, for
A,B:Set,C:A+B - Typeand f: (a:A) — C(inl(a)),
g:(b:B)— C(inr(b)), define fug: (c: A+ B) - C(c)
with equality rules

(fug)(inl(a)) = f(a)
(f ug)(inr(b)) = g(b).

We will use the same notation even when C' does not depend
onc: A+ B, and we will write f || g: A+ B - C + D for
(inlo f) LU (inro g).

Intensional type theory in Martin-Lof’s logical framework
extended with dependent products and 0, 1 and 2 have all
the features we need. Our development could thus, if one so
wishes, be seen as an extension of the logical framework.

3. Inductive-inductive definitions

Let us first informally consider how to formalise a simul-
taneous inductive definition of two sets A and B, given by
constructors

introp : ®A(A,B) - A introg : Pg(A,B) - B

where ® 5 and $p are strictly positive in the following sense:

* The constant (A, B) = 1 is strictly positive. It corre-
sponds to an introduction rule with no arguments (or
more precisely, the trivial argument x : 1).

e If K is aset and W, is strictly positive, depending on
x : K, then ®(A,B) = (x : K) x ¥, (A, B), corre-
sponding to the addition of a non-inductive premise,
is strictly positive. So intro4 has one non-inductive
argument z : K, followed by the arguments given by
V. (A, B).

« If K is a set and W is strictly positive, then ®(A, B) =
(K - A) x U(A, B) is strictly positive. This cor-
responds to the addition of a premise inductive in A,
where K corresponds to the hypothesis of this premise
in a generalised inductive definition. So intro 4 has one
inductive argument K — A, followed by the arguments
given by U (A, B).

 Likewise, if K is a set and W is strictly positive, then
®(A,B) = (K - B) x U(A, B) is strictly positive.
This is similar to the previous case.



In an inductive-inductive definition, B is indexed by A,
so the constructor for B is replaced by

introg : (a: ®5(A, B)) - B(ia,p(a))

for some index i4 p(a) : A which might depend on a :
& (A, B). Furthermore, we must modify the inductive case
for B to supply an index as well. This index can (and usually
does) depend on earlier inductive arguments, so that the new
inductive cases become

e If K is a set, and Uy is strictly positive, depending
on f: K - A only in indices for B, then ®(A4, B) =
(f: K - A)xUs(A, B) is strictly positive.

o If Kisaset, iap : K - Ais a function and ¥y
is strictly positive, depending on f : (z : K) —
B(ia p(x)) only in indices for B, then ®(A,B) =
(f:((z:K)— B(ia,p(x)))) x ¥t (A, B) is strictly
positive.

The informal phrase “depending on f only in indices for B”
will be given an exact meaning in the formalisation in the
next section.

Let us consider the indices for B in inductive premises
a little further. When we are writing down the constructor
for A, we do not know anything about A as we are currently
constructing it. Thus, there certainly cannot be any functions
f: C - Avyet, as we have not introduced A as a set. So we
conclude that we can only use elements from A as indices
as they are given to us.

When writing down the constructor for B, the situation
is similar. At this point, however, we know one function
into A, namely intros : @4 (A, B) - A. Furthermore, we
can iterate intros any number of times to get new functions.
This will all be taken into account in the formalisation.

4. An axiomatisation

We proceed as in [10] and introduce a datatype of codes for
constructors. This time, however, we will have one datatype
SPy for constructors for A and another datatype SPg for
constructors for B. Both will come with “functors” Arg,,
Argp that map A : Set, B : A — Set to the domain of the
constructor introp : Arg, (v, A, B) - A for a code v : SPp
and similarly for SPg and Argy. For SPg, we will also
need a map Indexg which picks out the index in A of the
constructed elements.

SPA will have two parameters D, D’ of elements we can
refer to for indices for B in A and B respectively. More pre-
cisely, an element z : D will represent an element f(z) : A,
and an element y : D’ will represent an element [’ (y) : A to-
gether with an element f5 () : B(f/4(y)). For instance, the
arguments of a constructor following an inductive argument
(5 : K - A) can refer to elements j(k) for k : K. The code

for those arguments would be an element of SPA (D+K, D),
so K represents the new elements in A we can refer to. For
finished codes, D and D’ will always be the empty set 0.
We have the following formation rule for SP5

D:Set D':Set
SPA (D, D") : Type

and we define SP’ := SP (0, 0). The introduction rules for
SPj reflect the rules for strict positivity in Section 3, and
are probably easiest understood together with the “decod-
ing function” Arg, defined below (we suppress the global
premise D, D’ : Set):

K:Set ~v:K —SPA(D,D’)
nonind(K, ) : SPA (D, D")

nila : SPA(D, D)
K:Set ~:SPA(D+K,D')
A-ind(K,~) : SPA(D, D)
K:Set h:K—D ~:SPA(D,D'+K)
B-ind(K, h,7) : SPA(D, D)

Note that the codomain of the function h : K — D, which
picks out the index in the rule B-ind, is D, the set of elements
in A we can refer to.

