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Abstract
We define ordinal notation systems from below and show that the proof-
theoretic strength of theories, in which we can define the accessible part,
cannot be expressed in such systems. It is shown that in Martin-Lo6f’s type
theory with W-type we can define the accessible part. Ordinal notation
systems which are stronger than those from below are introduced, we give
well-ordering proofs for Martin-Lof’s Type Theory with non nested and
with arbitrarily nested W-type and obtain (best possible) lower bounds
for the proof-theoretic strength of the theories considered. The focus in
this article is on explaining and motivating techniques of well-ordering

proofs to researchers outside proof theory.

1 Introduction

The proof-theoretic strength « of a theory is the supremum of all ordinals up to
which we can prove transfinite induction in that theory. Whereas for classical
theories the main problem is to show that a is an upper bound for the strength —
this means usually to reduce the theory to a weak theory like primitive recursive
arithmetic or Heyting arithmetic extended by transfinite induction up to a, which
can be considered to be more constructive then the classical theory itself — for
constructive theories this is in most cases not difficult, since we can easily build
a term model in a classical theory of known strength. For constructive theories
in general the main problem is to show that « is a lower bound: that despite of
the restricted principles available one has a proof theoretically strong theory.
In this article we will concentrate on the direct method for showing that
a is a lower bound, namely well-ordering proofs: to carry out in the theory a
sequence of proofs of the well-foundedness of linear orderings of order type ay,
such that sup,,c., @n = a. Such proofs can be considered to be the logically most
complex proofs which one can carry out in the theory: in most cases additionally
to transfinite induction up to a,, for each n only primitive recursive arithmetic
is needed in order to analyze the theory proof theoretically and in order to prove
the same II9-sentences. Griffor and Rathjen (1994) have used the more indirect
method of interpreting theories of known strength in type theory for obtaining
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lower bounds for the strength of it. Apart from the fact that in the case of one
universe and W-type Griffor and Rathjens approach did not yield sharp bounds
we believe that the direct method has the advantage of giving a deeper insight
into the theory, since one examines the principles of the theory directly without
referring to the analysis of another theory, and that the programs obtained by
it are of independent interest.

In (Setzer 1995) and (Setzer 1996) we have carried out well-ordering proofs
for Martin-Lo6f’s type theory with W-type and one universe and for the Mahlo
universe. In this article, in contrast with these technical articles, we want to
concentrate on explaining the techniques used and therefore help to make them
accessible to researchers outside proof theory. We will do this for the theories
without universes (except of a microscopic universe which contains two types)
and plan to continue this exposition later with an article in which we explain
well-ordering proofs for theories with an ordinary universe and with a Mahlo
universe.

We will start our introduction to well-ordering proofs by explaining the or-
dinal notation systems needed. They seem to be the main obstacle to the un-
derstanding of the proof theory of strong systems. In order to motivate, what
kind of systems are necessary, we will introduce in this article first ordinal nota-
tion systems in general (Sect. 2) and some weak ordinal notation systems (Sect.
3), which are relatively intuitive. We will analyze them, define the concept of
ordinal notation systems from below and observe that the systems introduced
fall under this concept. An ordinal notation system is essentially from below, if
the notation of an ordinal « is based only on smaller ones and and all ordinals
[ below a have notations which can be introduced by a recursive process before
a. Therefore the ordinal notations are systematically built up from below and
this makes it easy to understand that they are well-founded.

In Sect. 4 we introduce the accessible part as the largest well-founded segment,
of a linear ordering (a segment of the ordinals is a subset of the ordinals A such
that V3 € A.8 C A). With this concept we can formalize, what we think is
the reason why such systems can be seen as intuitively well-founded (see the
proof of lemma 4.3 (b)): the accessible part is closed under the functions the
notation system is built of and therefore we have transfinite induction over the
full notation system. This proof can be carried out in a theory which allows to
define the accessible part. Since this is the case for the theories considered here,
the proof theoretic strength of them can no longer be expressed in systems which
are from below, and stronger systems are needed.

We will explain the extended principles needed for the definition of stronger
ordinal notation systems (Sect. 5) — we will denote ordinals by using bigger ones
— and then carry out the well-ordering proofs for type theory with Kleene’s O,
one unnested W-type. We will end this article in Sect. 6 with the introduction of
stronger ordinal notation systems and well-ordering proofs for type theory with
arbitrarily nested W-type.

Some conventions about sequences of ordinals and natural numbers follow:
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The sequence of Ehe ordinals ag, ... ,a, coded in the usual way is denoted by
(a1,...,an); @,0,... denote sequences of ordinals coded in this way; the ith
element of @, 8, ... is a;, B;, - .- .

Ord is the class of ordinals in set theory and Ord™* the class of codes for sequences
of ordinals.

If ai,...,a, are natural numbers, <ai,...,ar> is a code for the sequence
ai,... ,ap (with the usual properties like primitive recursiveness); sequences of
natural numbers are denoted by @, b, ¢, .. .; the ith element of @ is a;, of b is b;,

etc.; seglength(@) is the length of the sequence @; @ * b is the concatenation of
the lists @ and b.

2 Ordinal Notation Systems

The usual way of introducing ordinal notation systems is to start with a collection
of functions f; : dom(f;) C Ord® — Ord and then to introduce a collection of
terms T built from symbols ﬁ representing the functions f;. In T one usually has
more than one notation for the ordinals denoted, therefore one selects normal
forms, i.e. subsets nf(f;) C dom(f;), such that in the term system OT formed
from terms built from normal forms only we have at most one notation for every
ordinal. This will be formalized in the following:

Definition 2.1 Assume f; : dom(f;) C Ord® — Ord, nf; C dom(f;), (1 =
1,...,n), F = (fi,nfi)i<i<n. fd = (ai1,...,ar), then fi(@) = (o, ..., ax).
We omit unnecessary brackets and write f;, f; instead of fi(), fi()-
(a) nf(f;) := nfi, NF(fi(d@)) :& @ € nfi, a =xr fi(B) & NF(fi(B) Aa =
fi(B).
(b) Closure(F, p), the closure of p under f; in normal form, is the least subset
of Ord such that p C Closure(F, p) and, if a;,... ,ay € Closure(F, p) and
o =xr fi(a1,...,ar), then a € Closure(F, p).
(c) F is called a system of ordinal functions in normal form, iff the following
holds: . . .
(NF 1) If a =nr fi(@), a =~r f;(8), then i =j and @ = .
(NF 2) Ifd=(ai,...,ar) € dom(f;), ai,...,ar € Closure(F, p), then
fi(@) € Closure(F, p).
(d) An ordinal function with normal form is a pair (f, nf) such that (f,nf);<i<1
is a system of ordinal functions in normal form.
(e) We will in the following usually write f; instead of f;.

In condition (NF2) we refer to Closure(F, p) and not only to Closure(F,0) in
order to make the extension of the system by adding further ordinal functions
easier.

