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Chapter 1

Introduction

In this thesis, we bring together two different fields of Mathematical Logic, Martin-Löf’s
type theory and proof theory. Since we hope, that some type theorists will read it as well,
which do not know proof theory very well, we will take the chance to try to motivate the
work of proof theory.

Proof theoretical strength is a measure for theories. First results go back to Gentzen
([Gen36], [Gen38] and [Gen43]) how showed the consistency of Peano Arithmetic PA by
means of transfinite induction up to ε0. He used finitistic arguments. Schütte has given
a clearer version of it by using the ω-rule. We want to sketch this argument very briefly.

This was done by interpreting the proof of PA in a semi-formal, non finitistic, system,
where we have the ω-rule for ∀-introduction:

A(n) for all n ∈ IN

∀x.A(x)

If we have interpreted the base case and induction step of an induction axiom in this
system, with conclusion ∀x.A(x), we can prove A(n) by using the base case and n-times
the induction step, and conclude ∀x.A(x) in our non finitistic system. Note, that the
height of the nth premise is the sum of the height of the base case and n-times the height
of the induction step, so the height of the new derivation is infinite. For the interpretation,
we needed the cut-rule

Γ, A Γ,¬A

Γ

(here Γ is a sequence of formulas, which can be read as the disjunction of the formulas).
This rule corresponds fo a lemma: If we have proven A and a lemma, that proves, that
from A follows B, (classically this is ¬A ∨ B, written as a sequence B,¬A), we can
conclude B. In our interpretation of the induction, in the n-th premise we have used n
cuts, to conclude, that from A(0) and A(Sm),¬A(m) follows A(n). We can eliminate
these cuts, by induction over the derivation. A cut-free proof is a truth-definition, so,
there is no cut-free proof of 0 = 1 and we have shown that PA 6` 0 = 1.

To do this, we needed induction over trees. We can measure the size of the trees by
ordinals and replace the induction over trees by transfinite induction. A careful analysis
shows, that induction up to ε0 is sufficient. We can even formalize this analysis in PA
plus transfinite induction up to ε0. So PA cannot prove transfinite induction up to εO,
since by Gödel, PA does not prove its own consistency. For each α < ε0 we can prove
transfinite induction up to α in PA. So we have proven, that ε0 is the supremum of
ordinals, up to which we can prove transfinite induction in PA, and we say, the proof
theoretical strength of PA is ε0, |PA| = ε0.
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CHAPTER 1. INTRODUCTION 4

Now we have found a measure for the strength of a theory. The theorem, that PA
proves transfinite induction up to ωn, where ω0 = 0, ωn+1 = ωωn, ε0 = sup{ωn|n ∈ IN},
are in a logical sense the most complicated sentences, which we can prove in PA – the
diagonalization of it can not be proven any more in PA.

This sort of analysis or related work could be carried out for many other theories as
well (see for instance the books [BFPS81] [BS88], [Gir87], [Poh89], [Sch77a], [Tak87], the
overviews [Poh91], [Poh92],[Rat91b], [WW92]), it has turned out to be a good measure,
and gives an ordering of theories. The landscape below |∆2

1 − CA+BI| is now very well
known (see for instance Rathjen’s dissertation [Rat89]), knowing the proof theoretical
strength gives a very good intuition, what can essentially be done in a theory. For instance,
Γ0 is the bound for predicative theories – for the analysis of stronger theories we need
totally new methods, where we can prove complete cut elimination with ordinal analysis
only for a restricted set of formulas (in subsystems of analysis for Π0

2-sentences). |Π1
2−CA|,

which is not calculated yet, and we do not know if it can ever be calculated, seems to be
the bound, after which some sort of hyper-impredicativity starts – when we come closer
to Π1

2 − CA, the ordinals explode.
We think, that this analysis is important, For instance, if we are playing around with

Martin-Löf’s type theory, we can find out, how different concepts change the strength of
it.

Let us therefore have a look on the landscape of Martin-Löf’s type theory, seeing,
what is known about it. We follow the introduction of [Pal92]. Aczel has shown in [Acz77]
that Martin-Löf’s type theory with one universe but no W-type has strength |ÎD1| = φε00.
Martin-Löf’s type theory with n Universes has strength |ÎDn| = αn with α0 := ε0, αn+1 :=
φαn0, (see in [Fef82b]), and if we have infinitely many universes, but still no W-type, the
theory (ML<ω) has strength |ÎD<ω| = Γ0, the last result due to Beeson and Feferman (see
remark II.6(iv) in [Fef82b] or [Bee85]). The extensional version, (MLe<ω) has the same
strength (see Beeson, [Bee85]). This is astonishing, since these are all predicative bounds.
As soon as we add the W-type, the proof theoretical ordinals become impredicative.
Palmgren has shown in [Pal92] (part of his thesis [Pal91]) the following results: If we have
type theory with one universe and an induction principle on it, we have |MLi1| ≥ |ID1|.
Adding extensionality gives the same strength, and if we have infinitely many universes
with induction principles, we have |MLe<ωV | ≥ |ML<ωV | ≥ |ID<ω|. For intensional type
theory with one universe and W-type, he has shown |MLe1W | ≥ |ML1W | ≥ |(∆

1
2−CA)|,

but conjectured, that the strength will certainly far exceed this bound.
The strength we prove, is in fact far bigger, it is slightly bigger than the strength of
|KPi| = |(∆1

2−CA)+(BI)|. Until recently (work of Rathjen, [Rat90], [Rat91a], [Rat92],
see also [Buc93], [Sch91a], [Sch91b], [Sch92b]), KPi has been essentially the strongest
theory, for which proof theoretical analysis could be carried out. For the author, |KPi|
is an ordinal which seems to be an ordinal of significance similar to that of Γ0. It is quite
difficult, really to exceed this strength, and most of mathematics can be carried out within
theories of this strength. Feferman stated in remark I, 13.2 and 4 of his paper [Fef75],
that Martin-Löf’s type theory with one Universe and W -type, as well as his theory T0,
which is of strength KPi, are in accordance with Bishop’s approach (see [BB85]) — all the
constructive mathematics can be carried out in these theories. So the result proven here
underlines this arguments, and shows, that Martin-Löf’s type theory is important for the
foundations of Mathematics. (For more discussions on the constructivism as an approach
towards better foundations of mathematics, see [Bee85], [DT88], [Fef79], [Fef82a]and for
discussions on intuitionism [Tro73]) It also justifies the use of it as basic theory for proof
development systems.
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Precisely we calculate the proof theoretical strength of intensional Russel-, exten-
sional Tarski- and extensional Russel-version of Martin-Löf’s type theory with one Uni-
verse and the W -type, MLi1WR, MLe1WT and MLe1WR, namely |MLi1WR| = |MLe1WT | =
|MLe1WR| = |

⋃
n∈INKPi+n | = ψΩ1ΩI+ω. Here Russel-version stands for the formulation

à là Russel of the universe, Tarski-version for the formulation à là Tarski, described in
[ML84].