We will now define Arg,, corresponding to ¢ 4 above,
which from a given code v : SPA (D, D’) constructs the
domain of the constructor introx :

f:D—-A
D,D": Set A Set fa:D'~A
7iSPA(D, DY) BiAoSet fi:(z:D')~ B(fi(x))

ArgA(D7D,a’Y7A7B7f7f,,4ale):Set

The function f translates elements in D to the real elements
they denote in A. Similarly, f/, gives the index and f; the
real element in B(f)(y)) for an element y : D’. Again,
for completed codes ~y : SPy, we will define Arg’y : SP, —
(A:Set) > (B: A — Set) - Set by Arg/y (7, A, B) =
ArgA(O,O,'y,A, B, !A7 !A, !B).

The definition of Arg, also follows the rules for strict
positivity in Section 3. We will suppress the arguments A, B,
as they can be inferred from e.g. f/, and fj.

The code nily represents the constructor with no argu-
ment (i.e. a trivial argument of type 1):

ArgA(D7D,anﬂAafa f.»léhf‘,B) =1
The code nonind( K, ) represents one non-inductive argu-
ment (k : K'), with the rest of the arguments given by the
code ~ (depending on k : K):
Arg, (D, D' nonind(K, ), f, f4, f5) =
(k : K) X ArgA(D7DI77(k)7fa fgale)

The code A-ind( K, ) represents one generalised inductive
argument (5 : K — A), with the rest of the arguments given



by the code ~. Notice that after this argument we can refer
to more elements in (the suppressed argument) A, namely
j(k) fork: K:

ArgA(DvD,aA'ind(va)va f1,43 f]l’i’) =
(j: K > A)xArgs(D+ K, D'\, fuj, fa, f5)
Finally, B-ind( K, h, ) represents one generalised inductive
argument (j : (z: K) - B(f(h(z)))), where f o h picks
out the index of j(x). This time, we can refer to more
elements in B afterwards:

ArgA(D7 DI7B'ind(K7 ha'y)u f7 f1,47 fIB) =
(7 (k: K) = B(f(h(k))))x
Argy (D, D"+ K, v, f, fau(foh), fpuj)

Arg, is now functorial in the following sense: if we have

maps
g: A~ A", g (x: A) > B(z) > B*(g(2))

that respect the translations f and f*,ie. g(f(z)) = f*(x)
for all x : D, then we can lift g to a map

lift(...,g,...): Arg, (D, D', v, A, B, f, f'. f1) =
ArgA(D?D,577A*7B*7f*afZ 7f§)
This will be needed for the soon to be introduced Argg,
as we will need to translate from “Arg,(D,D’)” to
Arg, (A, B) in order to use the constructor for A as an index
for B in an inductive argument.

To avoid using the identity type, we will use a specialised
version of Leibniz equality p: (z : D) - B*(g(f(z))) —
B*(f*(x)) for the proof that g(f(x)) = f*(«). Under the
assumption that v : SP5 (D, D") , and with A, B, f, f4. fg
as above, and A*, B*, f*, fj", f j;l analogously, we now
have formation rule

ift(D, D', v, A, B, f, [, [, A" B* f* f3 f5) -
(9:A—>A") > (¢': (z: A) > B(x) - B*(9(z)))
—> (p:(z:D) - B (9(f(x))) > B*(f*()))
~ Args (D, D', v, A, B, f, fi, )
> Arga (D, D'\, A" B*, f*, f3 f5)
with defining equations (A, B, A*, B* suppressed)

lift(D, D' ,nila, f, s figs F*5 o [0 9,030y %) = *
lift( .. 7n0nlnd(K? 7)7 e 797 g,7p? <k7 y)) =

(R GfU(D, D' (), o S f £ R F 909 0,9))
llft( .. 7A-1nd(K77)7 R 7g7g,7p7 (.]7y)) =

(goj’lift(D+K7Dl7ry’f|_|j""7f*l_l(goj)7""
pu (A, 0.0),y))
lift(...,B-ind(K, h,7),...,9,9",0,{j,y)) =

(Ak.p(h(k),g'(f(h(k)),5(K))),
lift(D, D'+ K5, f. fyu (f o), fruji f*,
fau(f oh), fpukp(h(k),qg' (f(h(k)),
J(k)))),9,9"p,9))-

Note how the proof p : ( : D) = B*(g(f(x))) = B*(f*(z))
gets updated to pu (\k, b.b) when D is extended to D + K.
Fory:SPy,g: A— A*, ¢ : (z: A) - B(x) - B*(g(x)),
we define

lift' (v, A, B, A", B*,9,9") :

Arg)s (v, A, B) — Arg)y (v, A", B¥)
by

lift' (v, A, B, A", B*,g.9',a) =

11ft(0, 07 Y A7 37 !A7 !Aa !B7
A*a B*v !A*a !A*7 !B*agagla !pva)'
Note that also the proof !, : (z : 0) - B*(g(f(x)) -
B*(f*(x)) is supplied by ex falso quodlibet.