Definition 2.2  Assume that F = ((fi,nf;)1<i<n) is a system of ordinal func-
tions in normal form. Let fi(ni,...,ng) == <i,ng,...,nx> (n1,...,n € N).
We write f; instead of f;(<>) and fi(n1,... ,nx) instead of f;(<ni,...,nE>).
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(a) Tz, or shorter T, the set of pre-terms for F, is defined inductively by: if
keN, t1,...,t, € T, 1 <1i <k, then fi(t1,...,tr) € T. Note that T is a
primitive recursive subset of N.

(b) length; or shorter length : T — N and oz or shorter o : T — Ord are
defined by: length(f;(t1,. .. ,t)) := max{length(t;),... ,length(tz)} + 1.

o(filty,... ,t)) := fi(o(t1), ... ,o(tk)) if (o(t1),... ,0(t)) € dom(f;),

0 otherwise.

(¢c) We define OTx C T (or shorter OT), the set of ordinal notations corre-
sponding to F simultaneously by: B
Ifay,...,ar 7 OT and NF(fi(o(a1),... ,0(ax))), then fi(ai,...,ar) n OT.

(d) For a,bn OTx, a < b:s or(a) < ox(b),a XFb:&a<rbVa=>0.
Again, we will usually omit the index F.

(e) The ordinal notation system defined by F is the triple (OTz, <x,0x). An
ordinal notation system defined by functions in normal form is a triple
(OT, <,0) such that for some functions F in normal form (OT,<,0) =
(OT %, <x,0r7). We write (OT, <), if o is obvious or not used.

(f) The ordinal notation system (OT, <, 0) is called primitive recursive, if OT
and < can be defined primitive recursively.

(g) 1SF].—(~fz-(t1, S %) :<:>,\(,0(t1)~’ .o.,0(tr)) €nf; Aty,... ,tpn OT;
nf 7(f;) := {f € OT* | NFz(fi(£)}; 3
t =NF,F fi(tl, - ,tk) = NF]:(f,'(tl, - ,tk)) ANt = fi(tl, - ,tk).

(h) We will usually omit the tilde and indices F.

(i) In the following usually r, s,t denote elements of T and a, b, ¢ elements of
OT (possibly with subscripts).

Note that, since we have normal forms, o : OT — Closure(F, 0) is bijective.
Further, if we have a primitive recursive ordinal notation system for F, then the
relation ¢t =xr fi(t1,...,tr) is primitive recursive in ¢,¢1,... ,tx, since t =xr
filti, ... tg) © t = filti,... ,tx) At t1,... ,tx n OT.

We will give some examples of primitive recursive ordinal notation systems:

1. The Cantor Normal Form. Let dom(CNF) := {(a1,m1,... ,ar, mg) |
k € w,a; € Ord,m; € w}, CNF(aq,nq ... ,0,n;) = w*(ng +1) +--- +
w* (nk + 1), CNF() := 0. NF(CNF(a1,n1,...,ak,n)) & a1 < -+ < af <
CNF(a1,n1,. .. ,05,nk), NF(CNF()). The ordinal notation system defined by
CNF can be easily seen to be primitive recursive by using that in case of
NF(CNF(a1,n1,-.. ,ak,ng)) and NF(CNF(8y,m1,... , 0, m;)) we have
CNF(a1,n1,... ,a5,n) < CNF(B1,m1,...,0,m) & ((aa,n1)...,(ak,nk))
<iexjlex ((B1,m1)...,(B1,m1)), where <jexjex is the lexicographic ordering on
strictly descending sequences based on the lexicographic ordering on pairs (y,n)
which itself is based on <.

2. The Veblen function ¢. Let ¢,8 be the (1 + 8)th common fixed
point of the functions Ay.pyy (&' < @) and of Ay.w”. We can show (see for
instance (Schiitte 1977)) po 8 < B & (B < puf ANa<a)V (<P ANa=
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)V (paB < B ANa' < a). Let NF(paf) :& a, 8 < po3, and NF(CNF) defined
as before. Then CNF and ¢ define a primitive recursive ordinal notation system.

3. The n-ary Veblen-function ¢” : Ord" — Ord is defined by ¢™(0,... ,0,
B) = wof and, if ai # 0, then ¢™(aq,...,ax,0,...,0,08) is the (1 + B)th
common fixed point of the functions Avy.p™(a1,... ,ak—1,0,%,0,...,0) with
o~ < oy. Define NF(p™(@)) & ai,...,a, < ¢"(d). CNF and ¢" define a
primitive recursive system of functions in normal form.

4. The Schiitte Klammersymbole Schiitte (1954) introduced an exten-
sion of the Veblen functions by allowing arguments indexed by ordinals, of which

only finitely many are present. The symbol p(A), with 4 := ( %1 (;n )
L o Bn

stands for the value of the extended Veblen function, where the §;th argument is
a; (and the others are 0). They can be defined formally by transfinite recursion
on ((f1,01),. -, (Bn,an)) ordered by <jexlex, Where <jex,lex i the lexicographic
ordering on descending sequences based on the lexicographic on pairs, which
is itself based on the ordering < on the ordinals. For A as above we define
NF(p(A4)) if 0 # a; < p(A), Bn < ---B1 < p(A). With the properties shown
in (Schiitte 1954) one can see, that the Schiitte Klammersymbole together with
the constant 0 form a primitive recursive ordinal notation system.

Simplification of the general situation. We can code a system of ordinal
functions (f;,nf;)1<i<n into one function with normal form (f,nf) as follows:
Assume (after some small changes in F) that dom(f;) = {()}, and i — 2 €
Closure((fj,nf;)1<j<i,0) (2 < i < n). Therefore 0 =xr fo(). Let dom(f) .

nf(f)
{0} UUscicnili = 2,01, ;am) | m € wA (o1,... ,am) € dgg;;f;>}, f0 =0,
fG—2,01,...,an) := filar,... ,an) (2 <i < n). Now the ordinal notation

systems formed by (f,nf) and (f;,nf;)1<i<n are essentially the same. In order
to simplify the considerations we will in the following in the development of the
general theory restrict ourselves to systems of ordinal functions consisting of only
one function. The examples of systems given will be identified with the system
consisting of one function only obtained by the above procedure.

3 Ordinal Notation Systems from Below

Ordinal notation systems from below are those, in which ordinals are introduced
in a systematic way by denoting ordinals using smaller ones. Such systems should
be intuitively well-ordered. The formalization of this leads to three conditions:
Ordinals should be denoted by smaller ones, therefore we need that, if @ €
NF(f;), then a; < fi(@). One might think, that this already defines systems
from below completely. However, any ordinal notation system OT can be im-
mediately seen as a system fulfilling this condition: take the system consisting
of the constant 0, the successor function restricted to natural numbers and the
function which assigns to a natural number a, which is a code for an infinite ordi-
nal notation in OT, the ordinal o(a). This example shows that, in order to have
notation systems which are intuitively well-ordered, we need that new notations
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for ordinals are introduced only after having denoted all smaller ordinals.

Therefore we have the second condition: all ordinals b below some ordinal
a = NF f (&) should be introduced before a: Either b < a; and, since a; is known,
b is known as well, or b = NFf(b) and b <’ @, where <’ is some ordering on the
argument tuples which expresses what is meant by the word “before”.

