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Abstract. We develop an alternative approach to well-ordering proofs
beyond the Bachmann-Howard ordinal using transfinite sequences of or-
dinal notations and use it in order to carry out well-ordering proofs for
o-ordinal systems. We extend the approach of ordinal systems as an al-
ternative way of presenting ordinal notation systems started in [18] and
develop ordinal systems, which have in the limit exactly the strength
of Kripke-Platek set theory with one recursivly inaccessible. The up-
per bound is determined by giving well-ordering proofs, which use the
technique of transfinite sequences. We derive from the new approach the
traditional approach to well-ordering proofs using distinguished sets. The
lower bound is determined by extending the concept of ordinal function
generators in [18] to inaccessibles.

1 Introduction

This article is a followup of [18]. In that article we introduced ordinal systems
as an alternative way of describing ordinal notation systems which usually make
use of collapsing functions. In the simplest case of one single ordinal system,
ordinals were always denoted by referring to smaller ones, a principle, which is
valid in the case of systems built from extensions of the Veblen function. In order
to get beyond the Bachmann Howard ordinal, we used several ordinal systems
in parallel, such that the ordinal systems refer to each other in a controlled
way. We described, how the combination of ordinal systems was used in order
to generate in a well-ordered way the ordinal notation systems in question. This
showed that they are well-ordered. We considered and analyzed ordinal systems
up to the proof theoretic strength of ID,.

In the current article we proceed with this research and present I-ordinal systems:
ordinal systems which reach in the limit the strength of KPI, Kripke Platek set
theory with one recursively inaccessible I (more precisely, the class of ordinals
in KPI has the properties of one recursively inaccessible; proof theoretic studies
for variations of Kripke Platek set theory can be found in [9], a formalization of
KPI can be found in [9] or looked up as well in [4]). We will then determine their
strength as that of KPI. This presentation should help to understand ordinal
notation systems of this strength in a better way.



The content of the article is as follows: I-ordinal systems will be introduced in
Section 3. In Sections 4 and 5 we will then show that I-ordinal systems are
well-ordered and that elementary I-ordinal systems, i.e. I-ordinal systems, the
properties of which can be verified in PRA, have order type less than KPI.
We are going to present two well-ordering proofs. One, using a new technique,
namely transfinite sequences of ordinal notations, and a second in the more
traditional way, which uses distinguished sets and can be used for well-ordering
proofs in constructive theories. In order to motivate the new technique of using
sequences, we introduce it in Section 2 in the context of o-ordinal systems. In
the last section of this article (Section 6), we will extend the notion of ordinal
function generators and define ordinal function generators corresponding to I-
OS. We will see there that we reach the strength of I-OS. Therefore the strength
of elementary I-ordinal systems is determined as being precisely the strength of
KPIL

2 A variation of the usual well-ordering proof techniques

The usual technique in proof theory for carrying out well-ordering proofs is the
technique of distinguished sets, introduced by Buchholz in [1]. In our previous
article [18] some (but not the full power of it) was used and it seems to be still the
only technique available for carrying out well-ordering proofs of strength beyond
ID, in constructive theories. However, we believe that for theories which have
substantially stronger strength it is not so easy to understand what is going on
in it, and found it very difficult to teach it. We have now developed a variation
of it, which we hope is slightly more intuitive. The disadvantage of it is that
it can in the current form not be carried out in constructive theories. However
this is no harm since from it in a second step we can derive the technique of
distinguished sets. We hope our presentation motivates distinguished sets in a
better way.

Instead of defining the sets in an abstract way we are going to define by re-
cursion on set theoretic ordinals a transfinite sequence of ordinal notations a,,.
Distinguished sets will occur as initial segments of the set of notations generated
in such a way. In order to show the well-foundedness of the resulting system,
apart from some verifications, which can be essentially be carried out in primi-
tive recursive arithmetic, and the existence of such a sequence, which is clear in
the case of Kripke Platek set theory — the use of classical logic is crucial here
—, we will need that, when iterated over all ordinals, the resulting sequence is
complete, i.e. this sequence can not be extended.

In order to prove the consistency of the theories in question we will need therefore
essentially that the class of ordinals is big enough. One can use principles which
claim that the class of ordinals fulfills the properties of some recursively large
ordinal. Or one can claim instead that the set of ordinals should be unbounded in
the sense that we cannot exhaust it by any recursive process, and that therefore
such an ordinal must exist. The latter point of view provides an alternative
argument for the consistency of the theory in question, alternative to the use of



constructive theories, the consistency of which can be philosophically shown or
at least justified. At the moment, the new argument is not as well philosophically
developed as the other approach, but we hope to be able to investigate it in the
near future. In this article, we only mention the possibility of such an approach.
Once we have found such a sequence and carried out the well-ordering proof
using it, we can now find the constructive version of the well-ordering proof
using distinguished sets by formalizing abstractly the principles according to
which the sets A, := {ag | ag | AB < a} are defined.

We will apply this in section 4 to I-ordinal systems. In a first step we want to look
at o-ordinal systems in order to introduce the technique. In the case of o-ordinal
systems, the benefits will not be very big, most readers will certainly prefer the
old technique. However for stronger systems this technique will motivate well-
ordering proofs in a better way.

We need a theory of the strength of ID, in which we have ordinals available.
Kripke Platek set theory without Ag-collection, but extended by natural num-
bers and the existence of a well-ordering X' (as new urelemente) of order type
o and for every a € X an admissible such that these admissibles are ordered as
the corresponding elements of X' and the collection of predecessors of an a € X/
is a set, which is an element of the ath admissible, should be the correct theory.
(The exact formulation of such a theory is not important here since this Section
mainly serves to introduce and motivate the new technique). In this section,
(set-theoretic) ordinal refers to the set of ordinals below some of the admissibles
which were additionally introduced in this theory.

Before defining such sequences we make our life easier by extending the order
<¢ to a global order:

Definition 2.1. ( ) T:= U&EE Tg, T<§ = TV«’ T<§ UMSE TIJ«‘
(b) fa€Te, be Ty, then a < b : ( §<uv(” pAa=e b))

(c) Tfa € T¢, then k(@) := U, ¢ ke,u(0).
d fACT,a€eT,ANa:={be A|b=<a}

It seems, as if we are back to the traditional way of ordinal notation systems, in
which small ordinals (e.g. a € Ty) are denoted by referring to bigger ones (e.g.
b € k(a) N'Ty, therefore a < b). But the real picture to keep in mind should be
that of several ordinal systems, which refer to each other in a controlled way,
i.e. smaller ordinal systems refer to bigger ordinal systems restricted to smaller
levels only. The global order will be helpful in order to reduce the amount of
syntax.

In the well-ordering proof we defined by recursion on £ € X sets Mg, Acce C T
by:

Mg = Tg rH<§ ACC,,,
Accg := Acc (Mg).

We can now use transfinite sequences of ordinal notations in order to obtain the
same sets. We proceed as follows: we consider in increasing order all elements of



Y. For each £ € X we select, as long as possible, successively the least element of
T¢ which has smaller components in the set of ordinals already selected before,
but has not been selected itself. Once we cannot find any more such a minimal
element, we select the next element of . Once we have finished, the elements
of T chosen will be |J¢ 5 Acce.

