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Abstract

We define a type theory MLM, which has proof theoretical strength slightly
greater then Rathjens theory KPM. This is achieved by replacing the universe
in Martin-Lo6f’s Type Theory by a new universe V, which has the property that
for every function f, mapping families of sets in V to families of sets in V, there
exists a universe closed under f. We show that the proof theoretical strength of
MLM is > ¥q, Qm+tw- Therefore we reach a strength slightly greater than |[KPM]|
and V can be considered as a Mahlo-universe. Together with [Se96a] it follows
IMLM] = 0, (QM+w)-

1 Introduction

An ordinal M is recursively Mahlo iff M is admissible and every M-recursive closed un-
bounded subset of M contains an admissible ordinal. Equivalently, this is the case iff M
is admissible and for all Ay formulas ¢(z,y, Z), and all Z € Ly such that Vo € Ly.3y €
Lu.¢(z, y, Z) there exists an admissible ordinal # < M such that Yz € Lg3y € Lg.¢(z,y, 2)
holds. One can easily see that M is inaccessible and that 3 can always be chosen to be
inaccessible.

On basis of this definition Rathjen has in [Ra91] developed a formulation called KPM
of Kripke Platek set theory with one recursive Mahlo ordinal and has proof theoretically
analyzed it ([Ra90, Ra91, Ra94]) — a major break through in proof theory after the
treatment of inaccessibles.

A universe in Martin-Lof Type Theory can be interpreted as the least fixed point of an
operator, which, in the presence of the W-type, can be obtained by iterating this operator
up to the first recursively inaccessible: we need one admissible to obtain closure under
the inductive definition of U, but because this inductive definition refers to another in-
ductive definition, which interprets the W-type, we need that this admissible is closed
under the step to the next admissible. If we include a family of sets into the universe, the
first inaccessible greater than the least a such that this family of sets is in L, is needed.
Therefore, the step to the next universe in type theory corresponds to the step to the
next recursively inaccessible in set theory.
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In order to get a type-theoretic formulation of Mahloness, we replace therefore in the
definition of recursive Mahlo in a first step inaccessibles by universes and II,-formulas by
functions. We will arrive then at a universe V, which reflects functions V. — V. However,
we cannot decompose elements of V, the only elimination rule for V is the Tarski-operator
(or decoding function) T. Therefore reference to functions f : V. — V only is too weak.
Instead (this idea goes back to E. Palmgren, who suggested this to the author in the
Oberwolfach Meeting in Mathematical Logic 1995) we have to consider functions from
families of sets in V, i.e. from Xz : V.T(z) — V, into itself. We arrive then at the
following definition: V is a Mahlo-universe (together with Tarski-operator T), if V is a
universe, and for every function f : (X2 : V.T(z) - V) — (22 : V.T(z) — V) there
exists an element ﬁf : V, and a decoding function sy : T(Gf) — V such that (with
Uy = T(U 7)) the following properties hold:

e Uy is a sub-universe of V, i.e. it is closed under ordinary type constructions. For
instance, if a : Uy and z : T(sf(a)) = b : Uy, then X2 : a.b : Uy, and we have
sp(Xpz s a.b) =Xy i sp(a).s(b) : V, T(Eyz : a.b) = Xz : T(a). T(b).

e There exists the restriction of f to Us: Resy : (Zz : Up.T(sp(z)) = Up) — (Zz -
U T(sp(x)) — Uy) and with o5 : (Zz : Up.T(ss(z)) = Uy) = (Bz : V.T(z) = V),
tp(p(r,t)) :=p(sg(r), Az.sp(t «)) we have ¢ o Resy = f o y.

In order to make it easier to work with the universe, we decompose the -type and split
therefore the function f into two functions g : V. — (T(z) — V) — V and h : Iz :
V.Ily: (T(x) = V).T(g z y) — V. Further we define first a set Uy ), inductively and then
T(U,) := U, (this was suggested by P. Martin-Lof). Note that the introduction of Uy,
is rather unproblematic and weak. That Uy can be represented in the form of ﬁg,h as an
element of V is, what makes this theory so strong. We give the resulting theory tentatively
the name MLM for extension of Martin-Lof’s type theory by one Mahlo universe (note
that this does not imply that this is a version of Martin-Lof’s type theory — this is still
a matter of discussion).

In this article we will introduce this type theory and carry out a series of well-ordering
proofs, which show that the proof theoretical strength of MLM is > g, M4, This is
done by extending the well-ordering proofs carried out in [Se98] and showing that MLM
proves transfinite induction up to g, Qumim for every m € w. Since in [Se96a] we showed
by modeling MLM in KPM™ that this is an upper bound as well, we have determined the
precise proof theoretical strength.

The content of this article, in which we mainly follow the proof in [Se98], is as follows:
In Sect. 2 and 3 we show how to extend the ordinal notation system in [Bu93] (in
which the approach of using H-controlled derivations of [Bu92] was applied to Rathjens
KPM-paper [Ra91]) in order to reach the proof theoretical strength of MLM. In Sect. 4
we introduce the type theory by modifying the version with one ordinary universe MLj
treated in [Se98]. In Sect. 5 we carry out the well-ordering proofs themselves. We will
use most of what is done in [Se98]. We only have to carry out some technical work in
order to show closure under the t-function (Lemma 5.2) and have to show how to reach
M. The latter is mainly achieved in Lemma 5.10. Here, assuming that a € C*(W),
C*(W)Na C W, we define a function from families of sets in V to itself by adding to a
given such family one distinguished element B in the power set of N (large enough such
that a € C%(B)) and enlarge this family to a set of families such that, if the original
family contains a distinguished set A, then C*(A) C D for a distinguished set D in the
new universe. The universe closed under this function U > must now necessarily have as
element the distinguished set B and have the property, if b € C“(Wf) N a, then, since it
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is closed under the function mentioned above, b € D for some distinguished set D in the
power set of N in U P which means b € Wf. Since Wf is now an element of the power
set in V, we obtain a distinguished set, which we can extend to a set A such that for
the given a € AY(W) it follows that a € A C W. From this it follows in 5.11 that, if
Yua € AV (W), then Yy € W, and we can add M to W in order to get a distinguished
set containing M. Qyr., is then reached by putting the W-type on top of it as in [Se98].
The general technique for carrying out well-ordering proofs goes back to Buchholz and
was first presented in [Bu75] and improved in [Bu90).

Related work. E. Palmgren’s studies of the super universe [Pa91] was a first major
step towards the Mahlo universe. M. Rathjen, E. Griffor and E. Palmgren ([RGP98])
have defined and analyzed a substantial extension of the super universe. E. Palmgren has
extended [Pa91] and defined a higher order universe ([Pa98]), which is conjectured by the
author and M. Rathjen to have the strength of KPM. In [Pa98], E. Palmgren has also
shown that adding elimination rules to the Mahlo universe leads to an inconsistency (in
the author’s opinion this only shows that we do not know yet how to formulate the correct
elimination rules for it). An alternative approach to the determination of lower bounds

for type theories with W-type and one universe by interpreting versions of constructive
set theory was taken by E. Griffor and M. Rathjen in [GR94].

Variations of the type theory : The well-ordering proof can be carried out as well
(even more easily) in the formulation a la Russell. Using the techniques from [Se93|, we
can easily show that our upper bound is an upper bound for the version a la Russell as
well, i.e. the strength of both formulations is the same.

The well-ordering proof indicates that we do not need all functions from families of sets
into itself, with Py (N) := N — V reflection of functions P(N) — P(N) suffices.
Preliminaries 1.1 In the following we will often refer to lemmata in [Se98], but with
small changes, which we will indicate. In order to cite the lemmata shortly, we write
“Lemma n.m of [Se98]” instead of “the adaption of Lemma n.m of [Se98] to the extended
system”.