Armed with the lift function, we can now introduce the
datatype SPp of codes for constructors for B. All construc-
tions from now on will be parameterised on the maximum
number & of nested constructors for A that we are using, so
we are really introducing SPg , Argg ; etc. However, we
will work with an arbitrary & but suppress it as a premise.

SPp have parameters D, Dj, : Set just as SP4, but in
addition also parameters v : SP!y and D! : Set for 0 < i < k.
We need the code 4 to know the constructors for A, and D;
will represent elements in B indexed by ¢ nested constructors
for A. We have the following formation rule for SPg:

va:SPy D:Set D{,Di,...,Dj :Set
SPg(va,D,D{,D1,...,Dy}) : Type.

Let SP%(’)/A) = SPB(’)/A, 0,0,..., 0) for v, : SP{A

Let us now define some abbreviations which will be useful
later. Arg'y is Arg'y iterated i times, i.e. Args is the set of
arguments used by ¢ nested constructors.

Argg}(fy, A, B) =A

ArgXH—l (’Ya A7 B) = Argf‘% (77 —|_ ArgX(’% Aa B(i—l))7 |_| Bz)
=0 =0

where B(n) is the sequence By, By, ..., B, of families
B;: Argli (74, A, B(i_l)) - Set.

We think of D and D’ as “syntactical” counterparts to A
and B respectively. However, D’ is flat, in the sense that
B: A - Setbut D' : Set. But every element z : D’ corre-
sponds to exactly one pair f, (x) : A, f5(z) : B(f)(x)),so
that (Ad’ : D’.1) : D’ — Setis a good non-flat representation
of D'; wecanmap x : D' to f(z) : A, and » : (Ad".1)(z)
to fp(x) : B(f4(x)). These are the two translation func-
tionsg: A—> A*, ¢": (x: A) - B(z) - B*(g(z)) needed
in lift". We also have to take elements d : D into account,
though, representing elements f(d) : A where we cannot
refer to any elements in B(f(d)) yet. So our syntactical
non-flat version of A and B is going to be D + D’ together
with (Ad.0) u (\d’.1):

For a code 7 : SP), and D, D’ : Set, define

arg, (v, D, D) = Argly (7, D + D', (Ad.0) u (Ad'.1)).




Also arg, can be iterated in a similar way as Argy:
arg} (v, D, D) = D

argg+1(7a D7 ﬁ,) = argA(’Ya +argf'%(73 D7 ﬁ,(i—l))v D’:L)

i=0

Given functions f: D — A, f, ;: D} - Argi (v, A, B),
and fp ; : (2 : D;) - Bi(f} ;(z)), we can now construct

functions f,, : arg% (v, D, D) — Arg (v, A, B) with the
help of lift’ by defining

fo =7f
fn+1 —hft (’Ya (_‘_argA(’YvD D ))+Dn’

(/\d 0) U ()\d’ 1), —|—Arg (7, A, B(i-1y),

I_lB’H( || fl) u (lnﬂofAn)
lup U (Ad' S50 (d))).

We can now finally introduce the introduction rules for
SPg. The rules are very similar to the rules for SP4, but
now we specify an index in nilg, and we have k + 1 rules
By-ind, ..., Bg-ind corresponding to how many nested con-
structors for A we want to use:

d: D +argh (va, D, D’) + ... +argk (va, D, D")
nilB(d) :SPB(’}/A,D,DE), .. ,D;)

K:Set ~:K —SPg(ya,D,D,,...,D;)
nonind(K, ) : SPg(ya, D, Dy, ..., Dy,)

K :Set ~:SPg(va,D+K,Dj,...,Dj)
A-nd(K,7) : SPs (74, D, D), ... D!)

h:K_)argK(’yAvllD,)
K:Set ~:SPg(ya,D,Dy,...,D;, +K,...,D})
B,-ind(K, h,v) : SPg(ya,D, Dy, ...,Dy,)

We will now, analogously with Arg, , define Argg, which
takes a code vy : SPB (74, D, DO,... D;),aset Aand k +1
families B; : Argli (v, A B(Z 1)) — Set, together with
functions f : D — A, fi, : D} - Argli (v, A, B(;_1))
and fp, : (v : D) - B; (fAl(m)) and returns the do-
main of the constructor for B. Recall that from f, fa
and f5 ;, we can construct functions f,, : arg (v, D, D') —
Arg’l (v, A, B).