In order to formalize this idea, we first define for sets A C T M[4] :=
{a € T | k(a) Na C A} and M¢[A4] := M[A] N T¢. Now we define by recur-
sion on < elements a, € T together with i, € X', A, C T, as follows:

Ay:=A{ag | B <vAasl},
iy = minc{§ € ¥ | min (Me[A,]\ A,) 1},
a, i~ ming (M;, [A,]\ A,).

Convention 2.2. A simultaneous definition of sequences like a,, i, above
should in the following be understood as follows: both i, a, (and possibly other
sequences) are defined by recursion on the (set theoretic) ordinals v and can
have either value as indicated (above in X and T, respectively) or a symbol for
undefined. a | means that a is not a symbol for undefined, a 1 means that a is
(a symbol for) undefined. Similarly, for a set A min<(A4) | (min<(A) 1) means
that a minimum of A with respect to < exists (does not exists). For two possibly
objects of a set with an undefined element a ~b:< (a ] Vbl) = a="b.

In the above definition i, is defined iff V8 < a(ig | Aag |) and a minimum as
in the definition above exists. If i, is defined, it has as value the corresponding
minimal element. The definition of a, is similar, but presupposes that i, is
defined. Similar future definitions are to be understood in the same way.

Therefore we start to define a,, i,, as long as possible. If this is no longer the
case, both get the value undefined. Note that this can be defined in the classical
set theory used, in which we can “decide” whether i,, a, are defined. Because
of this definition, this proof is non-constructive.

Lemma 2.3. (Admissibles are II>-reflecting)
Assume ¢o(x), ¢1(x,y) are X-formulas.

(a) (Provable in Kripke Platek set theory without Ag-collection but with natural
numbers.) If k is an admissible ordinal, then from

da < k. ¢o(a) and
Va < k3B < k. ¢1(a, B)

follows the existence of some & < k such that

Ja <4 . ¢o(a) and
Va < 46.38<6. ¢1(ay, B).

(b) In the presence of Ag-collection (for the universe of sets) (a) holds for the
class of ordinals, i.e.

da . ¢o(a) and



Va.36 . ¢1(w, B)

implies the existence of some & such that the conclusion of (a) holds.
(¢) (a), (b) hold as well with ¢g, ¢1 replaced by several X-formulas.

Proof. (a): Define a,, for n € w inductively by:

ag = a + 1, where a minimal such that ¢g(a) holds. n = n +1: V8 < a,,.3y <
k.¢1(8,7). By X-collection there exists p < k such that V3 < a,.3y < p.¢1(8,7).
Choose 41 = max{p, o, } for the minimal such p. With § := sup,c, an < a
follows now the assertion.

(b) follows similarly and (c) by coding several X-formulas into one.

Definition 2.4. (a) A is T¢-complete iff
(Vp < &€Va e My[A](Mu[AlNaCA) sac i) .
(b) Ais complete iff A is T¢-complete for all £ € 2.

Remark 2.5. (o) (v < Aiy |) =i, <i0.

(b) (a <BAigl AN =ig) = ay < ag

(c) Ag are <-well-ordered.

(d) Ap is T¢e-complete iff ig 1 or £ < ig.
Ag is complete iff ag 1.

(e) If Ag is T¢-complete (complete) and B < v, then A, is T¢-complete (com-
plete).

Proof. (a): easy induction on v’.

(b): Induction on 3. ag # a,. Let £ := i, and assume we had ag < a,. By (a)
AgNTye = Ay NTLe. By ag < a, it follows ag € M¢[Ag] \ M¢[A,], there exists
¢ € k(ag) N'T¢ such that ¢ € Ag\ Ay, ¢ = a, for some o < v < 8, a, < ag < aq,
contradicting the IH.

(¢): By (a), (b). (d) Immediate. (e) By (a), (d).

The following Lemma will not be needed for the well-ordering proof. We state
it in order to show that we have defined exactly the sets Accg from the original

well-ordering proof.

Lemma 2.6. (a) If we define i\, a/, Al by

AL = (s | B <7 A L), | |
by i m}n<{§ €X| m1r11<{a € Te \ AL | k(al) NT<e CAL} L
a, m1n<{a € Tlfy \Alfy | k(a) N T<i£/ - A,y},

g ol e
then i\, ~1i,, a; ~ a, for all ~.

(b) If A, is T¢-complete, then A, = Acce, where Acce is defined as in [18].



Proof. (a) Induction on 7. By TH Al = A,. Let for £ € X, B :=
{a € Te\Ay | k(a)NT<e C A, }. We show min ¢ Be ~ min (M¢[A,]\A,). Assume
c¢:=minsBe |. If d € k(c) N T¢, then k(d) N T<e C k(c) N T<e C A, by mini-
mality and d < c¢ therefore d € A,. It follows ¢ € M¢[A,], and by M¢[A,] C B,
¢ = min(M¢[A,] \ A,). On the other hand, if ¢ = min(M[A,]\ A,), d < ¢,
d € B, follows by induction on the length of e Ve € k(d) N T¢.e € A, (using
fek(e)NTe = k(f)NTce Ck(e)), therefore d € M¢[A,] \ A,, a contradiction,
again ¢ = minBg. Now it follows i, =i/, a, = a/.

(b) Induction on £. By (a) it follows A, N T¢ C Mg, by Remark 2.5 (c) A, N T
is well-ordered, and by completeness and (a) it follows A, = Acce.

Lemma 2.7. Let 7¢ be the {-th admissible ordinal. If o > ¢, then Ay is Te-
complete. Especially, the union of all A, is complete.

Proof. Induction on &. By Remark 2.5 (e) it suffices to show the assertion for
k =7¢. By IH A, is T-complete (p < ), therefore, if i, is defined, then & < i,.
Assume ¢ € M¢[A,], M¢[Ai]Ne C A,. Then by the finiteness of k(c) there exists
a < k such that ¢ € M¢[A,] and by X-collection relativized to L, it follows Ya <
k.36 < k(M¢[Ay] N e C Ap). Further Va < k38 < k.a < # and Ja < k.o = 0.
Application of Lemma 2.3 to the last three formulas, Ja < k.c € M¢[A4,] and
V€ < &1er < K ylelds that there exists § < k such that the above conditions
follow relativized to 4, i.e. § is a limit ordinal such that Ja < d.c € M¢[A,],
Va < 638 < d(M¢[Au]Ne C Ap) and V¢ < &1 < 6. It follows € < is,
¢ € M¢[As] and (M¢[As] N e C Ay), therefore ¢ € Ay C A, or ¢ € As, 15 = &,
c=ags € Ag.

Now we can substitute in the proof of Theorem 4.3 (a) of [18] with A :=
Uscora Aa Acc, by ANT, and M, by M,[A] and replace in the equation
which verifies that C¥(s) is definable in ID, “V¢ < p(kye(r) C Acce)” by
VE < plkoe(r) C Acce)”, and show that 0-OS are well-ordered, provable in
our variant of Kripke-Platek set theory.