We can view this process of introducing new ordinals as recursion on <'. In
fact it will essentially the same as the recursion, by which the ordinal function
corresponding to f can be defined. Now, since we have a recursive process, <’
needs to be a well-ordering. We will look at our examples in order to make more
precise, what condition is required for <':

In the first example <’ is the lexicographic ordering on descending sequences
based on the lexicographic ordering on pairs. If we code up the second example
into one function we need the additional constant 0, therefore have to omit ()
from NF(CNF), and get f() = 0, f(0,é) = CNF(é) and f(1,b,¢) = ppc. We
can define now () <’ (0,8) <’ (1,b,¢), and order tuples (0,é) by the double
lexicographic ordering on ¢ as before, and triples (1,b,c) by the lexicographic
ordering on pairs (b,c). Then for instance, if a < b =xv ped = f(1,¢,d),
a=nr 0= f() with () <’ (1,¢,d) or a = CNF(€) = f(0,€) with (0,€) <’ (1,¢,d)
ora=nr @f = f(l,e,f), with ¢ < e and a < d or (e, f) <iex (¢,d), (1,d,e) <’
(1,b,¢). For the system built from CNF, »" we can take a similar ordering with
the lexicographic ordering on n-tuples instead of pairs, and in the last example
of the Schiitte Klammersymbole we can take as <’ the double lexicographic
ordering similar to that used in the first example.

All these orderings have in common that their well-foundedness reduces by
a proof theoretically weak argument to the well-ordering of <: We will see later
that in all examples for every formula ¢(b) there exist formulas ¢;(a, 21, -- - , 21)
such that from transfinite induction on (OT, <) for {a | ¢i(a, 21,-.. ,21)} we can
conclude transfinite induction for the class {b | ¢(b)} by a simple argument. Sim-
ple means that this argument can be carried out uniformly in primitive recursive
arithmetic PRA. Uniformly means now that we can show that for all subsets R
of N transfinite induction over (nf(f) N R*, <') reduces to transfinite induction
over (OT N R, <). The extension to subsets R of OT expresses that, whenever
we have introduced a set of ordinal notations R such that R is well-ordered,
then we have already well-ordering of the corresponding set of argument tuples
nf (f) N R*.

We will give now the precise definitions:

Definition 3.1 Let PRA be primitive recursive arithmetic, i.e. Heyting
arithmetic, but with induction restricted to quantifier free formulas. PRAT is
the extension of PRA by additional predicates of arbitrary arity without defining
axioms and without induction for formulas containing such predicates. We call
such predicates free predicates.

Definition 3.2 Assume that T is some theory with some standard inter-
pretation of the connectives of PRA and of primitive recursive functions in it
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(the primitive recursive functions might be represented by relations representing
the graphs such that we can show the existence and uniqueness conditions for
functions). T is an extension of PRA, if all the rules and axioms of PRA can be
derived in the extended language (with this representation of connectives and
functions).

Definition 3.3

(a) Let in the following <, <',... denote binary relations represented by for-
mulas in PRAT, i.e. n < m is some fixed formula, s < t := (n < m)[n :=
s,m :=t]. Let < be fixed in the following.

(b) ¥n < s.p:=Vnn <s— ¢, In < s.¢:=In.n < sA¢.

(c) A class in any extension of PRA is an expression of the form {n | ¢}, where
n is a variable and ¢ a formula in the extended language (which means, if
the theory is Martin-Lof’s type theory, that we can prove n € N = ¢ set).
The variables of the class {n | ¢} are the free variables of ¢, excluding n.
In the following A, A’, B, ... denote classes.

(d) sp{n | ¢} :==@P[n :=s];Vnn A.¢ :=VYnnn A - ¢, similarly for In n A.¢;
{nnAl¢}:={n|nnAA¢}

(e) We identify a primitive recursive set A with the class {n | f(n) = 1}, where
f is the primitive recursive function N — N such that f(n) =1 iff n is an
element of A, f(n) = 0 otherwise.

(f) We identify {n | Q(n)} with @, if @ is a unary free predicate.

(g) A x B:={fi|seqlength(il) =2Angn AAnyn B};

A* := {@i | Vi < seqlength(7@).n; n A}; A]B := {n | nn Aln n B}
a< :={n|n < a}, and we omit usually the index <.

(hy ACB:=VnnAnnB; A=2B:=ACBABCA.

(1) Proga,<)(B) :=Vnn A(ANn<) CB—nnB.

TI(a,<)(B) := Prog 4 -)(B) = A C B.
Definition 3.4 Transfinite induction over (<, A) is in PRA reducible to
transfinite induction over (4;,<;) (i = 1,...,n), in short TIc4 <) is PRA-
reducible to TI4, ., if there exist n; € N, variables z;jx, classes B;; with free
variables C {zjj1, - , Zijm. , }, such that PRAT + (AL, Ny (Yzijis - s Zigma -
TT(4;,<,)(Bij)) = TI4,<)(Q) for some free unary predicate Q.
Lemma 3.5

(a) If TI 4 <) is PRA-reducible to TI 4, <), then for every class B of PRAY
there exists classes B;; with free variables C {zij1, ... , Zijm;; } such that
PR,A+ I /\z'j (Vz,-jl, PN 3zijmij TI(A,-,—<,-) (Bz])) — TI(A’_<)(B)

(b) If TI(a,<) is PRA-reducible to T4, <,y (i = 1,...,n) and for each i
TT(4;,«;) 18 PRA-reducible to TI(BH,%J,) (j =1,...,m;), then TI(4 <) is
PRA-reducible to TIs,,,<:,) (i=1,...,n,5=1,...,m;).

(¢) T anB,<) s PRA-reducible to TI 4 <.
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(d) Assume ANB = 0. Definen <m & (nomn AAn <3 m)V (n,m n
BAn <2 m)V(nnAAmn B). Then Tl aup,<) is PRA-reducible to
TI(A’_Q) and TI(B’_Q).

(e) Let <iex be the lexicographic combination of <1, <2, i.e. a <ex b =
seqlength(a) = seqlength(b) = 2 A ((a)o <1 (b)o V ((@)o = (b)o A (a)1 <
(b))).

Then TI((A, x As,<1er) 8 PRA-reducible to TT 4, <.y, T4, <,)-

(f) Let Des<(A) :={f | T n A* AVi.i+ 1 < seqlength(@) = n;11 < n;} be the
set of all descending sequences in A,
<lex be the lexicographic ordering defined from <,

(1 < m = (seqlength(7) < seqlength(17i) A Vi < seqlength(7).n; = m;)V
3 < min({seqglength(), seqlength(:)}).(Vj < i.nj = m;) An; < m;).
Then TLipes_ (4),<1,) % PRA-reducible to T 4 ).

(9) If PRAT F (Vnn A.3m n B.g(n,m)) AVn,n' 1 AYm,m' n B.¢(n,m) —
p(n',m') = (n < n' & m <' m'), then TI4 <) is PRA-reducible to
TI 5 <.