The thesis is organized as follows: In the first part, we introduce Martin-Löf’s type
theory and Kripke-Platek set theory. In chapter 2 we give an introduction on Martin-
Löf’s type theory. To make a precise definition of the substitution, we introduce sets
of r-objects, g-terms, g-types, r-terms and r-types, which should contain all the terms
and types occurring in Martin-Löf’s type theory (g-terms and g-types correspond to the
Tarski-formalization, r-terms and r-types to the Russel-formalization). These concepts
will be needed afterwards for the interpretation of MLe1WT in KPi+n . We define then the
theories MLi1WT , MLe1WT , MLi1WR, MLe1WR. In chapter 3 we compare the Tarski and
the Russel-versions and in chapter 4 we introduce the Kripke-Platek set theories, we need.

In the following second big part, we prove |MLe1WT | ≤ ψΩ1ΩI+ω by interpreting MLe1WT

in set theoretical systems of Kripke-Platek style, called KPi+ and KPi+n . This embedding
is a quite general and flexible method, which can be adopted to variations of Martin-Löf’s
type theory. In chapter 5, we develop, how to interpret terms and types in KPi+. Types
will be introduced as sets of pairs of terms, which are considered to be equal in that type.
In this chapter, we really see, how W -type and the Universe extend the proof theoretical
strength of Martin-Löf’s type theory.

In chapter 6 we first prove essentially, that the interpretation is correct, that is

if MLe1WT ` a : A then KPi+ ` pair(a, a) ∈ A∗

Further we conclude, that the extended version |MLe1WT,U | can be interpreted as well.
In chapter 7 we interpret sentences of Arithmetic A as Â in MLe1WT and prove, that

for arithmetical sentences A from MLe1WT ` a ∈ Â follows KPi+ ` A. It follows,
|MLe1WT | ≤ |KPi

+|. Since every proof can be interpreted actually in KPi+n for some n,
and in the essential lemmas KPi+ can be replaced by KPi+n , we conclude, that

MLe1WT ` r ∈ Â ⇒ ∃n.KPi
+
n ` A.

In the third part we show, that MLi1WR proves the well-ordering up to ψΩ1ΩI+n for
each n < ω, again using very flexible methods. Since MLi1WR is a subsystem of MLe1WR

follows that the upper bound is a lower bound as well.
In chapter 8 we actually carry out the well-ordering proof. The hard work is, having

introduced a concept for the power set of IN, to define W (X), some sort of very strong
inductive definition on ordinals. Having introduced these two concepts, we can use well
known techniques for carrying out such strong proofs in systems of analysis. We will
refer to a version, ([Buc90]) where we need only some properties of an ordinal denotation
system, such as the Bachmann property, which makes relatively clear, what is going on,
and avoids, having to deal too much in this chapter with ordinals.

The properties of this denotation system, which can all be proven by using only induc-
tion on N , are verified in the very technical chapter 9. This chapter is only important to
check, that the properties are valid, the proofs are not necessary for understanding, what
is going on in Martin-Löf’s type theory.

In chapter 10 we compare the system introduced in chapter 9 with the system [Buc92b].
The first one we used for the well ordering proof, in the latter we expressed the upper
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bound. We show, that lower bound and upper bound are the same. This chapter rewards
the hard work of chapter 9, to do all in a system containing the Veblen-function. Without
this function, the work would have been far easier, but it is quite complicated (see for
instance my Diplomarbeit [Set90] or now the new work [Sch92a] ) to express the Veblen-
functions within a system, that does not contain them.

Future research: We did not prove, but hope to do it soon, that all arithmetical
Π0

2-sentences provable in KPi+n can be proven in MLi1WR as well. There are some ideas,
using the well-ordering proof to do this. From there might follow, too, some bounds
for the fast or slow growing hierarchy (see for instance proof theoretical work on this in
[Sch77b], [Sch92c], [BW87], [Wai89], [Ara91], [Buc91b], [Buc91a])

Remark: While the author was finishing his thesis, M. Rathjen has told him, that in
collaboration with E. Griffor independently and in parallel he has found similar results,
although he has not submitted it for publication, yet, or told anything to the author.

Acknowledgement: The main amount of the research for this thesis was done as
part of the EC-Twinning-Project Leeds-Munich-Oslo on “Proof theory and computation”,
where most of part one was written during a visit of the author at the University of
Leeds. It benefited very much from the collaboration of the three universities, since it is
an example for the application of proof theoretical techniques, which have a long tradition
in Munich, on type theoretical systems, on which semantical investigations are carried out
in Oslo, by using the experience in the relationship between proof theory and recursion
theory of Leeds. The author wants to thank D. Norman, H. Schwichtenberg for help and
inspiration, S. Wainer for motivating me very much and especially W. Buchholz, who
gave me an excellent insight in proof theory.
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Chapter 2

Definition of the formal system of
Martin-Löf ’s type theories

In this chapter we define the Martin-Löf’s type theories, we are going to analyze af-
terwards. After an introduction to it, we define the formal language (definition 2.1). Al-
though this contradicts a little bit the spirit of Martin-Löf’s type theory, we introduce a set
of b-objects, containing all terms and types that will actually occur in Martin-Löf’s type
theory. This approach makes it easier to define substitution, allows to make definitions
for all b-objects and will later be used for the interpretation of Martin-Löf’s type theory
in KPi+n . The b-objects a very general class of objects containing all terms and types,
b-substitutions, and the concept of substitution (we introduced b-objects for making the
definition of substitution easy). Afterwards we define (definition 2.3) g-terms, g-types, g-
context-pieces, g-contexts, g-substitutions, g-judgements and g-statements, which contain
all the terms, types etc. which occur in the Tarski-version of Martin-Löf’s type theory,
and the corresponding r-terms, r-types (definition 2.4), terms and types occurring in the
Russel-version. Next we define, what derivability in the four theories MLi1WT , MLi1WR,
MLe1WT and MLe1WR (definition 2.5) and give a few remarks.

Martin-Löf’s type theory is a system used to formalize constructive mathematics,
as used informally in [BB85]. One of the key ideas was, that, constructively seen, proofs
and programs are the same, as are propositions and program specifications. In Martin-
Löf’s type theory we have only one concept for propositions, program specifications and
sets, the types. The advantage of this concept is, that it makes clear, why the Curry-
Howard terms for realization of a proposition A→ B and a proposition ∀x ∈ N.B are both
λ-terms: a realization of A→ B maps any element of the proposition A to an element of
the proposition B, and realization of ∀x ∈ N.B is a function mapping elements n of the
set N to elements of the proposition B(n) — they can both be represented in Martin-Löf’s
type theory by the same concept Πx ∈ A.B: elements of this type are functions, mapping
elements r of the type A to elements of the type B(r).
A(x) depends on the choice of x, therefore we need in Martin-Löf’s type theory types,

depending on variables. This concept makes obvious, why, if we apply a Curry-Howard
term for the formula ∀x ∈ A to an element r of type IN, we get a Curry-Howard term
of the formula A[x/r], a formula, which depends on the actual choice of r. The rules are
designed in such a way, that this is naturally explained.