2 Ordinals in Set Theory

The set theoretical definition and analysis of the the ordinal functions can be found in
the first part of [Bu93]. We only vary in so far as we replace M! by A := min{a > M|a =
R,} = sup{ap|n € w} with ap := M + 1, a,41 := R, consider ordinals up to A, and
replace SCy; by our definition below. With this small variation all the proofs of the first
section of the [Bu93| remain the same. Unfortunately, the third section, in which the
ordering between 1)-terms is determined, has to be modified.

We define v =\ d+p, ¥ =~k 0+ p, 7 =nF ©sp, 7 =nr $2s5 as in [Se98], and v =np Y &
7= ARk, € Cyla).

Definition 2.1

C%a,B) = pU{0,M}
C*Y(a, 8) = C"(a,p)
U {y[36,p€C*a,B8).y =\p 0 +pV 7 =nr ¢sp
Vy =nr 25 V ¥ =nr Ysp}

As usual (or as in [Se98], Lemma 1.10) we can prove |J _ C"(A,0) = C(A,0) and
Un<w C" (o, ¥ear) = Ci(v).

Definition 2.2 Assume o € C(A,0), k € R.

n<w



(a) For o € C(A,0) we define by recursion on min{n|a € C*(A,0)} the set SCy():
(

0, if a=0,M,
SCr(a1) USCy(a2), if a =nr @1 + 2 07 @ =NF Qa, Q2 OT
SCy () := < a =NF Qo N0y = g,
{a}, if a =1,y < K,
(SCk(m) USCk(7),  if K <=1y, v,m € Cr(y).

(b) By recursion on min{n|a € C"(A,0)} we define G.(a) for a € C(A,0):

(0, ifa=0,M,
Gr(a1) U Gg(ag), if @ =NF Q1 + Qo 0T & =NF Qo 02 OT
Ge(a) :== 4 a =xr oy A a1 = ag,
0, if o =y < K,
(Gu(M) UG(V)U{r}, ifk<a=1ry, 7,7 € Cr(v).

(c)
L SCn(a)’ if k=M,
so(@) 1= {(Z], otherwise.

Lemma 2.3 Assume o € C(A,0).
(a) (VafB =t AT, B€Cr(B)Na,k € Chla)) = (B=aANk=m).
(b) a< k= Gela)=0.
(¢c) SCy(a) < min{x, a}.
(d) a € Cu(B) & (SCu(a) < ¢ A Grla) < B).
(e) (v € Cxla) Ak < M) = SCu(7) C Cyla).

(f) If 8 (6 )CM(ﬁ), v € Cu(7), then YupB < Yuy & (B8 <7 ASCu(B) < vmy) V PufB <

(9) (kya € Cula) A, € Cr(B) AN < k < T ASC(0) < Ypt) = V8 < Yyar.

Proof:

(a) Assume «a # (3, wlo.g. a < 3. Then k,a € C(a, Y.a) C C(B,V:0), Yo € Cr(8) N
™ = 1,3, a contradiction. Therefore C,(a) = C,(8), £ = min{x' € R|¢,a < k'} = 7.
(b), (c): immediate.

(d): Induction on min{n|a € C™*(A,0)}.

Case a < ¢,3: a € C(f) & SCy(a) < a < YA Gy(a) =0 < 6.

Case 0 < o =nF Q1 + Qo, =NF Qo X2 OF @ =nF oy Ay = a9t a € Ci(f) & aq, a9 €
C(8), and the assertion follows by IH.

Case 1B < o = 1y < k: Ve & Cu(B), SCx(a) = {a} £ 1.

Case k < a = Yy, v,m € Cr(7): a € Ci(B) & (7,m € Ce(B) Ay < B) & (SCy(m) U
SC(7) < ¥uB A Gu(m) UGk(7) < BA7Y < B) < SCyla) < B A Grla) < .

(e): Induction on min{n € w | v € C*"(a, Ye)}. If v =0,M, v =xr 71 + Y2, Py V25 oy
the assertion follows directly or by IH.

If v =nr ¥:0, m < M, it follows SCy(y) = {7} C Ck(a).

If v =xF 6, M < m, it follows 7,6 € C,(a) and the assertion by IH.



(f) “<”: If B < vASCu(B) < ¥uy, it follows Gy (B) < B < v, B € Cu(y), vup €
Cu(y) N M = ¢y If YmfB < SCy(7y), follows the assertion by SCy(7y) < ¥um7y-
“=” Assume right side is wrong. Then SCy(y) < ¥uB A (v < BV Yuy < SCyu(H)).
If B = #, it follows ¥y = w7y, otherwise by “<” ¥y < ¥uf, contradicting the
assumption.
(8): Qr = m. If kK = Q,41, the assertion is easy. Assume k = Q,. k& < M, therefore
k =xr Ymy for some v € Cy(y). By k € Cy(a) it follows v < a Ay € Cy(a) N Cr()-
Therefore SCy(7y) C Cy(a)NCr(7)NM = . Further Gy (y) < . ¥:8 < k = huy < 7.
Therefore Gy & Cr(8), B < 7V 7 & Ca(B), B <V 48 < SCa(n) V < Ga(3).
If 7 =MAY, B < SCr(7), it follows ¢, 5 < SCum(7v) < Yy, ¥ # 1. and the assertion.
If 7 = MAB < v, it follows, since ¢¥,8 < k = ¥y, by (f) (8 < v A SCu(B) <
Ymy) V buB < SCu(y). If YvmfB < SCu(y), it follows by SCy(y) < e and 1,3 # e«
the assertion. Otherwise we have Gy (f) < 8 < v < «, SCu(f) < Yra, B € Cyla),
U8 € Cola) Nk = Y.
Ifm=MA B < Gg(y), it follows G,(7) <7, f < and we get as before the assertion.
The case m = M is therefore complete.
If < M, it follows from ¢y < ™ < M, ¥, < ¢y and by the case 71 = M ¢, 0 <
sem(7y) < Yo and by ¥, 3 # Yo therefore the assertion.
If M < 7, it follows €0, # .
Theorem 2.4 Assume k,« € Ci(a) Am, 3 € C(B). Then
Ve < Y& T < P

Vo B < sce(a)

V(T =rAB < aAsc(f) < )

V(e B < k <m Ascg(8) < Yyea).
Proof:
“<” If m < ¢, follows the assertion by 9,5 < m, and if 1,5 < sc. (@), by scq(@) < Y.
Ifr=krkAB < ansc(B) < Yga, it follows, if 7 # M, ¥, < Yo as in [Bu93|
1.6(b), otherwise we have SCy(f) < Ysa A Gu(8) < B8 < o, 7,3 € Cy(a), therefore
Y0 € Cp(a) Nk = Y. Otherwise follows the assertion by 2.3 (g).
“=" If the right side is not fulfilled, we have m = a A # = « or the right side with 7,
and «, 3 interchanged, therefore .o < 1, .

3 The Notation system OT

Now we will introduce the ordinal notation system OT. We will work in Heyting-
Arithmetic, which can be embedded in Martin-L6f’s Type Theory in a straightforward
way.

Preliminaries 3.1 In this section, a primitive recursive set is given by a primitive re-
cursie function f such thatVoe € N.fx =0V fe=1. We writet € A for ft =1, if A is
the set denoted by f. ACB:=VreNrxeA—wrxeBand AZB:=ACBABCA.

In the following assume a,b,c,n,m, 7, kK, A € N.

We will, as usual in proof theory, first introduce a system of terms and an ordering on
these terms, and then define the ordinal notation system OT as a subset of these terms.

Definition 3.2 We give an inductive definition of sets T', Suc’, P', G', Fi', R', Car’ of
terms together with length(a) for a € T"USuc' UP'UG' UR' UFi' U Car’, where we assume
some coding of the terms as natural numbers. All the sets and length can be defined
primitive recursively.

(T' is the set of terms, Suc’ the set of successor ordinals, P’ the additive principal numbers
(except Oo1), G' the Gamma numbers, R' the regular cardinals, Fi' the fized points of the
function Q., I the inaccessibles, i.e. the regular fized points of the function €.).