3 Ordinal Systems for one inaccessible

We are going to develop now ordinal systems for one inaccessible, in short I-OS,
which will have in the limit order type |[KPI| = |(A} — CA) + (BI)| = 9(e141)-
The step from ¢-OS to I-OS is easy: instead of having one fixed order X, this
order will now be generated by a further ordinal system.

Therefore we have OS-structures (Tg, <4, </, kq,q,length,) depending on a €
T1, where T is the underlying set of terms of an OS-structure (Tr, <1, <1, <{,
ki 1,lengthy), functions k; ; : T; =, T;, for 4,5 € J := T1 U {I}, an ordered set
(L, <) together with functions level; : T; — L and E, :L—, T;forie J.As we
did with o-OS above we will simplify the definitions by replacing the individual
component functions k; ; by only one function k : T —,, T, where T := ;. 7T,
such that for a € T;, k; j(a) = k(a) N T}; similarly we define only one function



k:L o T, level : T — L and length : T — w, each. Further we will introduce
global orders <, <’ on T.
The resulting structure can now be visualized as follows:

(T13<I)

/ z"< /(T]'<) / Tk, k) /(Tl,
(T1,<)

(Tza< ) TJ7<J (Tk7<k Tl;<l)

The conditions are now almost the same as for 0-OS, except for the following
two changes:

— If a € Ty, i € Ty, then k(i) C k(a). This guarantees that, if from ordinals
generated before we can denote a, then we can already denote i. However, we
can weaken this condition and will demand it only in case k;(a) # 0 (since
otherwise the information about i is already contained in the components of
a).

— k(i) = 0 for ¢ < j € Ty. This guarantees that in the well-ordering proof
using sequences, the sequence i, which corresponds to the sequence of i,
in ¢-ordinal systems is increasing, i.e. the elements of T are selected in
increasing order.

Definition 3.1. (a) An Ordinal-System-structure of type I in short
I-OS-structure is a 10-tuple

(TI7 (Ti)iETn ('<i)i€TIU{I}7 ('<{i)iETIU{I}7 1ength7 k7 L7 =L, leve17 E)

such that, with

- J:=TiU{l},
— T = UieJ Ti,
we have

— Ty and T; (¢ € T1) are pairwise disjoint sets,
— <4, =} are linear orders on T; for i € 7,
- k:T—>, T,
— length: T — N,
— (L, <) is a linearly ordered set,
— level : T = L,
—k:L—,T.
(b) For an I-OS-structure as above we define



ki(a) :=k(a) N Tj; k(1) :=k()NT; (i € T,a €T, €L);
a binary relation < on J defined for i,j € J by

i<j o ((eTINjeETINI<1j)VEETIAj=T)) ,

a global order < on T defined for 4,5 € J, a € T;, b € T; by

a<bs ((i=jra=<;b)V
(ieTiAjeTIAi <))V
(eTiAj=TNi=<1b)V
t=INjeTiANa<1}])).

a<'b:a<;bforabeT;.
— If ACT, then
k=1(A) :={a € T | k(a) C A},
k™1(4) :={a € L | k(a) C A}.
—HfACT,a€eT,then ANa:={be A|b=<a}.
(Note that as for o-OS < should be considered only as a technical simplifi-
cation: the real intuition should be that several OS-structures are working
in parallel; further note that on T; (i € J) < coincides with <;).

(¢) An I-OS-structure as above is an I-times iterated Ordinal System in short
I-0S, if for all 4, j,l € J,4',j' € T1, 7,5 € Ty, r', s’ € Ty the following holds:
(I—0S1) length[k(r)] < length(r);

) ki(r) <r;

) Ifr < s, then r <ki(s) Vr <’ sV level(r) < level(s).
) If j<i, then k;j ok; C k;.
I-0S5) k(level(r)) C k(r) U k[level[k;(r)]]-
) Ifd' < j', then levellk;: (r')] < level(r').
) Ifr < s, then level(r) <, level(s).
) Ifky(r') =0, then k(") C k(r').
) Ifd' <4, then kj (i') = 0.
I-0S10) If A CTis <-well-ordered, then k=1 (A) is <'-well-ordered and
k—1(A) is <p-well-ordered.

(d) An I-OS as above is well-ordered if (T, <) is well-ordered, and its order type
is that of (T,, <4), where a is the <-minimal element of T} such that T, # 0,
(if no such a exists, the order type is 0).

It is primitive recursive if the involved sets are primitive recursive subsets of
the natural numbers (parameterized in Ty, i. e. t € T,, is primitive recursive
in ¢t and w) all functions, relations (including <) are primitive recursive and
all properties (including linearity of <, <]) except for (I — OS 10) can be
shown in primitive recursive arithmetic.

It is elementary if additionally the well-ordering condition follows in PRA in
the sense of PRA-reducibility.

Remark 3.2. (I-0S 3), (I—-0S 5) and (I—0S 8) could be replaced by the fol-
lowing conditions, which will be fulfilled in all the examples given in this article.
We have chosen the weaker conditions above in order to be more general.



I-083) Ifr=<s,thenr Jki(s)Vr<'s.

(I—-0S5) k(evel(r)) C k(r).
(I-0S8) k(i) Ck(r).

Remark 3.3. In an I-OS as above we have Va € T1.k(a) < a.

4 Well-ordering proofs for I-OS using sequences

We are going to show Theorem 6.9 (a), (b): I-OS are well-ordered, and, if they
are elementary, they have order type below the proof theoretic strength of KPI.
We will show our assertion by giving a well-ordering proof for I-OS, which for
elementary I-OS can be formalized in KPI. As mentioned in the introduction,
we will carry out these proofs in two versions: In this section we will carry out a
well-ordering proof using sequences. We regard this proof as more intuitive than
the proof using distinguished sets, which is suitable for constructive theories and
carried out in Section 5.

The proof of the parts (a) and (b) of Theorem 6.9 will be almost identical. The
latter one is achieved by carrying out the proof of (a) for elementary I-OS in
KPI. The only difference between both proofs will be by choosing part (a) or
(b) of the following assumption:

Assumption 4.1. In this and the next section assume an I-OS
O = (T1, (Ta)ieg (<i)ies, (<i)ies, length, k, L, <1, level, k)
with the usual notations as above. Further assume one of the following:

(a) Our meta-theory is at least Kripke-Platek set theory with natural numbers
and there exists an admissible ordinal k¢ such that Va < kedr < ko(a < mAT
is an admissible ordinal), where in the following admissible ordinal means
“admissible ordinal > w”. O € L, and all conditions can be verified in
our meta-theory, where condition (I — OS 10) should be provable for all sets
A € L. Let in this case Ord := ko and Set := L, and sets and ordinals
range over Ord and Set. This condition is fulfilled if O is a set and we have
as meta-theory ZFC.