The definition follows the same pattern as Arg, , except
that B and f are replaced by B, and f, respectively in
B,,-ind, and D’, f!,, f are split up into k + 1 different p;,
Fhns [ For vp : SPR(y4), let Argg(ya,784, B) :
= ArgB(whO,f),fyB7A,]_f37 ‘4, !A:gAa !;9). (We have sup-
pressed the arguments A, B, as they can be inferred.)

|
-

Atgg (1. D, D' il (d), f. . fly)

Argg (74, D, D', nonind(K,7), f, f4, f5)
(k K)XArgB(’yA7D ?,7’7(]{) fa.anfB)

ArgB(7A7D D, Alnd( aly) f anfB) =

(] K—>A) xArgB(fyA,D+K D’ ,’y,fl_lj,fA,fB)

ArgB(’YAaD D B 'lnd(K h 7) faanfB)_

(:(k:K)~ B(fn(h(k))))
Argg(va,D,...,DL + K,...;v, fy. .oy
fanu(faoh),.. fp g, ...)

The last missing piece is now Indexp, which assigns to
each b : Argg(va,78, A B) the index of introg(b). This
index is in Arg’s (y4, A, B) for some i < k and is stored
in the nilg constructor. Under the assumption that v4, D,
Di, vg, A, B;, f, ffh- and fj’g,i are as above, Indexg has
formation rule

IndeXB(7A7 Da DI&VB, Aa Ba fa fj,m f73) :
ArgB(VAaDaDIaVBaAaévfa fz;af?B) -
A+Argg(’7AvAaB) T +Arg:’i€(7AaA7§)
and defining equations (with A, B suppressed)
(|| £

Indexg (va, D, D, nilg(d), f, fy, [, *) =
1=0

Indexp (74, D, D’,nonind(K,v), f, fy, f5. (k.y)) =
IndeXB(’yA,D D’ ,’Y(k’) f;fA)le’y)

Indexg (va, D, D, A-ind(K, ), f, fA,fB,<J y) =
IndexB(fyA,DJrK D’ s fl—lj,fmeay)

Indexg (ya, D, D', By-ind(K, h,7), f, fy, fi: (5,y) =
Indexg(va,D,...,D, +K,...,v, f,...,

f1,4,n|—|(fnOh)a"'af,Bml—lj,"'ay)'

Let quexb (IYAa 1B, A7 B7 b) = IndexB (’YAa 07 6) VB, Aa B7

!A7 !ArgA7 !Bab)°

4.1. Formation and introduction rules

We are now ready to give the formal formation and introduc-

tion rules for A and B. They all have the common premises

va : SP!y and vp : SP;(v4), which will be omitted.
Formation rules:

Ay g ¢ Set By syt Ay s = Set

Introduction rule for A, ~,:

a: Arg;&(’YAv Ay B’YA,’YB)
introa (a) : Ay, 5

For the introduction rule for B, , .., we need some pre-
liminary definitions. Define

. ) 0
ntrog : Arg,A(’YAv Ay avs B'YA;'YB) - A

. 1
1ntrog : AI'ng ('7147 A’YA,’YB ’ BWA,’YB ) - A

YAYB

YA,YB



by introg = id, intro; = introa. We can now define
. 0
By : Al‘gk ('7A7 A’YA7’YB ) B’YA,’YB) — Set

By : Argg (Y4, Ayavms Byaye) — Set
by letting B;(z) = B, , (intro;(z)). Then, we can de-
fine intros : Argf(yA,AmﬁB,Bo,Bl) - A, 4z by (we
have omitted the parameters v4, vg in A, 5, By~ for
readability)

introg = introa o lift' (y4, A + Argy (74, 4, B),
By u By, A, B,introg L introq,
(Aa.id) u (Aa.id))
(i.e. introp applies intro; and introg in the right places
to reduce everything in Arg3 (74,4, B) to A) and can
thus next define By : Arg’ (va, Ay, ~,, Bo, B1) — Set by
By (x) = B, 5 (introg(x)). In general for n < k, we get
intro,, : ArgX' (va, Ayavss Bos- -y Buo1) = Ay, 4 bY
n-1 . .
intro,, = introp o lift' (v4, 4 Argi (va, A, Bi-1)),
i=0
n—-1 n-1
| | Bi, A, B, | ] intro;,
=0 =0

n-1
L (aid)).

and we define B,, : ArgZ(VA,A,YAﬁB,B(n_l)) — Set by
B, (z) = B, -, (intro, (x)).
The introduction rule for B, , ., finally, is
b: Arg%(VAa A’YA;’YB7B'YA:’YB7Bl7 LR Bk)
introg (b) : B, ~5 (index(b))

where
index : Argg (Y4, Ay s yss Boy- oy Br) = Ay s

k
index = (|_]intro;)o
=0 Indexp (Y4, Vs Ayayss Bos- -, Bi)-

4.2. Elimination rules

The intuitive idea behind the elimination rules is the follow-
ing: we have £ : A - Setand E' : (a: A) — B(a) — Set,
and would like to construct functions f : (a : A) - E(a)
andg: (a: A) - (b: B(a)) - E'(a,b). f and g might
very well be mutually recursive, since A and B are mutually
defined. The elimination rules now state that if we can define
functions f’ : (a : Arg/y (ya, A, B)) - E(introa (a)) and
g : (b: Argg(va,vB,A,B)) - E'(index(b),introg (b)),
given that we already know the value of (mutual) recur-
sive calls, we have functions f : (a : A) — E(a) and
g:(a:A) > (b:B(a)) > E'(a,b).