Martin-Löf’s type theory differs from other mathematical theories in the sense that it
has no fixed set of terms and types, but they are introduced during the derivation process.
Therefore we have additional judgements of the form A type and in the rules we need
premises which guarantee, that the type-part of the conclusion is a type. For instance to
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conclude that i(a) : A+B (where A+B is the disjunctive union of the types A and B or,
considered as a proposition, A + B stands for A ∨ B) the premise a : A is not sufficient,
we need additionally a premise B : type.

Terms, considered as programs, can be evaluated. If we reduce a term, we want to
get an equivalent term, equivalent within the type, therefore we need an equality on the
types.

In the formalization of [DT88] statements of Martin-Löf’s type theory are of the form
Γ⇒ Θ where Γ is a context and Θ is a judgement. A context is a sequence of assumptions
x0 : A0, . . . , xn : An, where xi are free variables, Ai are types with free variables among
{x0, . . . , xi−1}. Judgements are of the form A type, t : A, t = s : A (t are equal elements
of the type A) and A = B (A and B are equal types).

We have four sorts of rules: the first sort is the sort of type introduction rules for
introducing types (in the extensional case we conclude here that certain types are equal,
in the intensional version we conclude statements “A : type”). The second sort is the sort
of introduction rules for introducing the canonical elements of a type, the elements formed
by a introductory constructor of the type. Next sort is the sort of elimination rules, rules
for deriving from some elements of one type elements of another type,(for instance the
induction or primitive recursion for the N type, the induction or recursion over trees for
the W -type, application for the Π-type). Last sort is the sort of equality rules, which
are rules for conversion of a term, we get by introducing and immediately eliminating an
element of a type. For propositions, this last sort corresponds to cut elimination, for sets
it corresponds to the evaluation of a term. Additionally we have some general rules, some
sort of structural rules.

The types, we have in this version are the following:
The type N , corresponding to the natural numbers.
the type Nk, corresponding to a set with k elements, where N0 is the empty type or

the falsum for the propositions, having as elimination rule the ex-falsum-quodlibet, N1

corresponds to the always true formula, N2 is the type of booleans. The types Nk, k > 0
have case distinction as elimination rule.

the type Πx ∈ A.B, which corresponds to the formula ∀x ∈ A.B(x) or considered as a
set to the set of functions mapping x : A to an element of B(x).

the type Σx ∈ A.B, corresponding to the formula ∃x ∈ A.B(x), if x /∈ FV (B) to the
formula A ∧ B or as a set to the set of pairs {pair(x, y)|x : A, y : B(x)}.

the type A + B, which corresponds to the formula A ∨ B, and as a set to the disjoint
union of A and B.

the type I(A, r, s) which corresponds to the formula r = s for r, s : A.
the type Wx ∈ A.B, which corresponds to a set of trees with branching degrees B(x)

for x : A.
Universe U , which is a type, closed under all other operations that create types.
For a more general introduction to Martin-Löf’s type theory the reader might refer to

Martin-Löf’s fascinating monograph [ML84], or the books [Bee85] and [DT88].

There are two versions of Martin-Löf’s type theory, an extensional and an intensional
version. The extensional version has additional rules for deriving equalities between types
and between terms. For the formulation of the universe, there are two versions: the
Russel-version (we write MLe1WR for the extensional and MLi1WR for the intensional
Russel-version; in the Russel-version the elements of the Universe are types) and the
Tarski-version (we write MLe1WT for the extensional and MLi1WT for the intensional
Tarksi-version; here the elements of the Universe are indices for types, and, if we have
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Γ ⇒ a : U , we can conclude Γ ⇒ T (a) type). For some remarks on these two versions,
see [ML84].

For the formulation of the version à là Russel, we follow essentially [DT88] (an earlier
version of this is [Tro87]) in the version à là Tarski, we remain in the spirit of [DT88],
taking rules as defined in [Smi84]. From [DT88], we only differ a little bit in the exact
notation, and the following aspects:

We add the type Nk, as in [ML84], which can be derived from the other types, but does
not cause any problems, see [DT88].

We make α-conversion explicit (see the rule (ALPHA), note, that from this rule follows
full α-conversion).

We add some rules to (REFL), which are shown in [DT88] to be derived rules, but only
for a weaker system. We just do not want to bother about deriving again these rules,
since they do not at all cause any difficulties.

At the end of this introduction, having praised a lot Martin-Löf’s type theory, the
author wants to say a few critical remarks to it. One problem is, that the set of rules is
immense, and this makes it difficult to handle it proof theoretically. It seems to be a good
system from the foundational point of few, but it is hard to be analyzed and might be
difficult for the practical use, although various proof assistants are based on it. Another
problem is, that substitution is not very well solved. For this proof theoretical analysis it
was necessary, to introduce the concept of b-objects, a set theoretical concept, which is
not in the spirit of Martin-Löf’s type theory. Additionally, this caused a lot of problems
in the interpretation, which just reflects, the unsatisfactory solution of this detail.

Definition 2.1 We define the formal language of Martin-Löf ’s type theory LML.
We assume some infinite set of variables V arML = {zML

i |i ∈ IN}, where i 6= j → zML
i 6=

zML
j .
Further we have the basic symbols
type, ⇒, :, ,, (, ), =, ∈.

Constructor symbols are either term constructors or type constructors, , defined as
follows:

We have the 0-ary term constructors 0, r, n, nk (for each n < k, n, k ∈ IN a new symbol
nk), and nk (for each k ∈ IN a new symbol nk);
the 1-ary term constructors: S, i, j, p0, p1;
the 2-ary term constructors: p, sup, R, Ap, +̃, π, σ, w;
the 3-ary term constructors: D, P , ĩ;
for every n ∈ IN an n + 1-ary term constructor Cn.
the 0-ary type constructors Nk (for each k ∈ IN), N , U ;
the 1-ary type constructor T ;
the 2-ary type constructors: +, Π, Σ, W ;
the 3-ary type constructor: I;

Definition 2.2 (a) To shorten the definition of free Variables and substitution we define induc-
tively a set of b-objects (basic objects), which will contain all terms and types occurring in
Martin-Löf ’s type theory, together with the set of free Variables FV (t) for every b-object t .

(BO1) If x ∈ V arML, then x is a b-object, FV (x) := ∅.
(BO2) If C is a n-ary constructor symbol, t1, . . . , tn are

b-objects, then
C(t1 · · · tn) is a b-object,
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FV (C(t1 · · · tn)) := FV (t1) ∪ · · · ∪ FV (tn).
(BO3) If x ∈ V arML, t a b-object, then

(λx.t) is a b-object, FV ((λx.t)) := FV (t) \ {x}.