(T 1)
(T 2)

(T" 3)

(T"4)

(T"5)

(T 6)
(T 7)

Oot € T, length(OoT) := 1.
Ifn >0, ag,...,a, € P, then

t:= (ag,...,a,) € T, if a, € Suc’, then t € Suc’,

length(t) := length(ay) + - - - length(ay,).

Ifa,be T, thent:= ¢.be P, ifa=0b=0or, then t € Suc,

length(y!b) := length(a) + length(b).

101- = QDBOTOOT.
IFbeT reR., thent = b e G,

and, if t =M, thent €',

and, if m €', then t € Fi',

length(t) := length(m) + length(b).
IfaeT, thent:=Q, € G,

if a # Oot, then t € Car',

if a € Suc’, thent € R,

in all cases length(t) := length(a) + 1.
M € I, length(M) := 1.

'cRRcGcP cT,I'ck'cCar’'CcG, Suc CT.

Lim" :=T"\ ({Oot} U Suc’).
Fora € P, (a) := a. () := 0. So for every a € T' there exists a unique n and unique
ai,- .. ,a, such that a = (ag, ... ,an).
After some change of the coding we assume 0 = Oot, 1 = lot. In the following 7, k, A will
indicate elements of R', a,b, ¢ of T', whereas n will be used for denoting natural numbers.

Definition 3.3 By recursion on the length of length(a) + length(c) we define simultane-
ously the relation a <' ¢ and, if c = k € R, finite sets SCy(a), scx(a) and Gy(a) such that

Ve € scg(a) U Gg(a).length(a) # 0 — length(c) < length(a).

In this definition a <" b is

an abbreviation for a <" bV a = b, and for a finite set A a =" A stands for dx € A.a < x,
A <"a forVz e Ax < a.
Later we will define < as the restriction of <' to OT.

a <"bis false, ifa g T'"Vb & T Va=hb.

(<'1)
(<'2)

(<'3)

(<'4)
(<'5)

(<'6)
(<'7)
(<'8)

c#0—>0<"c.

n+m>1, ag, ... ,0n,00,-..,bn €P', then (ag,-..

(n <mAVi <n.a; =b)V
(E|_] < min{n, m}Vz < _]G,Z = bz VAN a; <! bj)
If a,b,c,d € T', then
CAREA R
((a<"enb=<"¢ld)V(a=cAb=<"d)V
(c<"aNngb="d)).
Ifa,be T, ce G, then
(@b <" ¢) > (max{a, b} < ).
m,k € R,a,b €T, then
(Vra <" 1) 4
(7T = YbV
Yra < scg(b)V
(m=rANa=<"bAscy(a) <" Pb)V
(Yra <" Kk <" T Ascq(a) <" Peb).
IfreR\I, (k=QVKr=M),beT, then
(b <" K) > 7w = K.
bce T, wel, then
(Vb < QL) o b < e
IfbeT,nel, then

an) < (bgy ..., by) >



Yrb <" M.
(<x'9) Ifa,ce T, then
(2 < Q) > (a < ¢).
(<'10) Ifa € T', then
(Q <'"M) > (a <" M).
(<" 11) In all other cases a <" b > —(b <" a).

(Qa Zfa = 0, M,
SCk(a;) U---USCk(ayn), ifa=(a,...,a,),n>2,
SCr(a) := < SCx(a1) U SCyk(as), ifa =, aV(a=Q Aa =ay),
{a} a =<' K,
[ SC(A) USCi(c), if k X'a=Y,e.
sc (0,) i SCM(a)a Zf"i = M:
0 otherwise.
(0, ifa=0,M,
Gela) U---UGk(ay), ifa=(ai,...,an), n>2,
Gela) = < Gular) U Gg(a), ifa=¢, a,V(a=Q, Na = ay),
0, if a = YPye <k,

(Ge(AN) UGk(c)U{c}, if s <"a=1xe

We define for finite sets M, M' M <' M' & Vx € M3y € M'(z <" y), M <' M' :&
Ve e M3y € M'(z <" y).
Lemma 3.4 (<) is a linear ordering on T'.
Proof: easy, but very long.
Definition 3.5 (a) We define the (primitive-recursively decidable) subset Cr'(a) of T':
0,(a,...,a,) ¢ Cr'(a).
e € Cr'(a) = a <"b.
Ifbe G, thenb e Cr'(a) =& a < b.

(b) We define Co(b) as the primitive recursively definable set such that
¢ € Cob) > ¢ € T ASCq(c) < 1hab A Galc) < b.
Definition 3.6 We define the set OT of ordinal notations, which will be a subset of T,
by:
(0T 1) 0€OT.
(OT 2) Ifn>0, ag,...,a, € OTNP, a, < --- =< ay, then
(ag, ... ,a,) € OT,
(OT 3) Ifa,beOT,b¢ Cr'(a), ~(b=0Aa€G), then
w,be OT.
(OT 4) IfbeOT 7 e R NOT, b7 e Cr(b), then
Vb€ OT,
(OT 5) IfaecOT\ (F'uU{0}), then Q' € OT.
(OT 6) M € OT.

|:='NOT, Fi := F' NOT, R:=R'NOT, G := G'NOT, P :=P'NOT, Suc := Suc' N OT,
Car := Car N OT, Cr(a) := Cr'(a) NOT, Cu(b) := C,(b) NOT.
a<b:ca<"bANacOTADEOT,a<xb:a<x"bAac OTAbe OT.

In the following, we write sometimes a for the primitive recursively decidable set {x €
OT|z < a}.



We define all the functions in OT as in Sect. 2.2 of [Se98| and have the same lemmata,
except that we don’t define a**, a=f%, a*!, a~!, replace in some lemmata I by M and
define a, a™, k™ as follows:
Definition 3.7 (a) For a € T', we define a, a™, (a will be the largest cardinal below,

a* the least element of Car greater than a).

0:= 0, 0+ = Ql.

Ifa= (ag,...,a,), n >0, then @ := agy, a™ := a .

If & =xp @oc, then with d := max{b, c} we define & :=d, a* := d*.

Ifa =1y, b |, then a:=b~, a* :=b.

Ifa=1ye,bel,a:=a, at := Quyq.

Q‘a =NF Qb, a:= a, a+ = Qb+1-

M := M, M+ = QM—H-

QS? ZfK, = Qs+1,
Kk, ifke€El
Lemma 3.8 Assume a € OT, k,m € R.

(b) For k €R, k™ :=

(a) SCk(a) < min{k,a}.
(b) a < k= Gg(a) = 0.
(¢c) SCr(a) < K <1 = SCg(a) = SCr(a).

Proof: (a), (b): easy.

(c) by induction on length(a): If a = 0, M or a =nr ag + a1, Pa,a1, 4y, this is obvious or
follows by TH. If a = 9re, it follows, if a < 7, {a} = SC,(a) < k, SCk(a) = {a} = SC,(a),
and if 7 < q, it follows by IH SCy(a) = SC. (") U SCk(e) = SCr(a) by IH.

4 Definition of the Type Theory MLM

Definition 4.1 (a) The symbols of MLM are infinitely many variables z; (i € w); the
symbols =, :, ,, (, ), =, A, type, context; the term constructors (with their arity in
parenthesis) 0 (0), ly (for each | < k, with arity 0), S (1),1(1),j (1), po (1), p1 (1),
r(1),)(1),E (2),p (2),sup (2),R (2), Ap (2),] (2),D (3),P (3), and C, (n € w,
arity n+1); the U-universe-term-constructors, which are term-constructors as well:
N (2), Ny, (for each k € w, with arity 2), T (4),01 (4), & (4), W (4) and T (5);
the V-universe-term-constructors, which are again term-constructors: NV (0), Nv,k
(for each k € w, with arity 0), Fv (2), Iy (2), Sv (2), Wy (2) and Ty (3) (which
correspond to the U-universe-term-constructors N, Nk, ﬁ, i, '\/N\, T respectively); the
Mahlo-term-constructors which are term-constructors U (2), s (3), ResO (4), Resl
(5); the type constructors with their arity Ny (for each k € w, arity 0), N (0), +
(2), 11 (2), ¥ (2), W (2),1(3),V (0), T (1) and U (2).