To this end, let us define sets IH and IHp of inductive hy-
potheses, together with maps maplH , : Arg)y (v4, A, B) >
IH,, maplHy, : Argg (74,78, 4, B) — [Hg which take care
of the recursive call.

More specifically, if D, D', va, A, B, f, f}, fp are as
in the premises for Arg,,and E: A - Set, E' : (a: A) >
B(a) — Set, then

IHA(D,D,,’YA7A,B,f7f1,¢17f113,E,E,):

ArgA(D7D,77A7AvBaf7f,,47f,B) — Set
and

maplH, (D, D', v, A, B, f, 4 fi, B, E') :
(R:(a:A)~E(a)) -
(R':(a:A) > (b: B(a)) > E'(a.b)) »
(a: Arga (D, D'sya, A, B, f, 1, &) —
IHA(D,D',ya,A, B, f, fa, 5, E, E',a).
IH, is defined as follows (with A, B, E, E’ suppressed):

IHA(D,D’,nilA,f,fA,ffB,*) =1
IHA(D,D/,HOHin(K,"}/)7f,fg,f%,(k,y))
IHA(DvD,v’Y(k)vfaf‘,A’le7y)
IHA(DaDlvA'ind(Ka'Y)afvleéhle’<jvy>) =
((k:K) - E(j(k)))x
IHA(D+K7D,77a.f|—’j7f,,45f1,37y)
IHA(D5D17B'ind(K’her)?f?f,lﬁhle’<.jvy>)=
((k:K) > E'(f(h(k)),j(k)))x
IHA(DaD,"'K,’vaafAu(foh)alel—ljay)'

maplH, maps a : Arg,(ya,A4,B) to IHa(v4, 4, B, a),
given that we have functions R, R’ for the recursive calls. It
has the following defining equations (once again with A, B,
E, E' suppressed):

mapIHA(D7D,7ni1Aaf7f,,47le7RaR,7*) = x
mapIH, (...,nonind(K,~),...,R, R, (k,y))
mapIHA(DaD,a’Y(k)7f7f,,47levRvR,ay)
mapIHA("'ﬂA'ind(KaV)a'"7RaR,7(j7y>) =
<RojamapIHA(D+K?-Dla"r/vf‘—’jvf,lzlvleaRleay))
mapIHA("'5B_ind(K7h7’7)7"'7R7RI7<j7y>):
(MR (f(h(k)),j(k)),
maplH, (D, D' + K, ~, f,
fau(foh), fpuj, R R y))

We now repeat the process for IHg and mapIHy. This
time, however, we have not one B : A — Set but k + 1
families B; : Arg} (va, A, B(i_l)) — Set, so we need k + 1
families £/ : (a : Arg%(va, A, B)) - Bi(a) — Set and
k + 1 functions R’ : (a: Args (ya, A, B)) - (b: Bi(a)) -
E!(a,b). Otherwise, the pattern is the same.

The formation rules are as follows: if v4, D, Dl’», vB,
A, B;, f, fgyi,fl'g’i are as before, and £ : A — Set,
E!:(a: ArgX(*yA,A,B(i,l))) — B;(a) — Set, then

IHB(7A7DaD,7,}/AaA737f7f747f7B7E?E,):

Argy(ya, D, D', v5, A, B, f, fy, fiy) — Set

and



A=Ay, v B=By, 5)

For E : A,, ,, — Setand E' : (a : Ay, v,) = By, ~5(a) > Set, we have elimination rules (we have abbreviated

g:(a:Argy(va,4,B)) > TH'A(74, 4, B, E, E', a) — E(introa(a))
h: (b : Arg%(fyA,fyB,A, BQ, .. .,Bk)) d IH’B(’)/A,’}/B,A,B,E,E(’), o .,E];,b) - E’(index(b),introB(b))

RA(gvh) : (a’ : AVA,VB) - E(a)

g:(a:Argy(ya,4,B)) - IH’A(7A7A7§7E7E'7G) - E(introa (a))
h:(b:Argg(va,v8,A, Bo,...,Bi)) > IH'5(va,v8,A,B,E,E|,...,E},b) - E’'(index(b), introg (b))

with equality rules (premises omitted)

Rp(g,h): (a2 Ays y5) = (b2 By, s (a)) = E'(a,b)

RA(g7h,intrOA(a)) = g(a7mapIHfA(’7A7Aa B>E7E,7RA(g7h’)7RB(g7 h)7a))