The b-terms are defined as the b-objects, except that rule (BO2) is only applied for C being
a n-ary term-constructor.

We write +, +̃ infix (that is (a+ b) for +(a, b)) (x)t for λx.t, (x, y)t for λx.λy.t, (x, y, z)t
for λx.λy.λz.t. Further, if S ∈ {Σ,Π,W, σ, π, w}, Sx ∈ s.t := S(s, (x)t).
We omit brackets, as long as there is no confusion, using the convention, that the scope of λx.
is as long as possible, for instance λx.st should be read as λx.(st), and s+ t+v := s+(t+v)
similarly for longer sums and for +̃ (and later for other defined operators like →, ∧).

(b) A b-substitution is a sequence [x1/t1, . . . , xn/tn], , where xi ∈ V arML, ti are b-objects. (xi =
xj is allowed, and in this situation, only the first occurrence of a variable will be relevant)
If ~x = x1, . . . , xn, ~t = t1, . . . , tn, then [~x/~t] := [x1/t1, . . . , xn/tn].

If X ⊂ V arML, {ij|j ≤ m} = {i|xi 6∈ X}, i0 < i1 <, . . . , im, then [x1/t1, . . . , xn/tn] \X :=
[xi1/ti1, . . . , xin/tin ]. Similar, we define [~x/~t] ∩X := [~x/~t] \ (V arML \X).

(c) We define for a b-substitution [x1/t1, . . . , xn/tn] and a b-term s the application of the sub-
stitution to the term, written s[x1/t1, . . . , xn/tn], having as result a b-term, (we define
s[~x/~t] := s[x1/t1, . . . , xn/tn]), and the relation “s[x1/t1, . . . , xn/tn] is an allowed substitu-
tion” (or s[~x/~t] is an allowed substitution).

The definition is by induction on the definition of the b-term s.

Case (B1): If x ∈ V arML, then

x[x1/t1, . . . , xn/tn] :=
{
x if xi 6= x for all i = 1, . . . , n,
ti if xi = x, (i minimal)

,

and x[x1/t1, . . . , xn/tn] is always an allowed substitution.

Case (B2): If C is a m-ary constructor symbol, s1, . . . , sm are b-objects, then
C(s1 · · · sm)[x1/t1, . . . , xn/tn] := C(s1[x1/t1, . . . , xn/tn], . . . , sm[x1/t1, . . . , xn/tn]),
C(s1, . . . , sm)[x1/t1, . . . , xn/tn] is an allowed substitution iff for all i = 1, . . . , m,

si[x1/t1, . . . , xn/tn] is an allowed substitution.

Case (B3): If x ∈ V arML, t is a b-object, [x′1/t
′
1, . . . , x

′
n′/t

′
n′ ] := [x1/t1, . . . , xn/tn] \ {x},

then (λx.t)[x1/t1, . . . , xn/tn] := λx.(t[x′1/t
′
1, . . . , x

′
n′/t

′
n′ ]),

and (λx.t)[x1/t1, . . . , xn/tn] is an allowed substitution,
iff t[x′1/t

′
1, . . . , x

′
n′/t

′
n′ ]) is an allowed substitution, and for all i = 1 · · ·n′, whenever x′i ∈

FV (t), then x 6∈ FV (t′i).

(d) We define α-equality as the least relation between b-objects, such that for t, t′, t′′, ti, t
′
i b-

objects, x, x′ ∈ V arML :

t=αt.

If t=αt
′, t′=αt

′′, then t=αt
′′.

If t=αt
′, then λx.t=αλx.t

′.

If x′ 6∈ FV (λx.t), t[x/x′] is an allowed substitution, λx.t=αλx
′.(t[x/x′]).

If ti=αt
′
i, C a n-ary constructor, then C(t1, . . . , tn)=αC(t′1, . . . , t

′
n).
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(e) We will write rs for Ap(r, s) (if r, s are b-objects) (we will need then parenthesis, using the
usual conventions, especially, that the binding of λx. and Πx ∈ A. etc. is as long as possible).

A × B := A ∧ B := ΣzML
i ∈ A.B, A → B := ΠzML

i ∈ A.B, where i is minimal, such that
zML
i 6∈ FV (B).

Definition 2.3 (a) We define inductively a set of generalized terms, called g-terms, which will
contain all terms occurring in Martin-Löf ’s type theory, and is a subset of the b-objects:

If x ∈ V arML, then x is a g-term.
If n < k, n, k ∈ IN, then nk is a g-term and if k ∈ IN, then nk is a g-term.
If r, s, t are g-terms, x, y, z, x′ ∈ V arML, x 6= y 6= z 6= x, then 0, r, n, Sr, λx.r, p(r, s),
sup(r, s), i(r), j(r), P (r, s, (x, y)t), Ap(r, s), p0(r), p1(r), R(r, (x, y, z)s), D(r, (x)s, (x′)t),
πx ∈ r.s, σx ∈ r.s, wx ∈ r.s, r+̃s, ĩ(r, s, t) are g-terms
If n ∈ IN and r, s1, . . . , sn are g-terms, then Cn(r, s1, . . . , sn) is a g-term.

(b) We define inductively a set of generalized types, called g-types, which will contain all types
occurring in Martin-Löf ’s type theory:

If k ∈ IN, then Nk is a g-type.
N , U are g-types.
If A,B are g-types, x ∈ V arML, r, s g-terms, then Πx ∈ A.B, Σx ∈ A.B, Wx ∈ A.B, A+B,
I(A, r, s), T (r) are g-types.

(c) The generalized context pieces (g-context-pieces) are (possibly empty) sequences
x1 : A1, . . . , xn : An, where xi ∈ V arML are distinct, and Ai are g-types. V ar(x1 :
A1, . . . , xn : An) := {x1, . . . , xn}. Note that, if Γ, Γ′ are g-context-pieces, V ar(Γ′)∩V ar(Γ) =
∅, then Γ,Γ′ (the concatenation of the strings Γ, ”,” and Γ′) is a g-context-piece.

Further we define the set of generalized contexts (g-contexts), which is a subset of the g-
context-pieces:

The empty string Γ is a g-context.
If Γ is a g-context, x ∈ V arML \ V ar(Γ), A a g-type, FV (A) ⊂ V ar(Γ), then Γ, x : A is a
g-context.

We define for a g-context-piece Γ, x ∈ V arML and a g-term r the relation “t is substitutable
for x in Γ” and Γ[x/t] as follows:
If Γ is empty, then t is substitutable for x in Γ and Γ[x/t] := Γ.
t is substitutable for x in Γ, x′ : A if t is substitutable for x in Γ and in A and (Γ, x′ :
A)[x/t] := Γ[x/t], x′ : (A[x/t]).

(d) A g-substitution is a b-substitution [x1/t1, . . . , xn/tn], where ti are g-terms.