(b) Our meta-theory is at least Kripke Platek set theory with natural numbers,
Vadk.a < KAk is an admissible ordinal, O is a set, all conditions of being an
I-OS can be verified in our meta-theory, where condition (I — OS 10) should
be provable for all classes A. Let in this case Ord := {a | a ordinal} and
Set := {z | z = z}. This condition holds if we have KPI as meta-theory and
O is elementary.

The well-ordering proof will be similar to the one given in Section 2. Instead of
selecting the elements of X' in increasing order, we will now select for each «
the least element of T1 which has smaller components in the notations already
defined before, but was not selected itself. For each such ¢ we first select all
elements of T; as for 0-OS. Once we cannot find any more such an element, we
select first 4 itself and then move on to the next i.



Definition 4.2. (a) M[A] :={a € T | k(a)Na C A}.
For i € ,_7 M,[A] = M[A] N T,

(b) By recursion on the ordinals we define simultaneously i, € T; and a, €
T;, U{in}.- (Note Convention 2.2.)

Ay i={ag|B<anazl}
iq i~ min (M[AL] \ Ag)
N min. (M;, [As] \ Ay) if such a minimum exists,

7 )i otherwise.

(c) W:={an | @ €OrdAa, |}
W; =WnNT; (’LEJ)
Wit =W u {I}.

Remark 4.3. If A C M[A], a € M;[4], i € Ty, then i € M[A].

Proof. Induction on length(a). If k;(a) = @, then k(¢) C k(a) N a and therefore
the assertion follows. Otherwise ¢ € k;(a) for some ¢, ¢ € A C M[A4], by IH
i € M[A4].

Lemma 4.4. (a) If « < 3, ig |, then iy < ig.

(b) If a < B, ag |, then a, < ag.

(c) Ay and W are <-well-ordered, i.e. we have the principle of transfinite in-
duction over these sets and classes.

Proof. (a): Ind on . Assume 8 according to the assumption. If ig < iy, then
ig € M[Ag]\M[A,], there exists ¢ € k(ig)N(Ag\Ay). Let ¢ = a, witha <y < .
By IH i < iy =i, c =1, or ¢ € Ty, contradicting (I — OS 2) and (I-0S9).
(b): If i, < ig, this is clear. Otherwise i, = ig, i, = iy for # < v < a and the
assertion follows similarly as in (a).

(c) by (b).

Definition 4.5. (a) ¢ € Ty can be reached by A iff i € My[A] and Mi[A]Ni C A.

(b) If 4 € Ty, then a € T; can be reached by A iff i can be reached by A,
a € M;[A] and M;[A]Na C A (equivalently: iff (M;[A]UM;[A]) Na C A and
aai € Mz [A])

(¢) A C T is Tr-complete (T Ni-complete) iff, whenever i € Ty (i € TN %) can
be reached by A, then i € A.

(d) Assume i € Tr. A C T is T;-complete iff it is Ty N i-complete and whenever
a € T; can be reached by A then a € A.

(e) A is complete iff it is Ti-complete and T;-complete for every i € Ty.

Lemma 4.6. (a) A, is Ti-complete iff i, 1 (and therefore as well ay 1).

(b) If i € Ty, then Ay is T1 Ni-complete iff in T Vi < iq.

(¢) If i € Ty, then Ay, is Ti-complete iff ia T Vi <ia V ay = 1.

(d) If A, is Ti-complete (T1 N i-complete, T;-complete, complete) and a < (,
then Ag is T1 N i-complete (T1 N i-complete, T;-complete, complete).



(e) If k is an admissible ordinal, O € Ly, i, |, then A, is T;_-complete and
therefore a, = i.

(f) If i € T1, a € W;, then k(i) CW.

(9) W is complete.

Proof. (a), (b), (c): easy. (d): by (a) - (¢) and Lemma 4.4 (a).
(e): Let i := i,. By (b) A, is Ty N i-complete. Assume b € T;, b can be reached
by Ak. Then

1€ MI[AN] A MI[AK] NiCA,,
be Mz[An] A MI[AN] NbCA,.

Similarly as in Lemma 2.7 it follows that for some a < &

1€ MI[Aa] /\MI[Aa] NiCAg,
b€ Mi[Ao] AM;[AL] N b C A,

iq < i thereforei, =i, b€ Ay C A, orb=a, € A,.

(f) Induction on length(a). If k;(a) = @, then k(i) C k(a) Na C W. Otherwise
there exists ¢ € k;(a) C W, and by IH follows the assertion.

(g) Assume i € Mj[W]AM[W]Ni C W. As in (e) there exists some a such that

i € Mi[Ao] AMi[A]Ni C A, .

It follows A, is Ti N i-complete. There exists a < k € Ord, x an admissible
ordinal. By (d) A, is T1 Ni,-complete, i, T Vi < ik. If ix T Vi < i, it follows
i € Ay CW, otherwise i, =i and by (e) i = a, € W. If i can be reached by W,
then by the argument just given i = a,, for some a, A, and therefore as well WW
are T;-complete.

Lemma 4.7. (a) Ifi € T1 and a € W, then i € M[W] and M[W]Ni CW.
(b) If a € W;, then a € M[W] and M;[W]Na CW.

Proof. (a) a = a, for some 7. i =1, = min<(Mi[A,]\ A,), i € Mi[A,] C Mi[W],
and by Lemma 4.4 (a), (I-0S 2) and (I-08S 9) it follows Mi[W]Ni = Mi[A,]Ni C
A, CW. (b) follows in a similar way.

Definition 4.8. (a) W:=k™'(W).
(b) L:=k~t(W).
(¢) For M CT, M= :={a€ M|a€TVlevel(a) X1}

Lemma 4.9. WN T CW.

Proof. Note W = M[W]. We show Va € W.a € W by main induction on
level(a) € k=1 (W) (with respect to the well-ordering (!) <r, on it), side-induction
onaeW (with respect to the well-ordering (!) <’ on it) and assume a ac-
cording to the assertion. a € M[W]. We show Ve € Mi[W]Na.c € W and
assume ¢ € Mi[W] N a. If level(c) < level(a), by main IH ¢ € W. Otherwise, if
¢ <’ a, then level(c) = level(a), by side-IH ¢ € W. Otherwise ¢ <X k(a) C W,
¢ € Mi{W]Nmax(k(a)) C W. Now a can be reached by W and by the complete-
ness of W it follows a € W.



Proof of Theorem 6.9 (a), (b) using sequences.
First note that (W, <) and (L, <y) are well-ordered.
We show by induction on ! € L

vie LMWt cw

and assume [ according to induction.
We show .
Vae WlaeWw

by (side-)induction on (W, <'):
Assume i € J, a € M;[W] according to the induction. We define for j € 7,
CY(a) C T, and C(a) C T:

'Wj Na if ]27,,
M; W] Na if § =i,
{beT;| (G #I— level(b) <1, level(a))A
CY(a) := { VI<i(k; (b)) C Wy Na)A
k;(b) C M;[W] N aA if izj.
Vie J(i=I<j —
levelk;(b)] <r level(a))}

C(a) :== U CY(a).

jeT
Note that for i=<j,
Ci(a)={beT;|(j #1— level(d) <y, level(a)) A VI=jk;(b) C C'(a)} .
We prove
Vj € J.i%j = K[C(a)] C Ca) (1)

and assume i<j, b € C’(a) and show Ve € k(b).c € C(a) by induction on
length(c). Assume ¢ € Ty. If [<j, then by b € C’(a) it follows ¢ € C!(a). If
I =j =i, then c € WiNa C M[W]Na = C(a). Otherwise i<j=<I #i. If | #1,
level(c) <y, level(b) <1, level(a) and one of the <y, in this chain is actually <y,
so level(c) <, level(a). In both cases I # I and I = I it follows for all k< that
ki (c) C kg (b) and by IH ki (c) C C(a), ¢ € Cl(a).