(b) The b-objects are variables, further (z1,...,Ty)b and C(by,... ,by,), if C is an n-ary
term- or type-constructor, x1,... ,x, are variables and b, by, ... , b, are b-objects.
The set FV(b) of free variables of a b-object b are defined in the usual way. We
write +, +v infiz (for instance (a+b) for +(a,b)), at;4b for +(f,g,a,b), \x.t for
A(2)b), for E € {S, T, W, Sy, Ty, Wy} Ez : s.t := E(s, (2)t), for E € {11, W, 5}
Epgz @ st ::AE/(\f,g, s, (:r)t),ff,g\(a) = s(f,9,a), ResOs4(r,s) :== ResO(f,g,r,s),
similarly for N, N, Resl, U, U, I. Further we write (rs) for Ap(r,s).

We have the usual conventions about omitting brackets, especially the scope of Ax.



is as long as possible, for instance Az.st should be read as Ax.(st). We define for

b-objects by, ... , by, b and variables 1, ... , z, the simultaneous substitution bjz, :=
bi,...,xn = by]| (using the convention that, if x; = x;, then the first substitution
applies) and “blxy := by, ...,z := by] is an allowed substitution” in the usual way.

a-equality (=o) is defined again as always.

(c) The set of m-terms (for MLM-objects) is inductively defined as: a variable x is
an m-term; if | < k, I,k € N, then l is an m-term; if r,s,t,sq,ty are m-terms,
z,y,2,0,y,2 € Varu, ¢ Fy #Fz#x, d FyY FZFY, [ = (2 y)s0,
g = (2,9, 2ty and f abbreviates f,g, then 0, S(r), Az.r, p(r,s), i(r), j(r),
sup(r, s), £(r), P(r, s, (z,y)t), Ap(r; 5), po(r), p1(r), R(r, (2,9, 2)s), D(r, (2)s, (y)t),
J(r,(z)s); Uz : 1.5, Eﬂc T.s, W-{E r.s, 7“+f8,I~(7'5 t), N Nkf (forkEw) U
f—(r) Res0 #(r, (z)s), Resl frs (z )s £); Ny, NkV (for k Ew) vz : r.s, Sva : r.s,

va 1.8, THVS, IV(T s t)are m-terms; if n € N and r, s1,...,s, are m-terms,
then C, (7, 81,- .. ,8,) 18 an m-term.
Let Termg, be the set of closed m-terms.

(d) The pseudo-term-constructors are Nf, Nk’f (k € w), ﬁf, f]f», W\f, —T-f, Tf for any
m-term f. IfC' € {N, Nk, ﬁ, E,W, —’F,II\}, C of arity n, Cf the corresponding pseudo-
term-constructor, then Cz can be treated as a constructor of arity n — 2 by
Cf(tl, coistn1) = C(f,9,t1, .- ,ta_1). Cy is the V-universe-term-constructor,
corresponding to C.

(¢) Further we define Ty :=T, Tt) :=T(sf(t)). Uy :=V.

(f) The m-types are Ny, (k € w), N, V; and if A, B are m-types, x € Varuy, 1,8 m-
terms, f as above, then T(r), llz : A.B, ¥z : A.B, Wz : A.B, A+ B, Uz I(A,r,s)
are m-types.

(9) An m-context-piece is a string x1 : A1, ..., T, 1 A,, where n > 0, x; different vari-
ables, A; m-types.
An m-contert is an m-contect-piece 1 : Ay,...,x, : A, such that FV(4;) C
{z1,..., i1} fori=1,...,n

A m-judgements are context, A = B, and s =t : A where A, B are m-types, s, t
are m-terms.

We treat the usual judgements A type and s : A as abbreviations: A type : = A = A,
s:A:=s=s:A.

(h) We abbreviate [Z := ] := tiyeoo Ty = ty], if T = 21,...,2, and t =
ty oot
[Ty = t1, ..., @y = t,] \ {y} := [T := 1]\ {y} is the result of omitting in [T = 1
all z; := t; such that x; =y, and [Z := 1]\ {y1, ... ,ym} := (- (([F :== 4\ {y:}) \
{v2}) -\ {tm})-

(i) We have the usual conventions that I' is a m-context, 0 is a m-judgement etc. as in
[Se98]. This can however be as well T-contexts, T-judgements for the intermediate
systems T = MLg"), MLs. Which one, should be clear from the general context.

Preliminaries 4.2 Let in the following always, unless stated differently f =f,9, f' =
g, where f = (z,y)s, f' = («',y")s, g = (z,y,2)t, ¢ = (&',y',2")t' for some variables
x,y, 2,2y, 2" and some m- terms s, t, st



Definition 4.3 of the type theory MLM. We define MLM F I' = 0 in the same way as
in the definition of MLy in [Se93], (esp. with the same convention concerning the use of
abstracted m-terms and -types), with the following modifications:

o We switch from a version which is close to [TD88] to a version close to [PSHI0),
(this doesn’t have an influence on the proof in the following which works for most
variants), i.e.:

— (Ref;) become trivial, since we treat A type as an abbreviation for A=A, s: A
as an abbreviation for s =s: A.
— (Suby), can be derived and therefore omitted.
— We replace all type introduction, introduction and elimination rules by their
equality versions, e.qg. for the case of the Il-type:
A=A z:A= B(z)=B(x)
II(A, B) = II(A4', B')

(Irt)

z:A= B(z)type s=s:1I(A,B) r=r:A
Ap(s,r) = Ap(s,r') : TI(A, B)

o We replace the rules for the universe by the new rules for the Mahlo universe below.
r—v s = vz : TS, T p S i= ﬁfw : 1.5 for a new variable x.
Rules for the Mahlo-universe

Type introduction rules for V

_ T r=r:V
(VI) V = V ( I) T(T :T(TI)
Introduction rules for V
(Nk,V,I) Nk,V = Nk,\/ 'V (]C c w) (Nk},V,:) T(Nk,V) = Nk (k € Cc))

r=r:V z:T(r)=sx)=5():V

My — X
(Tv.1) Oy (r,s) =Iy(r',s") : V
(ﬁv,:) r:V.  z:T(r)=s(x):V

T(y(r,s)) = Iz : T(r).T(s(z))
Sitmilarly for N, f], W\, T, i

z:V,y: (T(x) > V)= f(z,y) = fl(z,y): V
© z:V,y: (T(z) = V),2: T(f(2,y) = g9(z,y,2) = ¢'(z,9,2) : V
! Gf,g :ﬁf/’g/ 'V
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z:V,y: (T(x) > V)= f(z,y): V
z:Vyy: (T(z) = V)i\z :T(f(z,y)) = g(z,y,2) : V
T(Usg) =Upg

(U2)

Rules for U

z:V,y: (T(z) > V)= f(z,y) = f(z,y): V
z:V,y: (T(x) > V), z: T(f(z,y)) = g(z,y,2) = ¢'(x,y,2) : V
Uf,g :Uf',g'
z:V,y: (T(x) > V)= f(z,y) = f'(z,y): V
z:V,y: (T(x) = V),z: T(f(z,y)) = g(z,y,2) = ¢'(z,y,2) : V
r=r1r":Us,
Sr.g(r) =spg(r'):V

(Ur)

(1)

Introduction-Rules for U

Let in the following Ass; be the assumptions (for the introduction rules)

z:V,y: (T(z) = V) = f(=,y9)=f(z,y):V,
z:V,y: (T(x) = V), 2:T(f(z,y)) = g(z,9,2)=¢'(x,y,2):V .

