Rules for the IIs-reflecting Universe

Anton Setzer*

February 15, 1999

Abstract

We introduce a universe, which yields the strength of KP + IIs-
reflection + w admissibles above it.

1 Rules for the II3-reflecting unverse

The basic structure

U is a universe, with decoding function S(z).

Univ is a subset of U, each element u of it is a subuniverses of it U with decoding
function T,,.

M is the set of Mahlo-degrees, and m(u) is the Mahlo-degree of a universe w.
If u is a universe then it will be Mahlo with respect to every m(u)®°[i] for
i : 7%(m(u)) for every family of sets a, b in u. So the degree of Mahloness
depends on m(u) and the universe w.

In order to distinguish recursive and inductive definitions we underline all
constructors when they are introduced the first time (afterwards we don’t un-
derline them, to reduce the amount of syntax). So, whenever we have a rule
which yields a set or an element of a set and have an expression which does not
start with an underlined constructor, this is a recursive definition, and whenever
we introduce a new element of the set by recursion on which it is defined (and
introducing means, that the element starts with a constructor), we have to tell,
how to evaluate it. For instance, S(a) is defined recursively by recursion on
a : U, and it is defined by S(univ(u)) = Uy, S(3(a,b)) = £(S(a),S o b), where
univ and £ are the constructors of U.

U : Set Univ : Set
u : Univ a:U
univ(u) : U S(a) : Set
u : Univ u : Univ
U, : Set S(univ(u)) = U, : Set
U Univ a:U,
Ty(a): U

If w : Univ, a : Uy then Ty (a) := S(Tu(a)) : Set.
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. u : Univ
M : Set m(u) - M
a:U b:S(a) » U m: M .

s r0(m) = S(7 (m)
m:M a:U b:S(a) - U i:7%%(m)
m®P[i] : M
U is a universe
a:U b:S(a) > U a:U b:S(a) > U
Z(a,b) : U S(%(a, b)) = £(S(a),S o b)

Similarly closure under Ng, N1, No, N, +, II, W, L.

The elements of Univ are universes

u : Univ a:U, b:Ty(a) » U,
X(a,b) : Uy
u : Univ a:U, b:Tyu(a) = U,

Tu(2(a,b) = E(Tu(a), Tuod) : U

Similarly closure under ﬁo, ﬁl, ﬁg, ﬁ, ¥, ﬁ, W, L

Universes are Mahlo with respect to -'[]

w : Univ r: Uy
s:Tu(r) = Uy i 2 7 Tu () Tuos (1 ()
f: (x 1 Uy, Tu(m) — Uu) = U, g¢: (:E 1 U,y Tu(m) - Uu,Tu(f(a:,y))) = Uy
SUy 15,0 frg Univ

Assume now in the following the assumptions of the last rule.
We write fg for u,r,s,i, f, g.

m(sufé) = (m(u))TU(T)7T"OS[i] M SUf-é = Usut__g : Set

SUfé is a subuniverse of u:

a:SUf-gv a:SUs

fg

§f~g(a) : Uy Tu(sg(a)) = Tsuz(a) : U

SUf;g is closed under f, g:

a: SUf-é b: Tsuf_)z (a) & SUf-é
appf & (a,b): SUf—é_

a: SUf-é b: Tsufg (a) — SUf-é
Tsuf-é (a’ppff'é(aa b)) = Tu(f(sf'é (a)a 8¢z © b)) U




a:SUg
b:Tsg(a) = SUg  c: Tu(f(sg(a),sg ob))
appgf'g’ (aa b) C) :SUg

a:SUg
b: Tsu (a) = SUg c: Tu(f(sg(a),sg 0 b))

Introduction rules for M

F:(a:Ub:8(a)=U)-U G:(a:U,b:8(a) = U,Upep) = M
mahlo(F,G) : M

And under the assumptions of the last rule we have:

7%%(mahlo(F,G)) = F(a,b) : U mahlo(F, G)**[c] = G(a,b,c) : M

Existence of Mahlo universe

For every Mahlo-degree we have universe of its degree:

m: M, f:(z:U,y:8(z) > UV) > U g:(z:U,y:S(z) > U,z:5(f(z,y))) > U

Vi, f,g 0 ULV

Assume now in the following the assumptioris of the last rule.
m(Vp,fg) =m: M

Vg9 = Uv, 5., 2 Set

Vi, 1,9 is closed under f, g:

a: mef’g b: Tvm,f,g (a) — Vm’f,g
g(aab) Vi, s,

a: Vmafyg b : Tvm b g(a) — Vmaf7g
To,s (Appfm’f,g (a,b)) = f(Ty,, ,,(a), Ty, , ob):U

a:Vm,fg R R
Vol @® = Vi pg ¢ Tou(f(Ty, (@), Ty, , ob))
Appg, . (a,b,¢): Vi 14

b: T

a:Vm,t,g
b:Ty, (@)= Vs, c:Tu(f(Ty,, ()T, , ob)
Tvm,f,g (Appgm,f,g (aa ba C)) = g(TVm,f,g (a)aTvm,f,g o b),C) : U

Elimination rules for the universe

non applicable