(e) A generalized judgement, short g-judgement, is a string A : type or A = B or r : A or
r = s : A, where A,B are g-types, and r, s are g-terms. The set of free variables is FV (A :
type) := FV (A), FV (A = B) := FV (A) ∪ FV (B), FV (r : A) := FV (r) ∪ FV (A) FV (r =
s : A) := FV (r) ∪ FV (s) ∪ FV (A).
We define (A : type)[x/r] := A[x/r] : type, (A = B)[x/r] := A[x/r] = B[x/r], (r : A)[x/t] :=
r[x/t] : A[x/t], (r = s : A)[x/t] := r[x/t] = s[x/t] : A[x/t].
A generalized statement, short g-statement, is a string Γ⇒ Θ, where Γ is a g-context, Θ is
a g-judgement.

Definition 2.4 We define inductively the set of Russel-terms, short r-terms, and the
Russel-types, short r-types, which will contain all terms and types occurring in the Russel-
version of Martin-Löf ’s type theory, and are subsets of the b-objects:
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If n < k, n, k ∈ IN, then nk is a r-term,
if k ∈ IN, then Nk is a r-term,

if ri are r-terms, n ∈ IN ,then Cn(r0, r1, . . . , rn) is a r-term,
if r, s, t, are r-terms, x, y, z, x′ ∈ V arML, x 6= y 6= z 6= x, then x, 0, r, N , Sr, λx.r, p(r, s),
sup(r, s), i(r), j(r), P (r, s, (x, y)t), Ap(r, s), p0(r), p1(r), R(r, (x, y, z)s), D(r, (x)s, (x′)t),
Πx ∈ r.s, Σx ∈ r.s, Wx ∈ r.s, r + s and I(r, s, t) are r-terms.
U is a r-type.

If s, t are r-terms, A,B are r-types, x ∈ V arML, then s, Πx ∈ A.B, Σx ∈ A.B, Wx ∈
A.B, A+B and I(A, s, t) are r-types.

R-context-pieces, r-contexts, r-judgements, r-statements are defined as the correspond-
ing g-definitions, only replacing g-terms by r-terms, g-types by r-types.

Definition 2.5 Definition of intensional and extensional Martin-Löf ’s type theory with
W -type and one Universe. We will in the following define the rules of intensional

(MLi1WT is the Tarski- and MLi1WR the Russel-version) and extensional Martin-Löf ’s
type theory (MLe1WT is the Tarski- and MLe1WR the Russel-version), which are of the
form

(Rule) Γ1⇒Θ1···Γn⇒Θn

Γ⇒Θ
,

where Γ1, . . . ,Γn,Γ are g-context-pieces, Θ1, . . . ,Θn,Θ are g-judgements (n = 0 is al-
lowed).

Then MLi1WT ` Γ⇒ Θ is defined inductively by:
If (Rule) is a rule of MLi1WT as above, ∆ is a g-context-piece such that ∆,Γ1, , . . . ,

∆,Γn, ∆,Γ are g − contexts, and if MLi1WT ` ∆,Γi ⇒ Θi for i = 1, . . . , n, then
MLi1WT ` ∆,Γ⇒ Θ.

Analogously we define MLe1WT ` Γ ⇒ Θ. MLe1WR ` Γ ⇒ Θ and MLi1WR ` Γ ⇒ Θ
is again defined analogously, but we refer to r-judgements, -contexts etc. instead of g-
judgements, -contexts etc.

The rules for MLi1WT are listed as the general rules, the rules for intensional Martin-
Löf ’s type theory and the intensional Tarski-rules for the universe.

The rules for MLi1WR are the general rules, the rules for intensional Martin-Löf ’s type
theory and the intensional Russel-rules for the universe.

The rules for MLe1WT are the general rules, the rules for extensional Martin-Löf ’s type
theory and the extensional Tarski-rules for the universe.

The rules for MLe1WR are the general rules, the rules for extensional Martin-Löf ’s type
theory and the extensional Russel-rules for the universe.

We will write Θ for ⇒ Θ as a premise of a rule.

Rules for Martin-Löf’s type theory
In the following, let A,B be g-types, a, b, r, s, t, ri, si, ti be g-terms, θ be g-judgements, Γ′

be a g-context-piece in the Tarski-versions, A,B be r-types, a, b, r, s, t, ri, si, ti be r-terms,
θ be r-judgements, Γ′ be a r-context-piece in the Russel-versions. (So although we state
that Tarski- and Russel-version have many rules in common, in fact the rules are different
in the sense that for the Tarski-version we refer to g-objects, for the Russel-version we
refer to r-objects). Further let x, y, z, u ∈ V arML. Additionally assume for all rules, that
all substitution mentioned explicitly are allowed. For instance in the rule (N=

S ), assume
that s1[x/t, y/P (t, s0, (x, y)s1)] and A[z/St] are allowed substitutions.
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General rules
(Common for all 4 versions of Martin-Löf ’s type theory)

(ASS)
A type
x:A⇒x:A

(THIN) A type Γ′⇒Θ
x:A,Γ′⇒Θ

(REFL) t:A
t=t:A

t=t:A
t:A

A=A
A type

A type
A=A

t:A
A type

(SYM) t=t′:A
t′=t:A

A=B
B=A

(TRANS) t=t′:A t′=t′′:A
t=t′′ :A

A=B B=C
A=C

(SUB) x:A,Γ′⇒Θ ⇒t:A
Γ′[x/t]⇒Θ[x/t]

(REPL1) x:A,Γ′⇒B type ⇒t=t′:A

Γ′[x/t]⇒B[x/t]=B[x/t′]

(REPL2) x:A,Γ′⇒s:B ⇒t=t′:A
Γ′[x/t]⇒s[x/t]=s[x/t′]:B[x/t]

(REPL3) t:A A=B
t:B

t=t′:A A=B
t=t′:B

(ALPHA) x:A,Γ′⇒θ
x:A′,Γ′⇒θ

A type
A=A′

t:A
t=t′:A

(if A=αA
′, t=αt

′)

Rules for intensional Martin-Löf’s type theory

(rules are common for Russel- and Tarski-version)

Type introduction rules

(NT
k ) Nk type (k ∈ IN)

(NT ) N type

(ΠT ) x:A⇒B type
Πx∈A.B type

(ΣT ) x:A⇒B type
Σx∈A.B type

(W T ) x:A⇒B type
Wx∈A.B type
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(+T ) A type B type
A+B type

(IT ) t:A s:A A type
I(A,t,s) type

Introduction rules

(N I
k ) nk : Nk (n < k, n, k ∈ IN)

(N I) 0 : N t:N
St:N

(ΠI) x:A⇒t:B x:A⇒B type
λx.t:Πx∈A.B

(ΣI) s:A t:B[x/s] x:A⇒B type
p(s,t):Σx∈A.B

(W I) s:A t:B[x/s]→Wx∈A.B x:A⇒B type
sup(s,t):Wx∈A.B

(+I) s:A A type B type
i(s):A+B

s:B A type B type
j(s):A+B

(II) t=t′:A
r:I(A,t,t′)