Vj € J.i=j — Vb € C’(a).k(level(b)) C C(a) (2)
follows now by induction on length(b).
MiW]na C C(a) . (3)

If a € Ty, this follows by definition of C!(a). Assume a € T;, i € T1. We show
Ve € Mi[W] Na.c € C(a) by induction on length(c). By Remark 3.3 ki(c) C



W C M[W] and by side-side-TH ki(c) C C(a). Further, if j € Ty, d € k;(c), then
j=<ec=<i,ki(c) CW;Na=Ci(a). It follows ¢ € C(a).
We show by (side-side-)induction on length(b) simultaneously for all j

Vje JNbe Ca).(be WA (i=j — level(b) € L)) (4)

and assume b according to induction, b € C?(a). If j<i, this is trivial. Otherwise
we have k(b) C C(a) and by TH k(b) C W, b € W. Further k(level(b)) C k(b) U
K[level[k;(b)]] € W by IH, level(b) € L. Proof of b € W:

Case i = j: b < a, therefore b < k;(a) or level(b) < level(a) or b <’ a. If b < k;(a),
by k;(a) € W and Lemma 4.7 (b) it follows b € W. If level(b) < level(a), by
main TH and level(b) € L it follows b € W. Otherwise b <’ a, b € W and by
side-IH b € W.

Case i < j # I: level(b) < level(a) and as before b € W.

Casei<j=I:beW,be W.
By (3), (4), Ci(a) = M;[W]Na, a € M[W], therefore i € T1 — i € M[W] and by
the completeness of W it follows a € W.

5 Well-ordering proofs using distinguished sets

In this section we are going to develop the technique for carrying out well-
ordering proofs using distinguished sets. This is the technique used for analyzing
constructive theories and subsystems of analysis without ordinals. In the case
of standard ordinal notation systems of the strength of |KPI| it has been for
instance used by [8] for a well-ordering proof in Feferman’s theory Ty and in
[17] for a well-ordering proof for Martin-Lof’s Type Theory (which is slightly
stronger than |[KPI|). It was developed by Buchholz (the first presentation of it
can be found in [1]).

A distinguished set is a set A which is built in the same way as the sets A, are
defined. So ANT| must be constructed by successively selecting the least element
in Mi[A] not selected before, i.e. A is the set of elements of Acc(Mi[A]) which
are less than some ¢ € A. This can be formalized as A N T = Acc(M;[A4])|A.
(Acc(M) is the accessible part, i.e. largest well-ordered initial segment of the
ordered set M). Further, A N T; is constructed in the same way and we get
under the assumption that ¢ can be reached, i.e. M{[A] N i C A, the condition
ANT; = Acc(M;[A])|A. We will need as well versions, where we relativize the
set of ordinals needed in the definition of the accessible part and therefore get a
X-definition of distinguished sets, which can be used in instances of X'-collection.

Definition 5.1. (a) If A, BCT, A|B:={a€ A|3be B.a Xb}.

(b) fACT, a€T,then Ala:= Al{a}.

(c) Accq(A) := A,, where a,, together with A, are defined by recursion on v as
ay = ming (A\ Ay), A, = {ag | B <y Aag L.

(d) Acc(A) := Acck(A), where & is the least admissible such that A € L. One
easily verifies that Acc(A) is the largest well-ordered segment of A i.e. the
least set M such that a € M iff Vb€ A(b<a—be M).



(e) Wi[A] := Acc(Mi[A4)]).
If ¢ € Ty, then W;[A] := {a € Acc(M;[A4]) | Mi[A]Ni C A}.
WIA] := Uje g WilA]-

(f) We[A] := Acco(Mi[4]).
If 4 € Ty, then W[A] := {a € Acc®(M;[A4]) | Mi[A] Ni C A}
Wald] = Use, WAL

(g) A CTis distinguished (written as Ag(A), where Ag stands for the original
German word “ausgezeichnet” for “distinguished”) iff A = W[A]|A.

(h) Ag,(A4) & Va e (Wap1[A] \ W,[A])(A < a) A A =W,[A4]|A.

(i) The class W is the union of all distinguished sets which are elements of Set.
WA is the union of all distinguished sets which are elements of A.

Remark 5.2. (a) IfVa € (W [A]\ W2[4]).A < a, then W[A4]|A = W[A]|A.

(b) If A is distinguished, A € L, k admissible, then there exists o < k such that
Va € (WoT[A4] \ We[4]).4 < a.

(c) If A € Ly, k admissible, then A is distinguished iff Ja < k.Ag,(A) iff
da.Ag,(A).

(d) If B is an admissible set, a € B, Vx € a.3y € B.(Ag(y) A ¢(z,y)), ¢(z,y) a
X -formula, then there exists b € B such that Vz € a.3y € b.(Ag(y) Ap(z,y)).
The same holds in case we have (b) of Assumption 4.1 with B replaced by
the class of sets.

Proof. (a) It follows A < a for all a € WP[A] \ W2[4]) and all a < S.

(b) Ya € A3 < k.a € WP[A]. By k admissible and A € L, there exists a < &
such that Va € A.38 < a.a € WP[A] and by A = W¥r[A]|A, Va € (WeFL[A]\
We[A]).A < a.

(c): By (a), (b). (d): Replace Ag(A) by the X-formula Ja.Ag,, (A).

Lemma 5.3. If A is distinguished, then A is well-ordered.

Proof. Let B:={ie€Ti|ie AVT;NA#}}.

Assertion: Vi € B.BNi C A. Proof: Assume j <i € B, j € B and show j € A.
If by the definition of j € B we have j € A, we are done. Otherwise there exists
some ¢ € T; N A. ¢ € M[4], j € M[4], i € W[A] or for some a € T;, a € W[A4],
and with b=4 or b=a, j € Mj[A]Nb C A.

B is well-ordered: Assume Vy € B.(Vz € BN y.¢(z)) — ¢(y), y € B. Then
Bny=AnNTiNy, which is well-ordered, therefore Vz € B Ny.¢(z), ¢(y)-
Define now f : A — {<i,a> | i€ B,a€ (ANT;)U{c}} =2C. Tr 3 a+—
<a,00>and if i € Ty, T; 3 a — <i,a>. If we take as order on (ANT;)U{co}
the order (ANT;, <) Q{oo}, then C' with the lexicographic order is well-ordered.
f is order-preserving, therefore A is well-ordered.