and Ass_ be the assumptions (for the equality rules)

z:V,y: (T(z) > V) = flz,y):V,
z:V,y: (T(z) > V),z: T(f(z,y)) = g(z,y,2):V ,

r=r":Us  x:T(ss(r)) = s(x) =$'(z) : Uy Ass

(Res0y) Res0(r, s) = Res0f (', s') : U
r:Uz z:T(s#r)) =s(z): Uz  Ass_
(Rest)) 7 (s7(r)) = s(z) : Uy .
sp(Res07(r, s)) = f(sj(r), \z.sp(s(z))) : V
r=r":Uz z:T(sp(r)) = s(z) =s'(z) : Uy
t=1t":T(sz(ResOx(r,s Ass
(Resh) ( f£ f( /)))/ n . I
Reslz(r, s, 1) = Reslz(r', s/, ') : U
Recl r:Up  x:T(se(r)) = s(z) : Uy t:T(s(Res0f(r,s))) Ass_
(Res1-) sp(Resl (1, 5,1)) = g(s7(r), Az.s f(s(z)),t) : V
R Ass S Ass_
(Nk,f,I) P — ] (Nk:, “,:)
Nk,f: Nk’-', 'Uf Sf(Nkyf‘):NkV Vv
() r=r":Uz x:T(sp(r)) = s(z) =s'(x) : U  Ass
_:I - - ! /!
/ My(r,s) =Hs(r',s) : Ug
@) r:Up  z:T(sf(r)) = s(z) : Uy  Asso

Sitmalarly for N, f], W\, T,

11



Definition 4.4 (a) The intermediate system ML&”) is defined as follows:

(b)

The MLgn)—term—constructors are the m-term-constructors except the U-universe-
term-constructors, V-universe-term-constructors and Mahlo-term-constructors.
The MLgn)—type—constructors are the m-type-constructors except of V, U, T, but ad-
ditionally with 1-ary constructors Eq and X4, ... ,X,.

The MLI")—terms are the m-terms, built only from MLg")
The MLg”)—types are defined as the m-types, but referring to MLg”)—types instead
of m-types, only using MLg")—type—constructors and by adding the clause: if t is a
MLgn)—type, then Eq(t) and X;(t) are MLg")—type, too.

(Eq(t) will be needed only to prove 0 #x 1).

The definition of MLg")—conte;vts, -context-pieces, -judgements are defined as usual.

The MLgn)—rules are the rules of MLM, but omitting all rules for the universe

) . r=s r=25:Ny _ _
and adding the rules: X0r) = Xi(5)’ Eq(r) = Ea(s)’ Eq(0;) = No, Eq(12) = Nj.

ML b T = 0 is then defined as usual,

-term-constructors.

The intermediate system MLy is the restriction of MLM by omitting the U-universe-
term-constructors, Mahlo-universe-constructors and the type-constructor U.

Definition 4.5 (a) Vy:=V, V7:=Up

(b)
(c)

Ty(t) := T(1), THt) := T(s4(1)).
Py(N):=N = V,.

Definition 4.6 Let v = f orv=1V.

(¢)

(b)

(c)

(d)

For MLg")—types A, m-types Aq,..., A, and variables x1,...,x, we define, with
B; := (z;)A; the m-type A[X; := By,...,X, := By,], short A[)z = E] inductively
by:

Is C' an ML§")—type—constructor, C ¢ {Eq,Xq,...,X,}, then C(ty,... ,tn)[)z =
B]:=C(t[X := B),... ,t,[X := B]),

where (()D)[X := B]) := (2)(D[X := B]), and for MLg")—terms t, t[X := B] :=
Xi()[X := B] := Ajfmi :=1].

Eq(t)[X := B] := T(Ca(t, No, Niv)).-

(' = 6)[X := B] is the result of applying this operation to the (outermost) types in
I'=90.

For ML( ") -type-constructors C we define Y (C): v(Ng) = N;“,, (N) == N,,

() 1= 8y, W) = I, 7,(W) = W,, 7,() : T To(+) = Fu, %(C) = C
otherwise.

For MLgn)—types A, and variables Y1,...,Y, (which will later range over elements
of N — V,) we define 7,(A)X; := Yi,...,X, := Y,], where we abbreviate
[Xy:=VY,... , X, :=Y,] by [X:=Y]:

IfC ¢ {Eq,Xl,.. , X } then

7@(C(t1,--- )[X Y] _’VU(C)(%)( 1)_1 :_')7]’ a%}( )[X Y])
where %, ((z) D)X := Y]) := (2)( (D)[X Y]),
and for ML -terms t, v, ()[X := Y] :=

) P A
70 (Eq(?))[X := Y] := Cy(t, No,y, N1v)-

We define 7, ()[X := Y] for ML judgements 0:
vy (context)[X := Y] := {context},

12



(s=1: A) = {W(A)X = Y] : V5 =t : Ty (1(4)},
Yo(A ) = (WX =V =3 (B)X:=V]:V,}.
(@ Al, ey T T Ay = T T(fyg(A )55 Zn 2 T(y(An))-
Yoy - Al,... Tyt Ay = 0)[X =Y =

{z1 : To(1(A1)), - szt Ty(1(Ai1) = 7(4y) : Vy |i=1,... ,n}U{x; :
To(7(A1))s o s Zn 2 To(7e(An)) = 010" € 7,(

(e) For MLy-term-constructors C we deﬁne 6 HC): 51;(1/\\Ik,v) = N, 5 5f(N) = N,
S 7 (zv) = S P (HV) = 1l P (WV) = Wg, 6dly) = I, 0p(Fv) == +
5f(0) =C otherwise.

For MLs-type-constructors C we deﬁne 67(C): f—(Nk) = N

JHD) = Sy, 6:(11) := Tly, (W) := Wy, 64(1) := Ty, 0(+) == Fv, 64V) = Up,

6{(T) :=sf, 6/C) = C otherwise.

=
s
[@%Y

hy
Z
i
2
s

(f) pf(C) :=64C) for term-constructors C, p{(V) := T(Uy), p(T) :=Tp, pAC) :=C
otherwise.

(9) For MLa-terms or types t, 0¢(t), p(t) is the result of replacing all constructors C
int by 07(C) or pe{(C) respectively.

(h) We define 6 /0) for MLgn) -judgements 0: 6 #(context) := {context}, 67(s =1: A) :=
{6/A) : Upd(s) =0p(t) : Tp(05(A))}, 05(A = B) :={65(A) = 05(B) : Us}.
Oz ¢ Avyeoymy 2 Ay = 0) = {z  TH0HAL)), - zic1 » TH0AAi1)) =
SHA) U i= 1, o} Udan THSAA)L. .- an - TH6(An)) = 010" € 5:(6)}.

(i) pT" = 0) is the result of replacing all terms and types t in ' = 0 by p#t).

(j) If v ="V Assumptions, (v) is empty, and if v = f as usual,
Assumptions (v) is the condition MLM F A zy : V,y : T(z1) = V = f(x1,y) : V
and MLM F Az : V,y: T(x1) = V,z : T(f(x1,y)) = g(z1,y,2) : V.

Lemma 4.7 Assume v =V, Assumptions, (v).

(a) IF ML - T = 6, MLM F A,z; : N = B; type (i = 1,...,n), then MLM F
A (T = 0)[Xy := (x1)Bi, ..., Xy := (x4)Byn]. The same holds with MLM replaced
byﬂMLgnj or MLy, Ozl,ly ”i the case T = MLgn), we have to modify the definition of
t[X := B] by Eq(t)[X := B] := Eq(t).

() FML™Y T = 0, Iy = 60;) € %[ = 0)[X := Y], then MLM F AY; :
Py(N),...,Y, : Py(N),I' = 6,. The same holds in the case v = V with MLM
replaced by ML,.

(¢c) F ML™ T = A: type, then MLM F A,Y; : P,(N),...,Y, : P,(N),[ = r :
To(1(A)[X = Y] & AX := YV for some r, where YV .= y,""C .y VO,

(d) If MLy T = 6, then MLM T = 4.