Proof: (a): replace @ by B. (b): by (a). (c): From Tl 4, oy({n [nn B = nn
Q}) follows Tl anp,<)(Q)- (d), (e): easy.
(f) We use in this proof the notations (7,m) := @ * m, (@,n,m) = fx <
n > xm etc. We adapt the Gentzen proof (Gentzen 1943), which shows that
from PA F TI(a) follows PA F TI(w?®) (this proof is well explained in (Schiitte
1977)). We write Des for Des(A), and show that from TI 4, 4(S), where S :=
{n | Vi.(Des N 1ig,. C Q — VE.(f,n, k) n Des — (i,n, k) n Q}, follows
TI(Des,<1ex) (Q)
Assume Progpes 4, )(Q). We show Progi4 .)(S): Assume nn A, ANn, CS
(this will be called IH), DesNfi<,.. C Q, (1, n, k) n Des. We show (17,1, k) 1 Q:
First, by Desniii5,., C @, 7 n Des and Progpes, <, )(Q) follows 17i ) Q. Further,
VI <ex (Tﬁ,n).fn Des — fn Q: If I <lex (m,n), then I <lex m, therefore fn Q,
or ' = m and fn Q or = (n'i,l,l-;), with I < n, [ n A. In the last case follows by
DesNiii<,. C S and the IH [’y Q. Therefore we have (i7,n) n Q. If now k = <>,
we are done. Otherwise k = (kg,l_c"), ko < n, ko 7 A, DesnN (M,n)<,.. C Q,
by IH therefore (m,n,E) = (Tﬁ,n,ko,E’) 17 . We have now shown A C S.
DesN <>, C Q, therefore <> n @ and, if 7@ 5 Des, @ # <>, then @ = (n, )
for some n n A, m, and by n 5 S, (n,m) n Des and n 5 S follows 7 5 Q.
Therefore Des C Q.
(g8) PRAY F TI(5,4)(C) = TIi4,<(Q) with C := {m | Vn n A.¢(n,m) = nn
Q).

Now we can define what an ordinal notation system from below is:
Definition 3.6

(a) Let (f,nf) be an ordinal function with normal form, (OT, <, o) be the
ordinal notation system defined from (f, nf), and assume that it is primitive
recursive and that the linearity of < can be proved in PRA. (0T, <,0)
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is an ordinal notation system from below, if for some primitive recursive
relation <’ the following holds:
(Below 1) PRA V@ n OT*.NF(f(@)) — Vi < seqlength(d@).a; < f(@).
(Below 2) PRA FVan OT*.Vbn OT.NF(f(a@)) —» b < f(@) —
((3i < seqlength(@).b < a;) V 3¢ <' @.b =xv f(&)).
(Below 3) TI\np(f)nR+,<) is PRA-reducible to TT(orng,«) for a unary free
predicate R.

(b) Assume that F = (f;,nf;)1<i<n is a system of ordinal functions, (OT, <, 0)
is the ordinal notation system defined from (f;,nf;), and assume that it
is primitive recursive. (f;,nf;) is a part of (OT, <,0) from below, if the
conditions from (a) hold with OTx, <z, or instead of OT, <, o and
=1

Remark: In Corollary 5.8 (b) we will see that ordinal notation systems from
below have order type less than the Bachmann-Howard ordinal. Naturally we
would like to get beyond this bound in a way which is still from below. One idea
is to weaken condition (Below 3) and allow proof theoretically stronger principles
for the reduction of <’ to <. This will be considered in a future article where
we will reach at least the strength of systems which require usually one large
cardinal (one inaccessible). Another approach was taken by Feferman (1970),
Howard (1970) by taking finite and later by Aczel (1972) by taking transfinite
types to denote ordinals. This approach can be seen in the spirit of our first
two conditions, although it is not directly comparable. Again we need proof
theoretically stronger principles in order to show that all ordinals below some
notation are introduced before it, namely the use of higher types.

In all our examples, TT over <’ (where <’ is the ordering of the arguments
we defined there) was PRA-reducible to TT over <: <’ could be obtained from
< by a combination of the lexicographic ordering on pairs (Lemma 3.5 (e)), the
lexicographic ordering on descending sequences (Lemma 3.5 (f)), the union of
orderings (Lemma 3.5 (d)), the selection of a subset of a ordering (Lemma 3.5
(b)), reordering of the arguments and moving to isomorphic orderings (Lemma
3.5 (g)). Therefore these systems were ordinal notation systems from below.

4 The Accessible Part

Definition 4.1  Assume T is an extension of PRA. Acc(A4, <) is the accessible
part of (4,<) in T, iff in T follows:

(Acc 1) Progiy,<)(Acc(4, <))

(Acc 2) For every class B of T' Prog(4 <)(B) — Acc(4,<) C B.
(Acc 2) is called induction over the accessible part.
We write Acc(A), if the choice of < is clear, and Acc, if A = OT, where the
choice of OT is clear from the context.

Remark 4.2 Under the assumptions of Definition 4.1 follows:
(a) T+ Acc(4,<) C A.
(b) T+ Vnn Acc(4,<).ANng C Acc(4, <).
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(c) For every class B of T we have TI(acc(a,<),<)(B)-

Proof: induction on Acc(4, <).

We will see later that Martin-Lof’s type theory with one universe containing
a type atom(t) and one non nested W-type is a theory in which we can define
the accessible part of primitive recursive linear orderings.

Lemma 4.3 Assume that (OT, <) is a primitive recursive ordinal notation
system, and T is a theory such that T proves induction over the natural numbers
for arbitrary formulas, PRA can be interpreted in T, and we can define in T the
accessible part Acc(OT, <).
(a) If (f,nf) is a part of (OT, <) which is from below, then T F Vd n nf(f) N
Acc*.f(d@) n Acc.
(b) If (OT, <) is from below, then T - Tlor, <) (B) for every class B.

Proof: (a) We argue in T. Let B := {@ n nf(f) | f(@) n Acc}. We have that
TIne(r)nacer <) (B) follows from TI(acc, <) (B') for some class B'. By assumption,
the latter formula is provable, therefore it suffices to show Prog,¢(s)nacer, <) (B)-
Now assume @ 7 nf(f) N Acc*, nf(f) N Acc* N @< C B (this is called the main-
IH). We show Vb OT N A.b < f(@) — b n Acc — we call this formula (x) —
by side-induction on length(b): If b < a; for some 4, then by a; n Acc follows
b n Acc. Otherwise, b =xp f(b) with b <’ @ b; < b < f(@), therefore by
side-TH b n nf(f) N Acc*, by main-IH b = f(B) n Acc. By (@ n OT and
Accn f(@)< C Acc follows now f(@) n Acc. (b) From (a) follows by induction
on length(b) Vo n OT.b n Acc. We can deduce now transfinite induction on OT
from induction over Acc.

Therefore no ordinal notation system from below suffices to denote the proof-
theoretic ordinal of a theory, in which we can define the accessible part for
primitive recursive linear orderings.