R (g, h, index(b), introp (b)) = h(b, mapIHy (74,78, A, Bo, ..., Bk, E, Ey, ..., B ,Ra(g, h),Re(g, h), b))

Figure 1. Elimination and equality rules for A, , ., B+, -,

mapIHB(WA,D,D’,’yB,A,B,f, fj’é‘,f:’g,E,E’) :
(R:(a:A)~E(a)) -
(Ry:(a:A) = (b: Bo(a)) » Eg(a,b)) -
(R : (a: Argli(va, A, Bo)) = (b: Bi(a)) > Ej(a,b)) »

(Ry: (a: Argf (74, 4, Bir)) = (b: Bi(a)) > Ej(a,h)) -

(b:ArgB(FYAaD7ﬁ,7737A5B7f7fA7f;)) -
IHB(7A3D75,7735AaB7f7fA7f;aEvE,7b)'

We get the equations for IHg and mapIHy by changing
IHA and mapIH, in more or less the same way we changed
Arg, to get Argg; in the B,,-ind case, we replace f with f;,,
fi with £y ., fp with f5 ., B with B,, and now also £
with E] and R’ with R],. (Once again, we have suppressed
A, By, ..., Bg, Eand Ey, ..., E;. In the B,,-ind cases, D),
and f, ;, fp; with ¢ # n are passed along unmodified in the
recursive call.)

Hg (v4, D, D', nilg(d), f, fy, [, *) =1
IHg(v4, D, D', nonind(K, ), f, Fa I (k,y)) =
~ IHB(”}/A,D,l_?',’)_/'(k),ﬂf;pf%,y)
IHB(’YAaD7D,aA'ind(K7’7)7f7f,laplev(j7y>) =
((k:K) - E(j(k)))x ) o
. IHB(’YAMD+K3D/a17f9j7f:47f,3ay)
IHg (4, D, D', By-ind(K, h,7), f, fy, [ (3:9)) =
((k: K) > B} (fa(h(k)),j(K)))x
Hp (4, D, D), + K, 7, f, fa 0 U (fnoh), [ U Y)-

maplHg (v, D, D', nilg(d), f, f4. [, R, B/, %) =

mapIHg (..., nonind(K,7),..., R, R, (k,y)) =
mapIHB(’YA?DaD,v’Y(k‘)?f7.]i/47.f£;aR7R,ay)
mapIHB("'7A_ind(KarY)a'"7R7R,7<j7y)) =
<Roj7mapIHB(’YAaD+K7D,7P}laf|—|ja
P s R )
mapIHB( . ?Bn_ind(K?ha’Y)v . '7Ra Rl? <]7y)) =
(Ak.Ry, (fu(R(k)), 5 (K)),
mapIHA(’yAvDaD:mﬁ_Ka’vav

FanU(fnoh), 5,05 R, B, y)).
We make the usual abbreviations
IH’ A(v4,A,B,E,E'a) =
IHA(0,0,v4,A,B,'a,'a,'5,E,E',a)
mapIH), (ya,A,B,E,E' R, R a) =
mapIH, (0,0,v4, A, B,!a,!4,!'5,E,E',R, R ,a)
IH'5(v4,78,A, B, E,E",b) :=
Hp(74,0,0,75, 4, B, !4, 'awg,» !5, E, E',b)
maplHp (4,78, A, B, E, E', R, R’ ,b) ==
mapIHB(’yA,O,f),fyB,A,B,!A7 'Arg,, »
!5, E,E", R, R'"D).
It is now time to introduce the elimination and equality rules
for A, ~, and B.,, ., which can be found in Figure 1.

There, we have used the abbreviations B,, from Section 4.1,
as well as a new abbreviation E, := Aa, b.E’(intro,, (a), b).

4.3. Contexts and types again

Let us first, as in [12], introduce the abbreviation

Yo +sp Y1 = nonind(2, A\z.casez(x,v0,71))




for codes ; in SP/y or SP; (). With the help of +5p, we
can encode several constructors into one.

We now give the code for the example of contexts and
types from the introduction. Let first

Ve = nilp
Yeons = A-ind(1,B-ind(1, A » .inr(*),niln))

Yctxt = Ve 'SP Yeons * SPIA

and continue by defining

Yser = A-ind(1,nilg(inl(inr(*))))
o1 = A-ind(1,Bg-ind(1, A\ * .inr(x),
B1-ind(1, A » (ff, (A % .inr(inr(*)),
(A%, %)), nilg (inl(inr(+))))))
1y = Ysett TSP VI : SP;B (’YCtxt)-
We now have Cixt = A, 4, and Ty = B, .. The do-

main of intro,, introgp is respectively

9 x 1 i=tt
(i:2) (T:1->Ctxt) x ((1 > Ty(T'(*))) x1) i=Aff

(1—>CtXt)><1 7 =tt
(D412 Coxt) x (b 1~ Ty(T(+))x

((1 - Ty(introa ({ff, (T, (b, *))})))) x 1))

and we can define the usual constructors by

(i:2)x

e : Cixt
€ = introa (tt, *)

cons : (I": Ctxt) - Ty(T") — Ctxt
cons(T, b) = introa ({ff, (A x .T"), (A * .b), *))))

set” : (I': Ctxt) - Ty(T")
’set’(T") = introg(tt, ((A * .T'), x))