Elimination rules

(NE
k ) t:Nk si:A[x/ik](i=0...k−1) x:Nk⇒A type

Ck(t,s0,...,sk−1):A[x/t]
(k ∈ IN)

(NE) t:N s0:A[z/0] x:N,y:A[z/x]⇒s1:A[z/Sx] x:N⇒A[z/x] type
P (t,s0,(x,y)s1):A[z/t]

(ΠE) t0:Πx∈A.B t1 :A x:A⇒B type
Ap(t0,t1):B[x/t1]

(ΣE) r:Σx∈A.B x:A⇒B type
p0(r):A

r:Σx∈A.B x:A⇒B type
p1(r):B[x/p0(r)]

(WE)

t0:Wx∈A.B x:A,y:(B→Wx∈A.B),z:Πv∈B.C[u/Ap(y,v)]⇒t2:C[u/sup(x,y)]

u:Wx∈A.B⇒C type
R(t0 ,(x,y,z)t2):C[u/t0]

(+E) t0:A+B x:A⇒t1:C[z/i(x)] y:B⇒t2:C[z/j(y)] z:A+B⇒C type
D(t0 ,(x)t1,(y)t2):C[z/t0]
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(IE) t0:I(A,t1,t2) t1:A t2:A
t1=t2:A

Equality rules

(N=
k ) si:A[x/ik](i=0...k−1) x:Nk⇒A type

Ck(nk ,s0,...,sk−1)=sn:A[x/nk]
(n < k, n, k ∈ IN)

(N=
0 ) s0:A[z/0] x:N,y:A[z/x]⇒s1:A[z/Sx] x:N⇒A[z/x] type

P (0,s0,(x,y)s1)=s0:A[z/0]

(N=
S ) t:N s0:A[z/0] x:N,y:A[z/x]⇒s1:A[z/Sx] x:N⇒A[z/x] type

P (St,s0,(x,y)s1)=s1[x/t,y/P (t,s0,(x,y)s1)]:A[z/St]

(Π=)
λx.t0:Πx∈A.B t1:A x:A⇒B type

Ap(λx.t0,t1)=t0[x/t1]:B[x/t1]

(Σ=
0 )

p(r,s):Σx∈A.B A type
p0(p(r,s))=r:A

(Σ=
1 ) p(r,s):Σx∈A.B x∈A⇒B type

p1(p(r,s))=s:B[x/r]

(Σ=
2 ) t:Σx∈A.B

t=p(p0(t),p1(t)):Σx∈A.B

(W=)

r:A s:(B[x/t0]→Wx∈A.B) x:A,y:B→Wx∈A.B,z:(Πv∈B.C[u/Ap(y,v)])⇒t:C[u/sup(x,y)]

u:Wx∈A.B⇒C typex:A⇒B type
R(sup(r,s),(x,y,z)t)=t[x/r,y/s,z/λv.R(Ap(s,v),(x,y,z)t)]:C[u/sup(r,s)]

(If v 6∈ FV (s) ∪ FV ((x, y, z)t))

(+=
0 )

t0:A x:A⇒t1:C[z/i(x)] y:B⇒t2:C[z/j(y)] z∈A+B⇒C type
D(i(t0),(x)t1 ,(y)t2)=t1[x/t0]:C[z/i(t0)]

(+=
1 )

t0:B x:A⇒t1:C[z/i(x)] y:B⇒t2:C[z/j(y)] z∈A+B⇒C type
D(j(t0),(x)t1 ,(y)t2)=t2[y/t0]:C[z/j(t0)]

(I=) t0:I(A,t1,t2) A type
t0=r:I(A,t1,t2)

Intensional Tarski rules for the universe

Tarski type introduction rules for the universe

(U I) U type

(T I) a:U
T (a) type

a=a′:U
T (a)=T (a′)

Tarski introduction rules for the universe
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(nIk) nk : U (k ∈ IN)

(nI) n : U

(πI) a:U x:T (a)⇒b:U
πx∈a.b:U

(σI) a:U x:T (a)⇒b:U
σx∈a.b:U

(wI) a:U x:T (a)⇒b:U
wx∈a.b:U

(+̃
I
) a:U b:U

a+̃b:U

(iI) a:U t:T (a) s:T (a)

ĩ(a,t,s):U

Tarski equality rules for the universe

(n=
k ) T (nk) = Nk (k ∈ IN)

(n=) T (n) = N

(π=) a:U x:T (a)⇒b:U
T (πx∈a.b)=Πx∈T (a).T (b)

(σ=) a:U x:T (a)⇒b:U
T (σx∈a.b)=Σx∈T (a).T (b)

(w=) a:U x:T (a)⇒b:U
T (wx∈a.b)=Wx∈T (a).T (b)

(+̃
=
) a:U b:U

T (a+̃b)=T (a)+T (b)

(i=) a:U t:T (a) s:T (a)

T (̃i(a,t,s))=I(T (a),t,s)

Russel rules for the universe

Russel type introduction rules for the universe

(U I
R) U type A:U

A type
A=A′:U
A=A′

Russel introduction rules for the universe
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((Nk)
U,I
R ) Nk : U (k < ω)

(NU,I
R ) N : U

(ΠU,I
R ) A:U x:A⇒B:U

Πx∈A.B:U

(ΣU,I
R ) A:U x:A⇒B:U

Σx∈A.B:U

(WU,I
R ) A:U x:A⇒B:U

Wx∈A.B:U

(+U,I
R ) A:U B:U

A+B:U

(iU,IR ) A:U t:A s:A
i(A,t,s):U



CHAPTER 2. DEFINITION OF MARTIN-LÖF’S TYPE THEORY 19

Rules for extensional Martin-Löf’s type theory
(Common for both MLe1WR and MLe1WT )

Extensional type introduction rules

(NT
k ) and (NT ) as before. Additional

(ΠT,=) A=A′ x:A⇒B=B′

Πx∈A.B=Πx∈A′.B′

(ΣT,=) A=A′ x:A⇒B=B′

Σx∈A.B=Σx∈A′.B′

(W T,=) A=A′ x:A⇒B=B′

Wx∈A.B=Wx∈A′.B′

(+T,=) A=A′ B=B′

A+B=A′+B′

(IT,=) A=A′ t=t′:A s=s′:A
I(A,t,s)=I(A′,t′,s′)

Extensional Introduction rules

(N I
K) as before.