The following lemma allows to reduce transfinite induction over the closure
of a class by one application of an ordinal function from below to transfinite
induction over the class itself:

Lemma 4.4 Assume that (0T, <) is a primitive recursive ordinal notation
system defined from ordinal functions (f;,nf;), the linearity of < can be proved
in PRA and that with f := fo, nf := nfy (f,nf) is a part from below. Let A be

a free predicate, B := {an OT |an AV 3bn (OT N A)*.a =x¢ f(b)}. Then
TLornB,<) s PRA-reducible to Tl orna,<)-

Proof: Assume Progornp,<)(Q)-

First we show Yan OTN A.OTNBNa C @ by (main-)induction over OT N A:
Assumean A, Vb < a.bn OTNA - OTNBNb C Q. By Prog(ornp,<)(Q) follows
OTNANa C Q. We show Vb (OT N A)* NF(f(b)) = f(b) <a — f(b) n Q
by (side-)induction on =<', the ordering referred to in the definition of “f is a
part from below”, using that <’ is PRA-reducible to <. Assume b n (OT N A)*,
f(b) < a, NF(f(b)) and the assertion for b’ <’ b.
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We show Ve < f(g).c n OTNB — ¢n Q. If ¢ n A, we are done. Assume therefore
¢ =nr f(&), €n (OT N A)*. ¢ < f(b), therefore ¢ < b; (and by main-TH, since
b; < f(b) <a, OTNBNb; CQ,cnQ)or c=nr f() for some & <'b, & = ¢,

ci < ¢ < f(b) < a, by side-TH f(&) n Q and the proof of (x) is complete. Now by
Progorng,<)(Q) follows f (b) 7 Q and the side induction is complete. Therefore
we have OT N BNa C @ and the main induction is complete.

By Progorna,<)(Q) follows Vb n OTN A.bn Q. Now using the same proof as in
the inductive proof above (using instead of the main-TH OT N A C @), we show

Vb (OT N A)*.NF(£(b)) = f(b) n Q and therefore Vb OT N B.b 7y Q.

Definition 4.5

(a) Let (ML) be intensional Martin-Lof’s type theory in the polymorphic for-
mulation with sets N, N;, X, II, +, list and I, where I is the intensional
identity type, using the logical framework.

(b) In order to avoid having to write £I we define xz € (x; : A1,..., 2y, :
AB as z @ (z1 @ Ay,...,zn : Ap)El(B), further, if in an expression
(1 : Ay,...,2, : A,) a variable is not mentioned, i.e. it is of the form
(...,A,...), this should be read as (... ,z : £I(A4),...) for a fresh variable
x.

(c) We write r =4 s for I(4,r,s). B := N, false := 03, true := 1. We
write f(r) instead of Ap(f,r), which does not cause any confusion with
the logical framework function application, since it is distinct from this by
the arity of f.

(d) (ML) + (atom) is the extension of (ML) by the type atom(t) with the
following rules: atom : (B) Set, atom(false) = Ny, atom(true) = Nj.

(e) (ML) + (atom)+ (O ) is the extension of (ML) + (atom) by the types Br(z)
and O; (which stands for for Kleene’s O) with the rules Br : (N3) Set,
BI‘(03) = N(], BI‘(13) = Nl, BI‘(23) = N, 01 set, sup €
(r € Ns,(Br(r))01)O1, and the usual elimination rules for the W-type
0; (= Wz € N3.Br(z)).

(f) Let (ML) + (atom) + (W) be the extension of (ML) 4 (atom) by the rules
for the W-type.

In (d) we chose the notation atom(t), which stands for “atomic formula” and
is used by Schwichtenberg. In (Smith 1988) atom(t) was denoted by T(a).
In (e) the addition of the type Br(s) is not necessary, by using the type atom(s)
it can be replaced by atom(f1(s)) + atom(f2(s)) x N, where

false if 4 # j.

We can interpret PRA in a straight forward way into (ML) + (atom) + (O1).
Further we can define Acc in the following way:

i
fi(js) = {true 2= It is only added to avoid coding.

Definition 4.6  Let (OT, <) be a primitive recursive ordinal notation system
from below. Let ng € N such that =(ng n OT).
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(a) Let index € (O1)N3 and pred € (w € Oj,Br(index(w)))O; such that
index(sup(r, s)) = r and pred(sup(r, s),t) = s(t).

(b) Forn € N, w € Oy we define w[n] € Oy such that sup(0s, s)[n] = sup(0s, ),
sup(1s, s)[n] = s(01), sup(2s, s)[n] = s(n).

(c) By recursion on [ € list(N) we define w[l];iss € O1 such that wnil]js, = w,
wlcons(n, Diiss = w[n][Vust-

(d) Acc:={an OT | Jw € 0,.3f € (list(N) — N).Correct(w, f) A f(nil) =n
a}, where
Correct(w, f) := VI € list(N).f(l) n OT — (index(w[l]iist) =n5 23A

VYan OT.a < f(I) — f(append(l, cons(a,nil))) =N a)

and append(l,!') is the concatenation of the lists I, I'.

Correct(w, f) means that the function f, a labeling function for the subtrees
of w, is in accordance with the ordering of w.

Lemma 4.7 Acc as defined above is an accessible part for (OT, <).

Proof: First we have to show that,if a € N, p € (an OT), ¢ € (OTNa C Acc),
then a n Acc. From ¢ we can extract s € (N)O; and g € (N,list(N))N such
that, if n » OT and n < a, then index(s(n)) = 23, g(n,nil) =x n, Correct(s(n),
Dg(a,l)), and if =(n n OT) or =(n < a), then index(s(n)) = 03, g(n,1) = no (the
element not in OT). We define now w := sup(23, s) and f such that f(nil) = a,
f(cons(n,1)) = g(n,!) and conclude Correct(w, f) and therefore a 5 Acc.
Further we have to show that, if B € CI(N) and p € Progor,<)(B), then Acc C
B. Tt suffices to show that for all w € Oy, f € list(N) — N, p € Correct(w, f)
from f(nil) n OT follows f(nil) n B. This will be done by induction on w. By
Correct(w, f), f(nil) 5 OT follows w = sup(23,s) for some s, for all b n OT,
b < f(nil) we have Correct(s(b), Al.f(cons(b,1))), f(cons(b,nil)) =x b, b n OT,
bn B, therefore by Progor <)(B) f(nil) n B, the assertion.

5 Well-ordering Proofs for (ML) + (atom) + (Oy)

(ML) + (atom) 4 (O1) allows to define the accessible part. Therefore its proof
theoretic strength can not be expressed in such systems and we need to define
ordinal notation systems, which are not from below. The traditional way of
defining such systems is to violate the condition (Below 1). The idea goes back
to Bachmann (1950). We will follow the most refined version, introduced by
Buchholz (1986).

We start with ordinal functions which are from below and take here CNF.
Further we add one ordinal 2. We will violate (Below 1) and define ordinals
smaller than by using ordinals bigger than Q. Therefore {2 has to be chosen
in such a way that these ordinals can be shown to be smaller than . One
approach in order to obtain this is by choosing Q := N, the first uncountable
cardinal and observing that the set of ordinals which are supposed to be below
2 form a countable segment of the ordinals and are therefore actually below (2.
We will take this approach here. In a refined approach, one defines Q := w{* and
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observes that the set of ordinals below Q form a segment which can represented
by a primitive recursive ordinal notation system and is therefore below (2.