Lemma 5.4. (a) Assume sets A, B, Ag(A), Ag(B), a € A, a X B. thena € B.
(b) If B is a set, VX € B(X C TA Ag(X)), then Ag(U B).

(c) A set A is distinguished iff A is an initial segment of W, i.e. A = W|A.
(d) W is well-ordered.



Proof. (a): We show Va € A.(a X B — Ala = Bla) by induction on a and assume
a according to induction. We show Vb € B(b < a — A|b = B|b) by induction on b
and assume b according to induction. By main and side-TH it follows ANb = BNb,
b e W[B]|b = WBNDb|b = W[AND|b = W[A]|b = A|b. Therefore the side-
induction is complete, together with main IH it follows A Na = BN a and the
main induction step follows as the side induction step.

(b) If a < UB, a =X C for some C € B, by (a) UB|a = Cla = W[C]|a =
WI[U B]|a, therefore | JB = W[ B]|(U B).

(c) If A is distinguished, then A C W and if a € W|A4, a € C for some distin-
guished set C, by (a) Cla = Ala, a € A. Therefore W|A = A. If W|A = A,
then Vz € A.3C(Ag(C) Az € C), By Remark 5.2 (d) there exists D such that
Vz € A3C € D(Ag(C)Az € C).Let D :=|J{C|z | C € DAAg(C)Az € CNA}.
Then D is distinguished, A C D, D C A because A is an initial segment of W,
A=D.

(d) Assume Yz € W.(Vy € W(y < = = ¢(y)) = ¢(x)), a € W. Then a € A for
some distinguished set A, A is an initial segment of W, therefore Vx € A.(Vy €

Aly <z = 0(y)) = ¢(2)), Yz € A.¢(z), 4(a).

Lemma 5.5. (a) WA is distinguished.

(b) If A is distinguished, a € T;, i € Ty, a can be reached by A, then (ANa)U{a}
is distinguished.

(¢) If A is distinguished, i € T1, ¢ can be reached by A and A is T;-complete,
then (ANi) U {i} is distinguished.

Proof. (a) By Lemma 5.4 (b).

(b) Let A" := (ANa)U{a}. We have W[A'|Na = A"Na: If b € W[A']Na, in case
beT;,be M;[ATNa=M;[A]Na C ANa C A',in case b € Ty again b € A, and
in case b € T;, j # 4,1, then j € Mi[4A]Na C ANa and by A distinguished and
be WA]Nj,be Ana C A" Further AANa=A4NaC W[A]Na=W[4]Na.
a € W[A],ae A", WA']|A" = W[A"]la = A'.

(c) Let A" := (ANi)U{i}. Asin (b) it follows Wi[A]|A" = A', W,;[A"]|A" = A’ for
J € T1\ {i}. Further by the T;-completeness of A W;[A'] = W;[A]C AniC A’
therefore W;[A']|A" = A', A’ is distinguished.

Lemma 5.6. If A, B are distinguished sets, A C B, a € T, a can be reached by
A, then a can be reached by B as well.

Proof. Casea =1 € Ty: Let C := (Tlﬁi)UUjeTIm. T ;. We show ANC = BNC:
“C” follows by A C B. “D”: We show Vb € BN C.b € A by induction on b.
Subcase b € T1: b € M[B]|b = M[BNb]|b=M[ANDb]|b C M[A]Na C A. Subcase
be T;,je€TinC: be M[B], therefore j € M[B] N C, and as before j € A,
b=<je€ A be Band by Lemma 5.4 (a) it follows b € A. Now i € M[A] C M[B],
and Mi[Blni=M[BNC]Nni=Mi[ANC]IniCM[A]niC AC B.

Case a € T;, i € Ti: We show ANa = BNa. “C” is clear. “2”: We show
Vb e BNa.b € Aby induction on b. If b € Ty or b € Tj, j € T}, j # 4, then the
assertion follows by the case a € Tt and since i can be reached by A. If b € T,
follows the assertion as in the case a € T1, b € T1. As before follows now the
assertion.



Lemma 5.7. (a) If A is an admissible set, i can be reached by W4, then W4
is T;-complete.
(b) W is complete.

Proof. (a) Assume b € T; can be reached by W4. Show b € WA. i and b can be
reached, i.e.

i € MIWA] A M WA ni € wA
be M;WA] A M;WA] nb C w4

By k(i) Uk(b) finite, closure of distinguished sets under union and the assumption
there exists By distinguished, By € A such that i,b € M[By]. Further we can,
using Remark 5.2 (d), inductively define distinguished sets B,4+1 € A (n € N)
such that Bn g Bn+17 MI[Bn]ﬂZ g Bn+17 MZ[Bn]ﬂb g Bn+1- Let B := UnEw Bn
B is distinguished, B € A,

i € Mi[B]AMi[B]nNiC B

By Lemma 5.5 (b) it follows that (B N b) U {b} is distinguished and b € Wy.
(b) W is Ti-complete: Assume 4 can be reached by W. As in (a) it follows that
i can be reached by some distinguished set B. Let A be an admissible set such
that B € A. Then B C Wy, by Lemma 5.6 7 can be reached by Wy, by (a) Wa
is T;-complete and by Lemma 5.5(c) it follows (W4 Ni) U {3} is distinguished,
i € W. If i € Ty, i can be reached by W, then as in (a) it follows that W is
T;-complete, and the assertion follows.

Lemma 5.8. (a) Ifi € T1 and a € W;, then i € M[W)] and M[W]Ni C W.
(b) If a € W;, then a € M[W] and M;[W]Na CW.

Proof. Trivial

Proof of Theorem 6.9 (a), (b) using distinguished sets: As before, using
W as defined in this section.

6 I-Ordinal Function Generators

We are going to show that the bound derived before is sharp, i.e. the supremum
of the order types of elementary I-OS is |KPI|. As for the systems considered in
[18] we will introduce I-ordinal function generators (I-OFGs), which provide a
more general framework for defining I-OS. Using these we will define directly a
sequence of OS, which could be regarded as “the standard I-OS”, in which we
use essentially the n-times nested Schiitte-Klammersymbole plus Cantor normal
form, and which exhaust, although we will not prove that, the strength of |[KPI]|.
We will then interpret directly the system used in [4] as an OFG and this will
show the desired lower bound.

Note that the use of ordinals is not really necessary in order to develop the ordinal
systems, it only simplifies the description of the ordinal systems slightly, and
makes the relationship with the more traditional approach to ordinal notation
systems more precise.