(¢) If v = f as in the assumptions of this lemma, (C; = ;) € S = 0), then
MLM F A, Ty = 6, and MLM F A, p#(T" = ).
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Proof: By an easy induction on the MLg"), MLy-derivations. In (¢) we conclude for
instance in the case of II-type-introduction, having hy : T,(7,(A)) — A, hy : B —
Ty (7(B)) that Ahg.Ay.he[z := hiy](hs(h1y)) : ((IIz : A.B) — Ty(v,(Ilz : A.B))). In the
case of the W-type, we use induction over the W-type.

‘We use all the abbreviations from Sect. 3.2 and the definitions and lemmata in Sect. 3.3
- 3.5 of [Se98]. The changes are

e We replace the underlined constructors by their non-underlined version.
e All proofs and definitions can be carried out in MLgn).
e We add the following definition and lemma:

Definition 4.8 Assumev =YV orv = f
(a) t ev A= At, t €7 A:= At. (Note that, if A: Py(N), t: N, thent €, A: V,).
(b) V= {y s N T()}, 7V = dysplty), 17 1= (V)Y

Lemma 4.9 Assume v ="V orv= f, Assumptions, (v), ML%") FA = AeCI(N).
(a) MLM F A,Y; : P,(N), ..., Y, : Py(N) = 7, (A)[X := Y] : P,(N).
(b) MLM F A,Y; : P,(N),..., Y, : Py(N) = 7,(A)»AX = V] = A[X := YV,

Proof: easy.

5 The Well-ordering Proofs

The definition of M(A), 74(a), A4(B), W(A), Ag(A), AT, Prog(A, B), Prog(A), weakly
upward and downward closed can be done as in Sect. 4.2 - 4.4 of [Se98]. Further nearly
all the lemmata in these section go through again. We have the following changes:

e We can do all the proofs in MLE"). We only replace the assumptions of A, B,C, ... €
CI(N) by: let A = (2)X;,(z), B = ()X, (x)....

e We have to replace I by M.
e Lemma 4.17 in [Se98] is replaced by Lemma 5.2 below.
e We add Lemma 5.1 below, which is proved in MLg").
Lemma 5.1 Let A = X; for some i < n.
(0) (TA(1heb) T AN theh < ¢ < k) — C¥P(A) N C(b) C C°(A).

(b) If a € C*(A), A C M(A), ANb weakly downward closed, b < M, then scy(a) C
CP(A).

(c) a € Cy(c) = scu(a) C Cyle).
(d) Yypyab € OT = scu(a) < Pyyab-
(e) If a, b € OT, scm(a) < ¥xb and Gu(a) < b, then a € Ci(b).
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Proof: (a): We show Vz € C¥®(A) N C.(b).x € C°(A) by induction on length(z). If
T < Peb, it follows z € C¥P(A) Nahb = T74(¢hb) C ANc C C(A). If b < m,
it follows k < z, and, if in this case z = 0,M or x =xp T1 + T2, ¥z, T2, 1y, , follows
the assertion by IH or directly, and, if x = v¥,d, w,d € C,(d), it follows ¢ < Kk < m,
m,d € C¥?(A) N C,(b) C C¢(A), z € C°(A).

(b), (c): easy.

(d): Yma € Cyyald), a € Cypa(b), scm(a) C Cyya(b), further scy(a) < 1uva, therefore
sem(a) C Cyyral(b) N e =2 1y, 00

(e): Induction on length(a). If a = 0, M, or a =xF a1 +ag, P4, G2, 4, , the assertion follows
by IH or directly. If a = ¢,c, # < M, it follows a < b, a € C,(b), and if a = Yy,
M < =, follows the assumption by IH for «, c.

Lemma 5.2 (replaces Lemma 4.17 in [Se98])

(a) 0 € W(A).

(b)) If ANk = W(A) Nk, AC M(A), then W(A) N k" is downward closed, upward
closed bounded by k™.

(c) Assume A C M(A). Then Vk,y € W(A).Vz € OT.(z = max{k,y} A\W(A)NZ =
ANZAKkE€RAR,y € Ci(y)) = ey € W(A).

Proof: (a): trivial. (b): as in the proof of Lemma 4.17 in [Se98|.
(c): Assume A C M(A), 7 € CarnW(A), W(A)N7T =2 AN7. We show by Ind(y € W(A))
Vye W(A)VE € Ri(y < 7T Ay, k € Cu(y) Ny < 77
ANrk=MV3dzeOT.(k =9uz Az e C(A)NCyu(z)) VK € W(A)|T)
— Py € W(A).
Then follows with 7 := Z the assertion.
Assume y according to Induction, ,y as in the premise of the assertion.
We note first: if c € W(A) Ny, then ¢ € 74(y) (if ¢ < 7, then ¢ € ANy, otherwise ¢ = 7,
ceC(A)Ny=74(y)) and c € C(A) Ny.
We show

(*) Vz' € Cu(y) NCY¥(A)N7T.a’ € W(A)

by side-induction on length(z') and assume z’ according to induction, z' € C,(y) N
C¥=¥(A) N7+,
If 2/ = 0, M, follows the assertion by (b). If ' =xp 21 + x2, @4, 2 or €y, it follows by ITH
x; € W(A), by (b) 2’ € W(A).
Case 2’ = rxy.
Subcase 2’ < ¥.y. Then 2’ € AV (y <7 € | Am, 21 € C¥¥(A)).
If ' € A, it follows ' € AnNT C W(A).
Assume now m,z; € C¥*¥(A), Yy <7 €l
If kK = Qcq1, it follows 2’ € C* (A) Nk~ C W(A).
Otherwise k,m € INZ" < 1.y < 7. Therefore 1,1 < sce(y)V (T = KAz < yAscy(z) <
V) V (U1 < K < T Ascr(z1) < ¥ey).
Subsubcase ¥, z; =< sc.(y). y € W(A), scu(y) C 74(y) U{y} C W(A), sce(y) C ¥ey. Let
a := max(sc,(y)). Then ,z; € C¥¥(A)la C C(A)|a = 74(a) U {a} C W(A).
Subsubcase 1 = K A x; < Yy Ascp(z1) < Yey: Ge(my) < 7y <y < 71, therefore z; €
Cu(y) N7, 21 € C¥¥(A). By side-IH z; € W(A) N 7F. Therefore z; € 7(y), and by
main-IH 2’ € W(A).
Subsubcase 1,11 < K < T Ascy(x1) < ¥y: Then k = b for some b, b € CY(A)V k €
W(A). By ¥,x1 < b < 7 it follows 1,21 < sepm(b) V (1 = MAxy < bAsc,(z1) < Ymb).
Subsubsubcase 1,z1 < scym(b): Let a := max(scy(b)). If k € W(A), then k € C*(A),
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be Cr(A),a e C(A), be Cy(b),a e Cylb) NM Z b, k € Ci(y),a € Cu(y) Nk = )y
a € 74(k) CW(A), a € W(A)NYey, rz1 € C¥Y(A)Na C 74(a) C W(A). If b e CY(A),
it follows a € CY(A), by k € Cu(y) a < b < y, again a € 74(y) C W(A), as before
’([)ﬂxl € W(A)

Subsubsubcase (1 = M A 21 < b Ascy(z1) < ¥mb): sem(z1) < ¥y, Gul(zy) < 21 < b <
y < 7%, by Lemma 5.1 (e) it follows z; € C,(y) N C¥¥(A) N7+, by side-IH z; € W (A),
11 < vy, therefore x; € 74(y), by IH 2’ € W (A).

Subcase Qm =z'. x' # 1.y, therefore k € |, 2’ = k= € W(A).

Subcase ¥y < ' < ¥y: Then k = Qg1 = 7 for some d, x; < y, 1, € C¥(A)NCk(y) N
7+, by side-IH z; € W(A), =1 € 74(y), by main-IH follows the assertion.

Subcase ¥,y < z'. Then k < 2. 7,2, € C¥¥(A) N C(y), 71 < y < 7T, by side-IH
x1 € W(A), 2, € 74(y).