As long as we add no further functions or only extend the part from below,
we have not violated (Below 1) and can easily see that in fact we have defined
an ordinal notation system from below. We add a function ¢ : Ord — Ord,
violating (Below 1), defined by recursion on the first argument. In the or-
dinal notation system defined by CNF, Q and ¢ we will have a value (1),
although we might denote later new ordinals below 2 using ordinals greater
than Q. Therefore below (a) there should be only ordinals 1(3) which we
can define before 1(a). “Before ¥(a)” will now be defined similarly as for or-
dinal notation systems from below: Let f be the function unifying CNF, €,
1 (we need the additional constant 0 to reach the indices of the functions),
namely f() =0, f(0,a1,n1,...,ar,nk) == CNF(a1,n1,... ,ar,nk), f(1) = Q
and f(2,a) = ¢(a). Then f(&) is defined before f(3), if @ is lexicographically
smaller than 3. The set of ordinals previously defined is the smallest set C(a)
closed under f restricted to lexicographic smaller arguments than (2,q): the
closure of {0,9Q} under CNF and A3 < a.¢(8). Now 9(a) will be defined as
the least ordinal which was not reached yet, i.e. () := min{y | v ¢ C(a)}.
We will see later that C(a) N is always a segment. If @ € C(a), a <
then ¢(a) € C(B) N Q, ¢(a) # ¢(B). If a ¢ C(a), then ¢(a) = Y(a') for
o :==min{y > a |y € C(a)} and o' € C(a'). Therefore a good normal form for
1 is NF(¢(a)) © a € C(a), and we will restrict C(a) by closing it under 3 with
arguments only in normal form.

Definition 5.1
(a) We define simultaneously C(a) C Ord and (a) by recursion on a:

C(a) is the least set such that 0, € C(a), C() closed under CNF applied
to arguments in normal form, and, if 8 € C(a), 8 € C(8), 8 < «, then

¥(B) € C(a). ¥(a) := min{y | v & C(a)}.

(b) The normal forms of the functions 0, 2, CNF and ¢ are defined by 0 =y 0;
Q =nr Q; NF(CNF) is defined as before (with the exception -NF(CNF());
NF(¢(a)) iff a € C(a).

() wo(a) := a, wpyi(a) = wn(@),

Lemma 5.2

(a) 0 < Y(a) < Q.

(b) a < B = ¢(a) <P(B) AC(a) C C(B).

(c) If a is a limit ordinal, then C(a) = Ug,, C(§) and () = sup{y(§) | £ <
anéeCl)}

(d) C(a) NQ is a segment of Ord.

(e) C(a) C eqt1, where eqy1 is the first fived point of A\B.w” above Q.
Proof: C(a) is countable, therefore ¢(a) < Q. (d) follows by induction on «.
The other proofs are easy.

Remark: The only property needed for €2 is that Lemma 5.2 (a) holds (and
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that it is an e-Number). Below we will see that for every a there is a primitive
recursive ordinal notation system denoting all ordinals in C(a), especially all
ordinals below 1)(a). Therefore 9(a) < w$k and we can replace ) by wi*. The
details of this argument can be found for instance in (Rathjen 1993).

Lemma 5.3 Let v =nr CNF(a1,m1 ... ,0,nk), 6 =x¢ CNF(B1,mq,...,
Bi,mu), p=xr ¥(a), v =nr P(8).
(a) vy <d< ((a1,n1),..., (@, nk)) <texjtex ((B1,m1), .., (Bi,my)).
y=d ((a1,n1),---, (ar,nk)) = ((B1,m1), ..., (B, mp)).
(b) aisni <v;y<p&ai,...,ap<p;yEp.
(c) p=veoa=08;p<rvea<p.
(d) a#p.
(e) 0<y# U v< VS ar,...,a <.
(f) ((0,nfy), (Q,nfn), (CNF,nfcnr), (¢, nfy)) is a system of ordinal functions
with normal forms.

Proof: (c): we have that, if @ < 3, then a € C(a) C C(3), ¥(a) € C(8) NN,
b(a) < B(8) = sup(C(B) N D). (d): p =xr B(a), therefore a € C(a), Y(a) &
C(a). (f): (NF1) follows from Lemma 5.2 (a) and the previous assertions of the
lemma. (NF2): Assume (a1,...,0x) € dom(f;), o; € Closure(F, p) =: Closure,
6 = filor,...,ag). If f; = 0, Q we have nothing to prove. If f; = CNF,
é = «; € Closure, § = 0 € Closure, or § =ng CNF(B1,m1 ..., Bk, mg), where
B1,ma, ..., B, my is the result of deleting some pairs (o, m) at even positions
in (ai,...,a), therefore § € Closure. If f; = 4, then with o’ := min{p > « |
p € C(a)} (which exists, since a < w, (2 + 1) € C(a) for some n € w) we have
Va'.a < o < o — C(a") = C(d) Ap(a") = (), ¥(a) = ¢(d'), further
C(a') C Closure, o' € C(a'), o' € Closure, NF(¥(a')), § = ¢(a’) € Closure.
Definition 5.4  Let F := ((0,nfo), (?,nfq), (CNF,nfcnr), (¢, nfy)) By in-
duction on max{length(s),length(t)} we define for s,¢ n Tx simultaneously
whether ¢ § OT, s<t and whether s n C(t). We write s=<t for s<tV s = t.
Further we define s < t :& s, 7 OT A s<t, s <=t & s,tn OT A s=<t and
s 1 C(t) :& s,t n OT A s n C(t). All functions and relations will be primitive
recursive. Let 7 := CNF(02"), N := {Ai | n € N}.
(a) 07 OT; 0=t iff t # 0; 0 C(¢).
(b) Let sin := (s1,m1,... 55, mg), tn:= (t1,n1,...,t,n).
CNF(sth) n OT iff s1,...,8, 7 OT, m; n N, k> 1, sg<---<s1 and, if
k =1 and my = 0, then s is not of the form (¢') or .
CNF(Sm)-’QCNF(t_@ iff ((s1,m1) - -, (sk,mk))Qlex,lex((tl,nl), e ()
(which reduces to <).
Ift =4(t') vt =Q, then CNF(sth)=<t
CNF(stn) n C(¢) iff s1,... s, n C(t).
(©) %(r) n OT iff 7 7 OT Ar 5 C(r); 6(r) Z(s) iff r3s; w(r) 3 %(r) 7 T
iff r  C(t) and rXt.

iff s1REA--- A sp=<t.
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(d) Q7 OT; Q7 C(t).
(e) If for r,¢t 7 Ty r<t is not decided by (a) - (d) then ¢ = r or whether ¢=<r
holds is decided by the above clauses and we define r<t iff —(t<r).