Definition 6.1. (a) An I-ordinal function generator, in short I-OFG is a qua-

druple B
0:=(C,L,AKk)

such that
— C is a set of ordinals,
— L= (L',<w) is a well-ordering,
— A= (Arg,, <, ki, I}, levely ) secuqry (I a special symbol),
— k' : L' =, Ord,
— for k € C U {I} we have
o (Arg,,<!) is a well-ordering,

K
o kIl : Arg, —,, Ord,
e level) : Arg, — L',
e Va € Arg, 1 (a) C K, (a),
e Va,b € Arg, (a <!, b — level, (a) <1/ level, (b)),
e Va € Arg, k'[level’ (a)] C K. (a),
— Arg, (k € CU{I}) are pairwise disjoint,
We assume in the following that L' and A, are disjoint and omit therefore
the index k in k/, I’, <, level’ and the index L' in <y,. Further let &, u, v be,
unless mentioned differently, elements of Z := C U {I}, and let O always be
as above.
For k €C k™ := U eenem™and O, := 6\ (k +1).
I=:=0,0;:=C.
Define the relation < on Z by s<u < (k,u €CAK < p)V(k €CAp=1).
Let A be minimal such that C < A. (In order to avoid the existence of large
cardinals, one can assume that C is a class instead of a set and treat A as a
symbol for undefined).
Arg :=J, 7 Arg,.
An I-OFG is cardinality based iff
— C is a set of cardinals which has as order type a regular cardinal 7 such
that w < w AVk € C.k < w (if we have treated A as undefined above, we
demand that C is a proper class),
— for all  such that & is not a regular cardinal > w we have Arg, =0,
— for all B C Ord countable kﬁ;l(B) is countable,
— for a € Arg,, ll.(a) C kl.(a) N Oy.
In this case we define for a € Arg,, k; ,(a) :=kj (@) N O,.
If O as above is a cardinality based I-OFG, we define simultaneously for
all K € T for a € Arg, by recursion on level, (a) € L', side-recursion
on (Arg,, <), evals(a) € Ord, subsets Cg(a),C%(a) C Ord (n € w) and,
whether NF (a) holds, by:
Case k € C:
- Cl(a) = (s~ + 1) U (U(k,(a) N O)) UL, (a),
= Cif(a) == Ci(a)V
{eval, (b) | v =1V (v = evali(c) € CL(a) ANF(c) Ac € Arg)A
K=2v Ab € Arg, A
((v=rKAb=<"a)Vlevel' (b) <1 level'(a))A
k'(b) C Cl(a) ANF,(b)},



— eval,(a) :=min({a | a € Ck(a)} U {k}).
Case k =1
- C%a) == (UK () N 00) UL (a),
— Ct'(a) := Cl(a)u
Ufevali(b) + 1| b € Arg; Ab <" an
AK'(b) C Cl(a) ANF1(b)},
— evali(a) :=min({a € C | o € Cx(a)} U {A4}).
In both cases
~ Cal@) = Uy, C(@),
— NF.(a) :& Kk'(a) C Ck(a).
eval(a) := eval,(a) for a € Arg,, Kk € T.
NF, := {a € Arg,, | NF,(b)}, NF := ], NF,.
For a,b € Arg a < b :& eval(a) < eval(b).
Let O be a cardinality based I-OFG.
We define T C NF inductively by: If K = IV (¢ € T N Arg; A k = eval(c)),
b € NF,, k'(b) C eval[T], then b € T.
Tr:=T N Arg. Tg := T N Argeyq (g for a € Tr.
Arg[T] :={a € Arg | k'(a) C eval[T]i, Arg, [T] := Arg[T] N Arg,..
Note T C Arg[T].
Assuming that eval | NF is injective and n C eval(Ty), which will be shown
below, we define k%, k!, k : Arg[T] —, T, length : Arg[T] — N, level :
Arg[T] — L' simultaneously by induction on a € Arg[T] as follows: Assume
a € Arg, [T].
— k€l =ka) := (eval ' (K'(a)) N T) Uk(eval ! (k).
— k=1=X%a) :=eval '[K'(a)]NT.
— k(a) :=k%a)U{d €k(c)|cek’a)Ad < c}.
— k(a) :=k!(a) Uk[k!(a) N Arg,].
— length(a) := max(length[k'(a)]U {—1}) + 1.
— level(a) := max({level'(a)} U level[k, . (a)]).
J =Ty U{I}.
In the following let always k,l € J.
Let <, <}, be the restriction of <, <’ to Ty.
1(a) := eval "' (I'(a)).
ki(a) :=k(a) N Ty, lg(a) :=1(a) N Ty (k € J).
Ci(a) := eval ' (Ci(a)), and for k € Ty, C}(a) := eval_l(Ceval(k)(a)).
L := k' (eval[T)).
<L be the restriction of <1 to L. _
Define k : L =, T, k(a) := eval ' (K'(a)) N T.
If eval(k) ™~ exists, k~ := eval ! (eval(k) ).

Lemma 6.2. Let O be a cardinality based I-OFG.

(a) Cy(a) is the least set M such that C%(a) C M and such that, if v =1V (v =

evali(c) € CL(a) ANF(c) A c € Argy), k=v, b € Arg,, NF,(b), k'(b) C M,
(v =k Ab=<"a)Vlevel' (b) <level'(a), then eval,(b) € M.



(b) If k € C, a € Arg,,, then Ci(a) N O is an initial segment of O,.
Especially eval,;(a) = Ck(a) N k.
If a € Argg, then Ci(a) is an initial segment of Ord.

(c¢) If a € Arg,, then eval,(a) € O, (k € T).

(d) Ifa,b € NF, then eval(a) < eval(b) < (a <' bAk;, ,(a) < eval(b))Veval(a) <
KL, (b):
Especially eval | NF, is injective and therefore k, k°, k', length and level
are well-defined. B

(e) F = (TI, (Tk)keTI; (-<k)kej, ('<;c)kej,length,k,L, -<L,1eve1,k) is an I-OS-
structure.

(f) In F, the relation < derived from F being an 1-OS-structure coincides with
the original relation <.

Proof. (a) follows, since k'(a) is finite.

(b): Main induction on level(a), <'-side induction on a. Assume the assertion for
level(b) < level(a) or b <’ a. We show Ya € C?(a) N k.ae C Cy(a) by side-side-
induction on n: n = 0: clear, since I'(a) C ki, .(a). n — n + 1: Case k = I: clear.
Otherwise: If a € (C?*'(a) \ C?(a)) N O, then a = eval, (b) with k'(b) C C”(a)
and b <’ a, by side-side-IH and, since I'(b) C k'(b), J{k'(b)NO,) UL (b) C Ck(a),
and by an immediate induction CL(b) C C(a) for all I € w, C,(b) C Cg(a),
therefore o = min{y | v ¢ C,(b)} C Cyx(a).

(¢) k # L. By an induction and the regularity of & it follows that the cardinality
of C%(a) and therefore as well that of Cx(a) is < k. We conclude that there
exists an a < & such that a ¢ C,(a).

t = I: Similarly it follows that there the cardinality of Ci(a) is < A. Therefore
there exists @ < A such that o ¢ Ci(a). For some a < 7 € C it follows 7 ¢
Ci(a) NC.

(d) “«" If a <' b, ki, .(a) < eval(b), NF(a), it follows easily k'(a) C Cx(a) C
Cx(b), eval(a) € C,(b) Nk = eval(b). If eval(a) < ki, .(b), the assertion follows
by ki .(b) < eval(b). “=” If the right side is false, the right side holds for b < a
or a = b, so the left side is false.

(e) Trivial. (f) Easy.