IT: (I': Ctxt) - (A: Ty(T")) —
Ty(cons(T', A)) — Ty(T)
TI(T', A, B) = introg ((ff, (A = .T"), (A = . A),
((Ax.B), < )))-

5. A set-theoretic model

We will develop a model in ZFC set theory, extended by two
inaccessible cardinals in order to interpret Set and Type. Our
model will be a simpler version of the models developed in
[10, 12]. Hence the proof theoretical strength required is, as
expected significantly lower but still too strong. See [1] for
a more detailed treatment of interpreting type theory in set
theory.

5.1. Preliminaries

We will be working informally in ZFC extended with the
existence of two strongly inaccessible cardinals my < my,
and will be using standard set theoretic constructions, e.g.

(a’vb) = {a’ {b}}7
Az € a.b(z) = {{z,b(x))|x € a}
Myeob(z) ={f:a— |Jb(z) | Ve ea.f(z) cb(z)},

Trea
Yaeab(z) ={{c,d) |ceandeb(c)},
0:=0,1:={0},2:={0,1},...,
apg+...+a, = Zie{owwn}ai
and the cumulative hierarchy V,, := ) P(Vj). Whenever
B<a
we introduce sets A indexed by ordinals «, let
A% = [ AP
B<a

For every expression A of our type theory, we will give
an interpretation [A] ,, regardless if A : Type or A : B or not.
Interpretations might however be undefined, written [A], 1.
If [A], is defined, we write [A], |. We write A ~ B for
partial equality, i.e. A ~ B if and only if A |< B | and if
A |, then A = B. We write A :~ B if we define A such that
A~ B.

Open terms will be interpreted relative to an environment
p, i.e. a function mapping variables to terms. Write p[;..q]
for the environment p extended with x = a, i.e. p[zma](y) =
a if y = = and p(y) otherwise. The interpretation [t], of
closed terms ¢ will not depend on the environment, and we
omit the subscript p.

5.2. Interpretation of expressions

The interpretation of the logical framework is as in [10]:
[Set] = Vi, [Type] = Vi,
[(z:A) > Bl, = Hyepay, [Bl oy,
[z : Ace], = Ay € [A] . [e] oy,....
[(z:A)x B, = EyéﬂA]]p[[Bﬂp[yﬁz]
[{a, )], = ([al,, [b],)

[0]=0 [I=1 [2]=2
[*] =~ 0 [tt] =~ 0 [£f] =~ 1

[a], if [2],=0

[casez(z,a,b)], = 1 [b], if [z], =1

undefined otherwise
['a], = unique inclusion ¢4y : & — [A],

To interpret terms containing SPs, SPg, Arg,, Argg,
Indexg, IHa, IHg, maplH,, mapIHg, nila, nonind, A-ind,



B-ind, nilg and B,-ind, we first define [SPA], [SPs],
[Arg,]. ...and interpret

[SPa(D, D], = [SPAI([P],, [D7],)
[[ArgA( 777 )]]P = [ArgA]]("'7[’7]]%77[["4]][)3"')

[nonind(K, v)], = [nonind[ ([ KT, [7],)
i oete.

In all future definitions, if we are currently defining [F]
where F': D — FE, say, let F'(d) 1if d ¢ [D].
[SPA](D,D’) is defined as the least set such that

[SPAI(D,D") =1+ > (K~ [SPA](D,D"))
Ke[Set]
+ > [SPAl(D+K,D")
Ke[Set]

+ Y Y [SPAl(D, D'+ K).

Ke[Set] h:K—D

By the inaccessibility of m;, there is a regular cardinal
k < my such that for all K € [Set], we have that the car-
dinality of K, D, D', D+ K, (K — D), D’ + K is less than
k. If we now iterate an appropriate operator « times, we get

our solution, which must be an element of [Type] = Vi, by
the inaccessibility of m;.
[nila] :={0,0)  [B-ind(K, h,7)] := (3, (K, (h, 7))

[nonind (K, ~)] = (1, (K, 7)) [A-ind(K,7)] = (2, (K, 7))

[SPg] and [nilg], [B,-ind] are defined analogously.
[Arg,], [Argg], [Indexg], [IHA], [IHg], [mapIH,] and
[mapIHg] are defined according to their equations, e.g.