Subsubcase 77 < m = M: by main-IH follows the assertion.

Subsubcase 77 < T = \b: b <z <y < 7", b € C¥Y(A) N Ck(y) N 7T, by side TH
beW(A), be CY(A) N Cy(b), by main-IH 2’ € W(A).

Subsubcase otherwise: Then m# < 77. «# = 77, 7= € W(A), or # < 71, by side-IH
m € W(A), again 7~ € W(A). By main-TH it follows 2’ € W (A).

The proof of (x) is now complete.

We have therefore C¥<¥(A) Ny C W(A). Further, if y < @, ye WA NTN M C
C¥=¥(A), otherwise y € M(A), y € C¥(A4) C C¥=¥(A).

If k =M, k € C¥=¥(A).

If Kk = Yub, b € CY(A),it follows b < y < 77, b € W(A). If M <X 71, it follows
Ymb € W(A) by main [H. Otherwise, if b < 7, it follows b € A C C¥*¥(A) and, if 7 < b,
we have b € C°(A) C C¥¥(A), in both cases therefore b € C¥=¥(A).

If Kk =k~ € W(A)|T, it follows k € C*(A) C C¥=¥(A).

If Kk # k= € W(A)|r, it follows kK = Qg1 for some d, K~ = Qg € C* (A) = C¥=¥(A),
Kk € C¥¥(A).

In any case therefore k,y € C¥Y(A), 1.y € C¥¥(A), ¥y € M(A), ¥y € AW (A)) C
W(A).

We define W and prove Lemma 4.26 - 4.29 as in [Se98|. The modifications with respect to
[Se98] are that we can carry out all the proofs in MLy, and can replace the assumptions
A,B,... € CI(N) by A,B,...: P(N) (replacing s € A by T(As) etc.) The following
Lemma 5.3, 5.4, 5.5, 5.6 and 5.7 can be proved in MLy. Wg:= (5f~(W).

Lemma 5.3 Assume a € (M(W)\1)NM, B : P(N), BV:°* € W|a such that 77(a) <
BYC. ThenaeW.

Proof: Let B' := BV:®!, B:= %z : N.z € B'. From the assertion we conclude that there is
some g : B — P(N) such that Vy : B.Ag((g y)V" ) Ay0 € (g 4)V Let §(y) := (g )V,
C:={z:N|3ye Bz ejy)}na}. By [Se9s], Lemma 4.28 it follows Ag(C).

We have 7%(a) C W: If y € 7(a), then y € C*(W)Na, y < x € W forsomez € B' C W,
z=a,y€CW)zcrW(z)u{xz} CW.

We show C 2 W Na: “C” is obvious. “D”: Assume y € W Na. Then y € 7(a),
y X z for some z € B, z € §(p(z,p)) T W for some p : z € B', y € W, therefore
y € 9(p(z,p)) Na C C.

We show Vd € W(C).d <a—deC, (ie. W(C)Na C C) by Ind(d € W(C)).

Assume d according to induction, d < a. Then 79(d) C C, d € C%C). We show
dee W.d <e:

If d < d, it follows d € CY(C)Nd C C C W, d <dt e W.

If d = d =xp Qu, it follows d € CHC), d € CHC)Nd C CNa c CC), d=d e
C*(C)yNna=C*W)Na C W.

If d = d = tyey, it follows by Lemma 5.1 (a) e; € C%C) N Cu(e;) C C¢C), d €
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C*(C)na CW.

Otherwise it follows d = d = teer, k = hud', ke € CHC) N Crler). If a < &, it
follows k,e; € C¥C) N Cyler) C C*C), d € C*(C)Na C W. In the case k = a we
have a € |, contradicting the assumption. If kK < a, it follows k = Yyd € C*(C),
d € CF(C) N Cy(d) Cc C*(C) by Lemma 5.1 (a), kK € C*(C) Na C W.

In all cases we have therefore d <ee W, WnNne=W(W)nNe, Cld = W|d=W(W)|d =
W(C)|d, d € W(C)|d C C and the induction is complete.

Let ' := CU{a}. W({C)YNa=2W({C)Na=CnNna 7%@0) = TW(CL) CWna 2
C=C'nNnacC W/, ae MW)|a = M(C")|a, therefore a € W(C') N C', W(C')|a =
C'la = C', Ag(C"), a € C'. With C" := (C") we have C" : P(N) (provable as in 4.9
(b)) "V 2 ¢, therefore Ag(C"V"™") and a € C"V'" ' ¢ W.

Lemma 5.4 Vx € W.Q), € W.

Proof: As in [Se98], Lemma 4.31.

Lemma 5.5 Assume 1y,,.b € AV (W), Z := C¥uab(W) N Cy,,abd-

(a) scy(a) U{0,M} C Z.
(b) If.’l?l,.’lfQ € Z,LL' =nF 1+ 22V T =nF QO;UI.’EQ\/.’L':NF le, then x € Z.
(c) If k,c € Z, k € R, k,c € Cyle), Yma X Kk, ¢ < b, then .c € Z.

(d) If ¢ € Z N hya, then there exists A : Py(N) such that Ag(AV) Ac € Z C
c+1ANAVC C Z.

Proof: only (a): 1ma € Cyya(b), therefore a € Cy,,0(b), scm(a) C Cyyalb), sem(a) <
Yua, further vy, b € CYou®(W), hya € CPme®(W), a € CYme®(W), sey(a) C
CYvmad(W).
Lemma 5.6 Assume 1y,,,b € AYW), Z := C¥¥me® (W) N Cypa(b). Let Y := sey(a) U
{0, M}, P° be a proof of Y C Z. Assume Y™ : Py(N) be defined, P" : (Y™)V:Cl C Z.
Yot = {0, M} U scyr(a)u

{z €OT|3Jy,z€ (Y)W o =xpy+2VT=xrpy2zVT=xry}
U{z:N|dkeRNZ3ce Zax=1c€ OT Apya < kK Ac < b}
U {z: N|Jy € (Y")V:' N thy, bz € (Ay pn)V 1Y),
where Ay prn : Py(N), A (AZISE) y € AVPn C y + 1 (which in fact depends on the proof
of y € (Y)VC N ahyyab) and Y™ := v (YJ), Y™ : Py(N). Pythis a proof Y C Z.
Let Yy :={y:N|3dn:Nye Y}, Y = ().
Then it follows Y : Py(N), YVl = 7.
Proof:
We easily see thatYV>“! 22 Yy, Vn.(Y™)V:C & Y. Therefore it suffices to show Yy =2 Z.
“C” follows by 5.5.
“2>” We first show by an easy induction on length(z):

(%) Vo € OT.scp(z) C Yo AGu(z) <b— 2 €Y)

Now we show by induction on length(a), c € Z — ¢ € Y}

If ¢ =0, M, it follows ¢ € Y.

If ¢ < scy(a), it follows ¢ € Z| max(scy(a)), max(scy(a)) € Yy, ¢ € Alil(scM(a)) po C Y.
If ¢ =np a1 + ag, g, a2, 2, , the assertion follows by IH. ’

Assume now ¢ = e, max(scy(a)) < c.

If Yma < ¢, it follows k,e € Z, e < b, by IH the assertion.

If ¢ < 9Yma, it follows ¢ < 1y, 0b, c € W.

Subcase kK = Qe Qe €W, e€c W, bylHe e Yy, k € Yy, c€ WNK CY,.

Subcase k = M: then by ¥ye < ¥ya, it follows e < a, further 1ye € W, e € C¥ME(W),
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e € C™¢(W), e € Cyle), sem(e) C Cule) N M = hye, sey(e) € CPME(W) N ahye C
W N Yyyab C Z, by TH scu(e) C Yy, further Gy(e) < e < a < b, and by (x) e € Y.
ue < Pua, Pye < sep(a) V(e < a Ascy(e) < ¥uma), by max(sepm(a)) < ¢, e € Yy,
e<a=<b,c=1YyeeY.