(N I,=) 0 = 0 : N t=t′:N
St=St′:N

(ΠI,=)
x:A⇒t=t′:B x:A⇒B type

λx.t=λx.t′:Πx∈A.B

(ΣI,=) s=s′:A t=t′ :B[x/s] x:A⇒B type
p(s,t)=p(s′,t′):Σx∈A.B

(W I,=)
s=s′:A t=t′:B[x/s]→Wx∈A.B x:A⇒B type

sup(s,t)=sup(s′,t′):Wx∈A.B

(+I,=)
s=s′:A A type B type

i(s)=i(s′):A+B

s=s′:B A type B type
j(s)=j(s′):A+B

Extensional elimination rules

The rule intensional elimination rule (IE) and in addition:

(NE,=
k )

t=t′ :Nk si=s′i:A[x/ik](i=0...k−1) x:Nk⇒A type
Ck(t,s0,...,sk−1)=Ck(t′ ,s′0,...,s

′

k−1
):A[x/t]

(k ∈ IN)

(NE,=)
t=t′ :N s0=s′0:A[z/0] x:N,y:A[z/x]⇒s1=s′1:A[z/Sx] x:N⇒A[z/x] type

P (t,s0,(x,y)s1)=P (t′,s′0,(x,y)s
′

1):A[z/t]

(ΠE,=)
t0=t′0:Πx∈A.B t1=t′1:A x:A⇒B type

Ap(t0,t1)=Ap(t′0,t
′

1):B[x/t1]
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(ΣE,=) r=r′:Σx∈A.B x:A⇒B type
p0(r)=p0(r′):A

r=r′:Σx∈A.B x:A⇒B type
p1(r)=p1(r′):B[x/p0(r)]

(WE,=)
t0=t′0:Wx∈A.B x:A,y:B→Wx∈A.B,z:Πv∈B.C[u/Ap(y,v)])⇒t2=t′2:C[u/sup(x,y)]

u:Wx∈A.B⇒C type
R(t0 ,(x,y,z)t2)=R(t′0 ,(x,y,z)t

′

2):C[u/t0]

(+E,=)
t0=t′0:A+B x:A⇒t1=t′1:C[z/i(x)] y:B⇒t2=t′2:C[z/j(y)] z:A+B⇒C type

D(t0 ,(x)t1,(y)t2)=D(t′0,(x)t
′

1 ,(y)t
′

2):C[z/t0]

Extensional equality rules

All the intensional Equality rules, in addition

(Πη) t:Πx∈A.B
λx.Ap(t,x)=t:Πx∈A.B

If x 6∈ FV (t)

Extensional Tarski rules for the universe
Extensional Tarski type introduction rules for the universe

All the Tarski introduction rules for the universe.

Extensional Tarski introduction rules for the universe

The rules (nIk) and (nI) of intensional Tarski version MLi1WT , in addition:

(πI,=) a=a′:U x:T (a)⇒b=b′:U
πx∈a.b=πx∈a′.b′:U

(σI,=) a=a′ :U x:T (a)⇒b=b′:U
σx∈a.b=σx∈a′ .b′:U

(wI,=) a=a′:U x:T (a)⇒b=b′:U
wx∈a.b=wx∈a′.b′:U

(+̃
I,=

) a=a′:U b=b′:U

a+̃b=a′+̃b′:U

(iI,=) a=a′:U t=t′:T (a) s=s′:T (a)

ĩ(a,t,s)=̃i(a′ ,t′,s′):U

Extensional Tarski equality rules for the universe

The equality rules of the intensional Tarski version MLi1WT

Extensional Russel rules for the universe

Extensional Russel type introduction rules for the universe
All the Russel type introduction rules for the universe.

Extensional Russel introduction rules for the universe
((Nk)

U,I
R ), (NU,I

R ) as before

(ΠU,I,=
R ) A=A′:U x:A⇒B=B′:U

Πx∈A.B=Πx∈A′.B′:U

(ΣU,I,=
R ) A=A′:U x:A⇒B=B′:U

Σx∈A.B=Σx∈A′.B′:U

(WU,I,=
R ) A=A′:U x:A⇒B=B′:U

Wx∈A.B=Wx∈A′.B′:U

(+U,I,=
R ) A=A′:U B=B′:U

A+B=A′+B′:U

(iU,I,=R ) A=A′:U t=t′:A s=s′:A
I(A,t,s)=I(A′,t′,s′):U

Remark 2.6 All the rules of MLi1WT are derived rules in MLe1WT .
All the rules of MLi1WR are derived rules in MLe1WR.



Chapter 3

Comparison of the formulation à là
Russel and the formulation à là
Tarski

In this chapter we first prove, that the Russel-version contains the Tarski-version (lemma
3.3). We prove the converse (lemma 3.11) for a little bit extended versions of extensional
Tarski- and Russel-Martin-Löf’s type theory, which we define in 3.4. For the proof the-
oretical strength, this is sufficient, since we can embed the extended Tarski-version in
KPi+.

Definition 3.1 (a) Define for C constructors, φ(n) := N , φ(nk) := Nk, φ(π) := Π, φ(σ) := Σ,
φ(w) := W , φ(ĩ) := I, φ(+̃) := +, φ(C) := C otherwise.

(b) Define φ : b-object→ b-object by recursion on the b-object:

φ(x) := x (x ∈ V arML),
φ(C(t1, . . . , tn)) := φ(C)(φ(t1), . . . , φ(tn)), (C 6= T ),
φ(T (t)) := φ(t),
φ(λx.t) := λx.φ(t).

(c) If Γ = x1 : A1, . . . , xn : An is a g-context-piece, then φ(Γ) := x : φ(A1), . . . , xn : φ(An).

(d) If r, s are g-terms, A is a g-type, then φ(A : type) := (φ(A) : type), φ(r : A) := (φ(r) :
φ(A)), φ(r = s : A) := (φ(r) = φ(s) : φ(A)), φ(A = B) := (φ(A) = φ(B)).

Lemma 3.2 Assume r, s, t, si b-objects, xi ∈ V arML.

(a) FV (t) = FV (φ(t)).

(b) If t[x1/s1, . . . , xn/sn] is allowed, then φ(t)[x1/φ(s1), . . . , xn/φ(sn)] allowed.

(c) φ(t[x1/s1, . . . , xn/sn]) = φ(t)[x1/φ(s1), . . . , xn/φ(sn)].

(d) If t is a g-term, -type, -judgement, -statement, -context, -context-piece, then φ(t) is a r-term,
-type, -judgement, -statement, -context, -context-piece.

(e) r=αs→ φ(r)=αφ(s)

(f) If r is a g-term and a r-term, then φ(r) = r.

If r is a g-type and a r-type, then φ(r) = r.
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Proof: (a) by induction on definition of b-objects, (b), (c) and (e) by (a) and the same
induction, (d), (f) by induction on definition of g-objects.

Lemma 3.3 If MLT is the Tarski-version of extensional or intensional Martin-Löf ’s type
theory, and MLR is the corresponding Russel-version, then

If MLT ` Γ⇒ θ then MLR ` φ(Γ)⇒ φ(θ).
Especially, if the statement is a statement both in MLT and MLR, then, if MLT ` Γ⇒

θ then MLR ` Γ⇒ θ.