Lemma 5.5 Let OT, <,C, F be as in Definition 5.4
(a) (OT,<) = (0T, <7).
(b) For an OT in set theory holds {o(b) | bn C(a)} = C(o(a)).
(c) We can prove in PRA that for a,bn OT we have a < 9 (b) & an C(b)N Q.
(d) (OT, <) and C are primitive recursive and therefore F defines a primitive
recursive ordinal notation system.

An outline of the well-ordering proof is as follows: Let Acc be the accessible
part of the ordinals below 2 and define A,, as closure of Acc U {Q} under n-
times application of CNF. Using transfinite induction over Acc we conclude
transfinite induction over AccU {1}, which is Ag. Using that CNF is from below
we can show transfinite induction over A,, for every n (but not uniformly for
all n). Using transfinite induction we can show that, if a 5 A,, a n C(a), then
C(a) Nwn(2+ 1) C A, and therefore ¥(a) = sup(C(a) N Q) 5 A,,. We conclude
Y(wn(Q+1)) n Aprr NQ = Acc and, since Acc is a segment of OT, transfinite
induction up to ¥ (w,(Q + 1)).

Definition 5.6

(a) For a n OT we define the finite subset P(a) C OT N Q (which can be
represented as a list of natural numbers in type theory) by:
P(0) := P(Q2) := @; P(CNF(a1,n1,...,ak,nt)) := P(a1) U--- UP(ay);
P(¥(c)) := {¢(9)}.
(b) Acct :={an OT | P(a) C Acc}; A, := Acct Nw, (2 +1).
Since Acc is closed under CNF, Acc™ is the closure of AccU {02} under CNF
and A,, the closure of the same set under n times application of CNF.

Lemma 5.7  In (ML) + (atom) + (O1) we can show:
(a) N C Acc.
(b) Vay, ... ,arn AccNny, ... ,n, n N.NF(CNF(ay,n1, ... ,ak,ng)) =
CNF(ay,n1,... ,ax,ng) n Acc.

(c) Acc™ NQ = Acen Q.

(d) For every n and every B € CL(N) (these quantifiers are Meta-quantifiers)
TI(a, < (B).

(e) For every n Yan A, .NF(¢(a)) = ¥(a) n Acc.

(f) For every B € CI(N) we have Progor, <)(B) = Van OT.a < ¢(wa(2 +
1)) > anB,

Proof: (b) By Lemma 4.3 (a), since 0, CNF form together a part of (OT, <)
which is from below. (c): by (b).
(d): By Meta induction on n for all B:
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n = 0: Assume Progs, <)(B). Since AgNQ = AccN 2, we have Progae., <) ({a |
a < Q — B}), therefore Va n Acc.a < 2 = an B, Van AgNQan B, by
Proga,,<)(B) therefore @ n B, Van Ag.an B. n = n+1: A,y is the one-
times closure of A, under CNF and we can reduce by Lemma 4.4 Tl(orna,,,,<)
to TTioTnA,,<), since CNF forms a part from below.

(e) We show using TI(a, <) that Va5 Ay,.a g C(a) = 1(a) n Acc: Assume
the TH. We show Ve ) C(a) Nw, (2 +1).¢ p A, by induction on length(c): 07 A,,.
Qn A,. If c =xr CNF(ay,n1,...,ar,ng) with a; n C(a), then a; < wp(Q + 1),
by IH a; n A, P(CNF(ay,n1,... ,ak,n%)) = Pla;) U---UP(ag) C Acc, cn A,,.
If ¢ =nr ¥(), ¢ 5 C(a), ¢! < a, ¢ n Ay, then ¢! n C(c') Nw,(Q + 1), by IH
¥(d') np AccnN Q C A,,. Now the side-induction is complete and we have Ve 7
Cla)NQ.cnyp AN 2 Ace, OTNY(a) C Acc, ¢¥(a) g Ace. (F) wn(Q+4+1) 5 Apya,
therefore 1 (w,, (2 + 1)) 7 Acc, and by TI(acc,<) follows the assertion.

Corollary 5.8

(a) [(ML) + (atom) + (01)] 2 Yo(en+1) = sUPne, Yo(wn(Q +1)).

(b) Ordinal notation systems from below have order type smaller than the
Bachmann-Howard ordinal.

Proof: (a) By Lemma 5.7 (f). (b): 4.3 (b), 4.7 and (a) of this Corollary.
Remark: This bound is sharp.

6 Well-ordering Proofs for (ML) + (atom) + (W)

We now extend the ordinal notation system and the well-ordering proof from the
last section to Martin-Lof’s type theory with full W-type.

In the last section, using one non nested W-type we could define the accessible
part of any ordinal notation system OT and define Acc™, the class of ordinals
such that the components below Q; are in Acc. Further we could prove transfinite
induction up to A, := AccTNwy41(Q+1) and closure of A,, under ¢ and therefore
show transfinite induction up to 9 (wn (2 + 1)).

Now, with no restrictions on the nesting of W-types, we can define the ac-
cessible part of any class, especially the accessible part Accy of Acc™. We can
easily show that Acc C Acca, Q2 7 Acce and that Accs is closed under any ordinal
functions from below and . Therefore we have transfinite induction over any
ordinal notation system having a part from below, 2 and 9. An additional func-
tion which is not from below is needed in order to express the proof-theoretic
ordinal of the theory considered.

The method used is just an iteration of what we did before. Call the old %,
C now %1, C1. We need to add an ordinal €2, bigger than any ordinal for which
we can prove that it is in Accy. We can use Q3 := Ny or in a refined approach,
where Q := W, Oy := WK, the next admissible ordinal above w$¥. Further,
in order to really use 22, we need another collapsing function 5. 12 can now
be defined similarly as 1, before. However, in order not to interfere with the
original 1), we want to guarantee that Q; < ¥s(a) < Qs. Therefore we can define
Ca(a) as the closure of O U {;} under CNF, ¢2(a) := min{y | v € Ca(a)}.
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We have to modify 1; as well, since the original definition is constant above
€0,+1- Therefore we add Q3 to Ci(a) and close it under ¥;. We could close
it under arbitrary s, since the definition of 15 is complete. However, in the
generalization which follows we have to define collapsing functions ), for all
n € w, and our first attempt would require to define them in decreasing order,
which is not possible, since w with the ordering > is not well-founded. Instead we
define 1; and ), simultaneously, which means that C;(a) will be closed under
A8 < a.ab2(B) instead of full ¢s.

We already mentioned the extension to higher cardinals and collapsing func-
tions and therefore get the following definition:
Definition 6.1

(a) Let Qo :=0and Q, :=R,, for 0 < n < w.

(b) We define simultaneously for all n € w C,,(a) C Ord and ), (a) by recur-
sion on «:

Cp(a) is the least set such that Q, U{Q; | n < k € w} C Cp(a), Cp(a)
is closed under CNF with arguments in normal form and if g € C,(a),
B €Cn(B), 8<a n<m<w,then ¥, (8) € Cp(a).

Gn(@) = min{y | 7 € Ca(a)}.

(c) The normal forms nfy, nfo, nfonr, nfy of the ordinal functions 0, An.Q,,
CNF and ¢ are defined by 0 =nr 0, Q, =nxF Q, iff 1 <n < w,
NF(CNF(a1,n1,-..,ak,n)) is defined as before, NF(¢,(a)) iff a €
Cp(a).