Subcase k = Ymd: Yy,ae < Vyyab. Then yd =2 Yy bV (d = aAe < b))V Yy, ae <
Yaa < Pud.

Subsubcase ¥yd = y,,0b. Then yd < Yya A sem(d) < 1Pyyqb, therefore (Ynd <
sep(a) Vd < a) Asen(d) < yyeb. If Yud < sep(a), it follows 1y, qe € W| max(scm(a)) C
Yp. Otherwise d < a A scm(d) < tyyab. Vy,ae € W, therefore iyd € CPome¢(W) N
Cypa(e) € C¥™4(W) by Lemma 5.1 (a), d € C¥M4(W), sep(d) € CYME(W), sem(d) C
Cde(e) N CM(d) NM = wdee, SCM(d) C CTMMde(W N Tﬁdee C Z. By IH SCM(d) C Yo,
Gu(d) < d < a, by () d € Y;. Since d < a, it follows ¢yd € Yy, Yyya€ € A:pflﬁ,m cYy
for some n : N.

Subsubcase d = a Ae < b: ¢ € W. Therefore e,1ya € C¥me¢(W) N Cyyale), by TH
Yma, e € Z, e < b, therefore c € Z.

Subsubcase 9.e < ¥ya < k. From ¢.e < ¥ya it follows 1.e < scy(a), Yee € Y.
Lemma 5.7 a€ A W)NM = AYW)Na=XWna.

Proof:

“D7: trivial.

“c”: Assume z € AV(W) Na, show = € W by induction on length(z).

If z = 0, this is trivial. If z =xp 1 + Ta, Vg, T2, g, it follows z € C*(W), z; € TV (z) C
W, x e W.

If z = o, ¢, it follows Q. € 7W(z) CW, Qep1 € W, 2z € AV W)NQey = AV(W(W))N
Qer1 CTWW) N Qeyt EWN Qe

If z = tbub, it follows ¥yb € C¥°(W), by 5.1 (a) b € CY™P(W) N Cy(b) C C*W),
mb € C*(W)Na C W.

Case & = tby,pc. By Lemma 5.6 exists a Y : Py(N) such that V- = 7% (¢ 4c). Then
by Lemma 5.3 it follows 1y,,,b € W.

From now on, we will work in MLM.
Lemma 5.8 (a) Ifa € C°(B), then 3C : N.C € P/"(N)Aa € CO(CImCHYACTnC C B,
where CI™C .= {y : N | atom(y €, C)}.

(b) a € C°(B), BC C = a€ CC).
(¢c) Assume C : Py(N), C CW. Then 3A : Py(N).Ag(AV M) A C C AV,
(d) Yz € C*(W).3C : Py(N).Ag(CV ) Aa € CH(CV-T)).

(e) (a) - (d) can be proved in MLs,.
Proof: (a): Induction on length(a). (b): easy, (c): by [Se98], Lemma 4.26.
Definition 5.9 (a) Univg(ug, vo) := tg, Univy(ug, vo, 21) := V21,
Univ(ug, vo) := (21, y1)Univg(ug, vo), (1, Y1, 21)Univy (ug, vo, 21). Under the assump-
tion ug : V, vy : T(up) = V we have zy : V,y; : T(u) = V = Univy(ug, vo) : V,
z1:V,y : T(u) =V, z; : T(Univg(ug,v9)) = Univy (ug, vo, 21) : V.

(b) Let f := Univ(ug, vo).
up == N, vy := (x)NO’f, Lo = ResOf(ul,vl), Llf(y) = Reslf(ul,vl,y). Then,
assuming uo, vy as above we have s(v, ) = Univo(uo, vo) = uo, and for z : T (¢, 7)
sf(ty, 7/(y)) = Univi(uo, vo, y) = voy.
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Lemma 5.10 Assume a € AV(W). Then there exists f, g such that ug : V,vg : T(ug) —
V = f(ug,vo) : V, ug : Vyug : T(ug) = V, 21 : T(f(ug,v0)) = g(ug,v0,21) : V, and with
— V,Cl

f = (uo, vo)s0, g = (uo, v, 21)to, f = f, g we have a € A”'F (W}/’Cl)

Proof:

a € C*(W). By Lemma 5.8 (d) exists C : Py(N) such that Ag(CV:“") and a € C*(CV:%).

Let C' := CV:°L. Assume ug : V, vy : T(ug) — V. Let D := ngg(uo,vo) ucC'. Ag(D),

w(D) : Py(D). C*D)Nna C 7™ (a) C W. Therefore there exists Ey,,, : Pv(N),

Ag(Eyy,) such that C*(D)Na C EY:S. f = (x1,51)Nv, and g := (21,41, 21)21 €v Euyqyu,

We have now:

(naec%mymy

Uy = 1/\\10,1;: Ug, uy i=sp(ur), v1 1= (2)Co(2), v} 1= Az.8(Co(x)), uz := Res0(u1,v1) : U,

Ey := Ay.Reslz(ui,v1,y) : PHN), sp{uz) = f(uy,v1) = Ny, and for z : T(Ny) = N,

sf(z €5 Ey) = sp{(Resl (u1,v1,2)) =z €v By 4, as above C'Na C DNa C CY(D)Na C

E;ZS}I, E;/,IS}I ~ gl Ag(EZ,I’S}I), therefore Ag(E{™), a € C%(C"), a € C*(C' N a),

a € C*(EJY) c Co(wre).

(ii) Ca(WfY’C‘) NaC Wy

Assume z € C“(W}[’Cl) Na. Then z € C*(AFC) N q for some A : PHN), Ag(Afen,

Let A’ := AFC qyy = Ny up :=sp(Np), va := (y)y €5 A, vy := Mysp(y €5 A), By :=

Az.Resl 7(us, vz, 7). For z : N we have sp(z €7 Ey) = g(uy, v3, ) =z €y By, therefore
f,Cl v BV, a Cl ~ pficl Cl f,Cl

El EXCI C*Wonivuyopyv-a U C) Na C E;’ ~ gf ,AAg(EZ,Z,v,Z), Ag(EP®Y. By

Definition 5.9b to.u; v, © Uutniv(ug,ep)» Suniviu,e) (Loase) = s = Nv, Suniv(u ) (t1ul,0, (9)

vy = sp(y €7 A), with B := Ay.t1,,0(y) we have BUV(222).Cl o2 ALCL by Ag(AS:

Ag(BUniv(u’z,v’Z),Cl), Af,Cl ~ BUniv(ug,v’z),Cl C

Woniv(uy up): T € CHATD) Na € C*Wonivg ) U C") Na C By = EI ¢ Wy

Lemma 5.11 (a) AY(W)NM C W.

Cl)

(b)) WNM=W(W)NM.

Proof:
w . e wYd V.,Cl

(a) Assume a € A (W) N M. By 5.10 exists f as before such that a € A7 (Wf-’ ).
Let W' := W}/’Cl. By 5.7 it follows A (W')Na = W'Na. Therefore W(W')Na = W' Na.
A:=Wna)Uu{a}. Ag(A), w(A) : P(N), w(A)VI=2 A ac ACW.
(b): W C W(W), and by Ind(y € W(W)), using (a) it follows Vy € WW).y <M — y €
W.
Definition 5.12 W() =WnN M, WS(z) = W(WZ) N QM—H-S(Z’)-
In the following we write M + i instead of M+ 1 -4, similar for j,S(j),S(i) etc. instead of
1.
Lemma 5.13 For all i < w Ag(W;) A Qnigi € Wap) A Wi = Waiy) N Qwigi
Proof: As in [Se98], Lemma 4.40.
Theorem 5.14 For all n € N we have:

(a) MLM VX : P(N).(Vy € OT.(Vz < yx € X) =y € X) = Vy < Yo, Wijn-y € X.

(b)) IF MLM - A = A € CI(N), then MLM - A = (Vy € OT.(Vz < yo € A) = y €
A) = Vy < o, Quyny € A

Proof: As Theorem 4.41 in [Se98|
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