Convention 6.3. In the following we will use all the definitions introduced for
general I-OS-structures for the I-OS-structure of Lemma 6.2 (e).

Lemma 6.4. Assume k € 7, a € T

(a) b€ k(a) = k(b)NbCk(a).

(b) b € ky(a) = k(b) C k(a).

(c) k=1=k(a) < a.

(d) (k € TyAb € Clla) \ (k= U {k~}) = k(b) C Cl(a).
(e) (ke T Nae€Ty)=k(a) CCila).

(f) Ifl € T1, k=L, b € T; N C}(a), then level(b) < level(a).
(9) lengthlk(a)] < length(a).

(h) ki(a) < a.

(i) beTrANa<b)= (a=<'"bVa=kgb)).



() If k,1 € 7, 13k, then [k (a)] C k(a).

(k) k(level(a)) C k(a).

(1) k=<l € T1 = level[k;(a)] < level(a).
(m) (a,b € T, Aa <b) = level(a) < level(b).

(n) (k€ TrAa € Ty) = k(k) Ck(a).

(o) (k,leTink<1)=k(k)=0.

(p) F is an 1I-0S. We call any 1I-OS isomorphic to F an I-OS based on O.

Proof. (a), (b): Induction on length(b).

(¢): Induction on length(a). k! (a) <X k°(a) C C{(a), therefore k!(a) C Ci(a). By
IH k[k'(a) N Arg, ] < k'(a) < a.

(d) Induction on length(b): k°(b) C Cj(a) and by IH it follows the assertion.
(e) In case k = I this follows by k(a) < a and otherwise it follows similarly as
(d), but using (d) instead of the TH.

(f) Induction on length(b). By (c), (d), k;(b) € Ci(a
level[k;(b)] < level(a). Further level’(b) < level( )
level(b) < level(a).

) and by IH therefore
< level(a), and therefore

(g) Trivial. (h) By k(a) C Cj(a). (i) Lemma 6.2 (d).

(G) Il <k €T, b€ kg(a), then k;(b) Ck(b)Nb C k(a) by (a). If Il € Ty, k =1,
b € ki(a), then by (c) k(b) < b, k(b) = k(b) Nb C k(a).

(k) Note first that for all a k(level (a)) C k(a). We show by induction on length(a)

the assertion: k(level(a)) C k(level’ (a)) Uk[level[k, (a)]] C k(a) Uk[kx(a)] C k(a).

(1): By (c), (¢), (£).

(m) Induction on length(a) + length(b). If a < ki(b), then by IH level(a) <

level[ky,(b)] < level(b). Otherwise a <’ b, level'(a) < level’ (b) < level(b). Further

by IH level[k(a)] < level(b) and therefore level(a) < level(b).

(n) Trivial. (o) By (d). (p) By the above.

Definition 6.5. (a) (29 :=0, 2, := N, for a # 0.

(b) Let I be the least strongly inaccessible cardinal. (One can easily replace this
by demanding that the class of ordinals has the properties of a strongly
inaccessible cardinal).

(c) Define 0y € Sg, by 0p := 0, 041 := ( ) (the empty Klammersymbol), where
Sk, is as in Example 2.7. (i) of [18].

Example 6.6. (a) Let | € w, I > 0 be fixed. We define an OFG as follows:

— C:={ |0 < a <1}, (where 2, := R, for a > 0),

(Argg, , <, ) =0 if o is not a successor ordinal,
CNF g, ([0, £1[,]0,w]), if a =0,
CNFQ&H ([0: *Qa+1[a ]07 'Qa[)\
(CNFQQH ({0}’]07 Qa[)u

{CNFQa_'_l (1L,nhH otherwise,

(Argg, .. <'{2a+1) : (Afgfza+1a a+1) B Y2, (S1),

where §; is defined as in Example 2.7. (i) of [18], but restricted to ordinals
<L

(Arglo, ,.» <0uy) =



— (Argy, <) := Q0,11 Q¥1(S)-

- k.., (a), Iy, are defined as k;, 1; in Example 3.7. (b) of [18], for a = 0
asi=0and fora>0asi>0,
L) :=kj() =0,
for a > 0, kj(24) := {a}, 1( o) =0,
ki (1(A)) := K, (A), where ki, is as in Example 2.7. (i) of [18], 1{(¢1(A)) :=
0

— (L', <w) := & (with its order).

— levelg,,,(CNFy, . (@) := 0y,
leve1~ch+1 (¢na+1( )) = A4,
leveh(() ) =0y,
leveh (¢1 (A)) = A.

— k(A) := KL (A).

Then one easily sees that the above definitions yield a cardinality based I-
OFG (ko = 1). Tt follows eval;(2,) = 2, (a > 0),

evalp, (CNF g, (a1, mq, ... ,0n,mp)) = w*my + -+ + w0 my,,
evalg, ., (CNFo,,, (a1, B1,-.. ,an,Bn)) = 2o B1 + -+ + 2% Bp.

We can obtain the system of [4] from (a) by making the following changes:

— Let f; : S; = Ord be defined as f; in Example 2.7. (i) of [18], but with
basis I.

— Restrict 9, ,, (A) to A such that f;(4) € Cq,,,(fi(A)), where Cq,_,
is defined as in [4] (or equivalently such that k(4) C Cq, +1(fi(A))).

— Restrict ¢1(A4) to A such that f;(A) € Ci(fi(4)).

— Insert in (Argg,_,,, <0, ,,) between Argl, ., and the “Yg, ,-terms”
©10,2041[ ([0, 2a+1[), define klﬂa+17 llﬂa+1 for these new terms as k, 1 in
Example 2.7. (f) of [18] and level(p,b) := 0;. (Note that we have already
the w-function, which corresponds to Ay.@g7y in the system of [4]).

Then one can easily see that we obtain again a cardinality based I-OFG (ko =
I), evalg,,, on CNFq_,, (&), and eval; on 2, have the same values as in (a),
eva19a+1 (‘paﬁ) ®albs eva19a+1 (¢Qa+1( )) ¢Qa+1 (fl( )) evall(d”( )) =
Y1(fi(A)), where 9q, ., 11 are as in [4], and the term set of the underlying
ordinal system together with its order is isomorphic to the set of terms in
[4] which make use of terms < w;(I+ 1) only (where wg(a) := a, w;41(a) :=
w«(®))_Therefore in the limit the order types of these I-OS reach |[KPI]|.

Remark 6.7. The (straightforward) generalization of Remark 4.7. in [18] to
I-OFG holds.

Lemma 6.8. (a) For every OFG in the Example 6.6 there exists an elementary

OS based on it.

(b) The supremum of the strength of I-OS is |[KPI|.

Proof. (a) as for Lemma 2.9. of [18]. (b) The elementary OS based on the se-
quence of OFG of Example 6.6 (b) (as well those of 6.6 (a)) have in the limit
the strength of |KPI]|.

Theorem 6.9. (a) Every I1-OS is well-ordered.



(b) Every elementary 1-OS has order type below |KPI| = |(A} — CA) + (BI)| =

Y(€rt1)-
(¢) The bound in (a) is sharp.
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