Lemma 6.2

(G,) Qn < wn(a) < Qn+1.

(b) a< B = YPn(a) <Y.(8) ACp(a) C Ch(B).

(¢) If o is a limit ordinal, then Cp(a) = U, Cn(§) and vy () = sup{¢n(§) |
E<angeCy(o)}

(d) Cp(a) N Q41 is a segment of Ord.

(e) Cn(a) C Q.

Lemma 6.3 Let v =xy CNF(ai,n1,...,05,nk), p =NF Yn(®), v =nNp
brm(B).

(a) y<p&ai,...,ar <p;y#p.

b) p=vea=FgAn=m;p<rven<mV(n=mAa</p).

(c) p#a.

(d) ’Y<Qn©a17 , O <QTH’77£QTL

(e) ((0,nfy), (,nfq), (CNF,nfcnr), (¥,nfy)) is o system of ordinal functions
with normal forms.

As before we can now define a primitive recursive ordinal notation system
based on 0, CNF, A\n.Q,,, An, a.p,a. We write {2, 1, instead of Q57(0) and 5.
Remark 6.4  In (ML) + (atom) + (W) we can show:

Va,bn OT.¥n € N.NF(¢, (b)) = (a < ¢¥n(b) & an Cr(b) N Qpi1).
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Definition 6.5  Assume A € CI(N).

(a) W4 := Wn € N.Degree,(n), where Degree,(n) :=X¥m € Nm <nAmn
A.

(b) index and pred are defined as in Definition 4.6.

(c) We define under the assumption w,w' : W 4 the sets
w <3y, w' := Ju € Degree 4 (index(w')).pred(w’,u) =w, w and
w 3w, w =3f € (N > Wyu).3n € N.f(0) =w, w' A f(n) =w, wA

Vke Nk <n— f(k+1) <y, f(k).

(d) For w € W4 we define LocCor4(w) (w is locally correct) by:
LocCor 4 (w) := Yu € Degree 4 (index(w)).index (pred(w, u)) =~ po(u). (po
is the projection of an element of a X-type to its first component.)

(e) For w € W4 we define Correct4(w) (w is correctly defined) by:
Correct 4 (w) := Vw' € Wa.w' 2w, w — LocCor4(w').

(f) The accessible part of A is defined by
Acc(A) := {n | Jw € W4.Correct4(w) A index(w) = n}.

Lemma 6.6

(a) w <3y, sup(r,s) < Ju € Degree,(r).s(u) =w, w.
w <w, sup(r,s) © w =w, sup(r,s) V Ju € Degree, (r).w Iw, s(u).

(b) LocCor4(sup(r,s)) & ¥Ym € NVp € (m < r Am n A).index(s(<m, p>))
=N m.
Correct 4 (sup(r, s)) < LocCor4(sup(r,s)) AVm € NVp € (m <rAmn
A).Correct g (s(<m, p>)).

(c) Acc(A) is an accessible part of (A, <) as defined in Definition 4.1

Proof: (a): obvious. (b) by (a). (c): (Acc 1) follows, since using the assertion
we can construct a correct tree from trees of the assumption, and we have that
it is correct by (b). In order to conclude (Acc 2), we show that, under the
assumption if Prog 4 )(B), by induction on the trees Vw € W 4.Correct 4(w) —
index(w) n B.
Definition 6.7
(a) By induction on length(a) we can define for a  OT, n € N the component
set K, (a) relative to Q,,, which is a finite subset of OT.
Kp(a) :={a},if n > 1Aa < Q,. Otherwise K,(0) := 0, K, () := 0,
Kn(¥m(a)) := Kn(a), Kn(CNF(ay,n1, ... ,ak,mt)) == Ul Kn(as).
(b) We define simultaneously by Meta-recursion on n € NM,, C OT and Accy:
My := OT, Myy1 :={a|an OT AK,1(a) C Acc, }.
Accy, := Ace(M,,) N Q1.

Remark 6.8  Ifn <m, then K, (a) = K, [Ky(a)] (Kn[M]:= U, Kn(a))-
Lemma 6.9

(a) Mpt1 N Qi1 =2 Acep,.

(b) If 0 < n < m, then Va n M, K,,11(a) C Acc,,.
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(c) Accn, = Accne1 N Qg1

(d) Y0 <m < n.Qy, n Accy, Nc Accy,.

(e) Yai,... ,an Accp, N1,... , Nk 7 N.NF(CNF(al,nl,... , Qs TE)) —
CNF(a1,n1,... ,a5,n%) 1 Accy,.

(f) Yan Acc,.¥Ym < n.NF(¢,,(a)) = ¥m(a) n Accy,.

(9) If n € N = ¢(n) set, then (Va n OT.(Vb < a.¢(b)) — ¢(a)) — Va <
Yo (2n)-¢(a).

(h) [(ML) + (atom) + (W)| > 1o ({L).

Proof: (a) For a < Quy1 Kpyi(a) =2 {a}. (b) induction on m using 6.8.
(c) “C”: Ya n Accp.a n Accpi1 N Qpyq follows by induction on Acc,. “D”:
Accn11NQpt1 C Mp+1NQyp1 = Ace, by (2). (d) k1 Accy, is trivial. Qg 7 Accy.
Im'+1=m < n, Qp g My, by (a) and (¢c) M, N Qyy = Accrr C AcCpy,
Q. n Acey, C Accy,. (€) By Lemma 4.3 (a).

(f) Induction on a  Acc,. Assume the assumption for a’ < a a’ n Acc,. We
show Vb n Cp(a) N Qpy1 N M0 n Accp,, which we call (x), by induction on
length(b). If b < Q, then b n M, N Q,, = Accp—1 C Accp,. Assume now
Qpn b fb=0o0rb=Q, bn Acc,. If b =ng CNF(by,mq,... ,b;,my),
bi 1 Cr(a) N Qpy1 N My, by side-IH b; 5 Acc, and by (e) b n Acc,. Otherwise
b =nr Yi(c), ¢ < a < Quy1, m <1l <n, cn Cypla). bn M,, therefore
(0 < mAKp(e) =2 Kp(b) C Accy—1) Vm = 0, ¢ n My, by side-TH ¢ 5 Acc,
and by main-TH ;(c) 5 Acc,. The proof of (x) is now complete and we have
Ym(a) "My, =2 Cpr(a) N Qe N M, C Acc, N Q1 = Acep,e Ifm = 0,
Ym(a) n My, and if 0 < m, K, (¥ (a)) = K (a) C Acc—1 by a n Acc,, C M,
and (b), again ., (a) n M,,. We conclude ¥,,,(a) n Ace,, C Accy,.

(g) Q, 1 Accpi1, therefore () 7 Accpi1 N Q1 = Acco, therefore Va <
10(Q).a g Acco, and from the assumptions about ¢ follows Va n Accg.¢(a) and
the assertion. (h): ¢o(Qy) = sup,,c,, Yo(2n)-
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