[[ArgA]](Dlev[[nilA]]afvfinlB) 1
[ArgA](D, D', [nonind] (K, ), f, f4, f5)
Z[[ArgA (D D 7’7(’6) fafA7fB)

[ArgA](D, D' [[A ind|(K,), f, fa: fp) =

[[ArgA]](D+K D,77 fl—lj f.ila.le)
JK—>A

IIArgAH(D7 D,7 [[B'lnd]](K7 h7’7)7 f7 f1147 fIB) =
HArgA]](D7D,+K777f7

fau(foh), fpuj).
Finally, we have to interpret A, -, By, - i0tro,, introg,
R and Rp. Let

|'z i2

jellyex B(f (h(K)))

[Ayayp] = AT
[introp](a) =~ a
[Ra] = RY®

[Byansl(a) = B™(a)
[introg](a) :~ b
[Re] = Rg"

where A%, B® and R}, Rp are simultaneously defined by

recursion on « as
* = [Argy ] (ya, A, B*)
B%(a) = {b| be[Argg](va, 75, A, B, ..., B™)
A [Indexi](va, v, A%, B<*,...,B<*,b) = a}

and

R} (g, h,a) = g(a, mapIH} (v4, [A], [B], E, E,

R3*(g,h),R5*(g,h),a))
B(g,h,a,b) = h(b,mapIHg (74,75, [A] [B].. .., [B],
EF',...,E"RY"(g,h),Ry (97/1) b))

Having interpreted all terms, we finally interpret contexts
as sets of environments:

[6):0 [Dyx: A] = {ppa) | pe [Tl nac [A],}.

5.3. Soundness of the rules

Theorem 1 (Soundness)
(i) If ~Tcontext, then [I] |.

(i) If T-A : E, then [I'] |, and for all p € [T,
[Al, € [E], and also [E], € [Type] if E # Type.

(iii) If T+A = B : E, then [I'] |, and for all p € [T,
[Al, = [Bl, [Al, € [E], and also [E], € [Type] if
E # Type.

(iv) #+a:0. m|

The proof of the soundness theorem is rather straight-

forward. For the verification that [A,, ,.] € [Set] and

[Byarsl i [Ayaqs] = [Set], one first verifies [Arg)].
[Argg], [Index}] are monotone in the following sense:

Lemma 2 Assume A< A’ and B;(a) ¢ Bj(a) forall a € A.
Then (we omit the parameters 4 : [SP\], 75 : [SPE](va))

(i) [Arg\](A, B) c [ArgJ(A', B'),
(i) [Argp](A, B) < [Argi](A', BY).
(iii) [Indexp](A’, B')[Argl](A, B) = [Index5](A, B). o

One can then prove some useful facts about A* and B® by
induction on a:

Lemma 3
(i) For a<mgy, A® € [Set] and B* : A* — [Set].
(ii) For a < B, A% ¢ AP and B®(a) < B"(a) for all

a€ A%
(iii) There is k < mg such that for all a > k, A* = A" and
B*(a) = B"(a) forall a € A*. O

The cardinal x from (iii) can be found by considering a regu-
lar cardinal of cardinality greater than that of all index sets
which starts an inductive argument. By the inaccessibility
of mg, kK < my. With these lemmas, we are done, since
[A] = A™0 = A" € [Set] and similarly for [B].



6. Conclusions and future work

We have introduced a new principle, induction-induction, for
defining sets in Martin-Lof type theory. The principle allows
us to simultaneously introduce A : Set and B : A — Set,
both defined inductively. This principle is used in recent
formulations of the metatheory of type theory in type theory
[6,5].

We have formalised the theory and proved it to be consis-
tent. Our formalisation consists of a universe of codes for
constructors of inductive-inductive sets. The codes are quite
similar to how one would normally like to write down the
constructors, although care has to be taken with indices in
recursive arguments in B.

Some possible future areas of work include

Arbitrary number of levels. Currently, the princi-
ple allows us to define A : Setand B : A — Set. It
would be interesting to be able to define any number
of levels C': (a: A) » B(a) > Set, D : (a : A) -
(b : B(a)) » C(a,b) - Set etc. However, on the
higher levels, one has to be careful about extensionality
problems.

Proof theoretic strength. The model we have devel-
oped is obviously, proof theoretically, far stronger than
necessary. In order to get sharper bounds on the proof
theoretical strength of the theory, it might be possible
to construct a model in an extension of Kripke-Platek
set theory as in Setzer [20, 21].

Categorical semantics. Ordinary inductive types have
a well known categorical semantics in the form of ini-
tial algebras [16], and Dybjer and Setzer [11] mod-
elled induction-recursion as initial algebras in slice cat-
egories. Can induction-induction be modelled as initial
algebras in some suitable category?

Generic programming. The generic elimination rules
we have defined leads the way to generic programming
also for inductive-inductive definitions.

Combining induction-induction and induction-
recursion. Can we combine induction-induction and
induction-recursion into one (consistent) theory? If so,
this would be a good candidate for an underlying theory
of the mutual keyword in Agda.
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