Proof:
Induction on the derivation. The general rules follow using lemma 3.2, all the rules, not

dealing with the universe are immediate.
(U I) is trivial, (T I) is obvious. Introduction rules for the universe, e.g. (σI): By IH

MLR ` φ(Γ) ⇒ φ(a) : U , MLR ` φ(Γ), x : φ(b) ⇒ φ(b) : U , therefore MLR ` φ(Γ) ⇒
φ(σx ∈ a.b) : U , similarly follow the other rules or (σI,=). In the equality rules for the
Universe, both sides of the conclusion are identical, and if the statement is Γ ⇒ A = B,
we can derive MLR ` φ(Γ)⇒ φ(A) : type, and by (REFL) follows the assertion.

Definition 3.4 (a) Let MLe1WT,U be defined as MLe1WT , only with the additional rules

(σE) σx∈a.b:U
a:U

σx∈a.b:U
x:T (a)⇒b:U

(πE) πx∈a.b:U
a:U

πx∈a.b:U
x:T (a)⇒b:U

(wE) wx∈a.b:U
a:U

wx∈a.b:U
x:T (a)⇒b:U

(+̃
E
) a+̃b:U

a:U
a+̃b:U
b:U

(iE) ĩ(a,s,t):U
a:U

ĩ(a,s,t):U
s:T (a)

ĩ(a,s,t):U
t:T (a)

(b) Let MLe1WR,U be defined as MLe1WR, only with the additional rules

(ΣE
U ) Σx∈A.B:U

A:U
Σx∈A.B:U
x:A⇒B:U

(ΠE
U ) Πx∈A.B:U

A:U
Πx∈A.B:U
x:A⇒B:U

(WE
U ) Wx∈A.B:U

A:U
Wx∈A.B:U
x:A⇒B:U

(+E
U ) A+B:U

A:U
A+B:U
B:U

(IEU ) I(A,s,t):U
A:U

I(A,s,t):U
s:A

I(A,s,t):U
t:A

Remark 3.5 If MLe1WT,U ` Γ⇒ θ, then MLe1WR,U ` φ(Γ)⇒ φ(θ).

Proof:
As 3.3.
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Lemma 3.6 In MLi1WT , MLe1WT , MLe1WT,U , MLi1WR, MLe1WR and MLe1WR,U

Γ, x : A,Γ′ ⇒ θ Γ⇒ A = A′

Γ, x : A′,Γ′ ⇒ θ

is a rule, derived from the General rules only.

Proof:
Let y be a fresh variable. Then by (THIN) Γ, y : A′, x : A,Γ′ ⇒ θ, by (SYM),

(TRANS) (REFL) Γ ⇒ A′ type, Γ, y : A′ ⇒ y : A′ and Γ, y : A′ ⇒ y : A, By (SUB)
Γ, y : A′,Γ′[x/y]⇒ θ[x/y], by (THIN) and (SUB) Γ, x : A′,Γ′ ⇒ θ. (eventually we need
some (ALPHA), to make θ[x/y][y/x] is allowed and θ[x/y][y/x] = θ, the same for Γ′.

Definition 3.7 (a) Define for C constructors, ψ(N) := n, ψ(Nk) := nk, ψ(Π) := π, ψ(Σ) := σ,
ψ(W ) := w, ψ(I) := ĩ, ψ(+) := +̃, ψ(C) := C otherwise.

(b) Define ψ : b-object→ b-object by recursion on the b-objects:

ψ(x) := x (x ∈ V arML),
ψ(C(t1, . . . , tn)) := ψ(C)(φ(t1), . . . , φ(tn)),
ψ(λx.t) := λx.ψ(t).

(c) Define the function ρ : b-object→ b-object by recursion on the b-objects:

ρ(Sx ∈ r.s) := Sx ∈ ρ(r).ρ(s) (S ∈ Σ,Π,W )
ρ(r + s) := ρ(r) + ρ(s),
ρ(I(r, s, t)) := I(ρ(r), ψ(s), ψ(t)),
ρ(C) := C for C ∈ {N,Nk, U},
ρ(t) := T (ψ(t)), otherwise.

(d) If Γ = x1 : A1, . . . , xn : An is a g-context-piece, then ρ(Γ) := x1 : ρ(A1), . . . , xn : ρ(An)

(e) If r, s are g-terms, A is a g-type, then ρ(A : type) := (ρ(A) : type), φ(r : A) := (ψ(r) :
ρ(A)), ρ(r = s : A) := (ψ(r) = ψ(s) : ρ(A)), ρ(A = B) := (ρ(A) = ρ(B)).

(f) Define µ : b-object→ b-object by recursion on the b-objects:

µ(T (sx ∈ r.s)) := φ(s)x ∈ µ(T (r)).µ(T (s)) (s ∈ {σ, π, w}),
µ(T (r+̃s)) := µ(T (r)) + µ(T (s)),
µ(̃i(r, s, t))) := I(µ(T (r)), s, t),
µ(T (C)) := ψ(C) for C ∈ n, nk,
µ(Sx ∈ r.s) := Sx ∈ µ(r).µ(s) (S ∈ {Σ,Π,W})
µ(r + s) := µ(r) + µ(s),
µ(I(r, s, t)) := I(µ(r), s, t),
µ(C) := C for C ∈ {N,Nk, U},
µ(t) := t, otherwise.

Lemma 3.8 Assume r, s, t, si b-objects, xi ∈ V arML.

(a) FV (t) = FV (ψ(t)) = FV (ρ(t)) = FV (µ(t)).

(b) If t[x1/s1, . . . , xn/sn] allowed, then
ψ(t)[x1/ψ(s1), . . . , xn/ψ(sn)],
µ(t)[x1/ψ(s1), . . . , xn/ψ(sn)],
ρ(t)[x1/ψ(s1), . . . , xn/ψ(sn)]
are allowed.
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(c) If t is a r-term, then ψ(t) is a g-term.

If t is a r-type, then ρ(t) is a g-type.

If t is a g-type, then µ(t) is a g-type.

If t is a r-term, then ρ(t) = µ(T (ψ(t))).

(d) If t, si are b-objects, then ψ(t[x1/s1, . . . , xn/sn]) = ψ(t)[x1/ψ(s1), . . . , xn/ψ(sn)].

If t is a g-type, si are g-terms, then µ(µ(t)) = µ(t),

µ(t[x1/s1, . . . , xn/sn]) = µ(µ(t)[x1/s1, . . . , xn/sn]),

If t is a r-type, si are r-terms, then ρ(t[x1/s1, . . . , xn/sn]) = µ(ρ(t)[x1/ψ(s1), . . . , xn/ψ(sn)]).

(e) If t is a g -judgement, -statement, -context, -context-piece, then ρ(t) is a r-judgement, -
statement, -context, -context-piece.

(f) r=αs→ ψ(r)=αψ(s), ρ(r)=αρ(s), µ(r)=αµ(s).

(g) If r is a g-term and b-term, then ψ(r) = r.

If r is a g-type and b-type, then ρ(r) = r.

Proof: (a) by induction on definition of b-objects, (b) by (a) and the same induction.
(c) follows by induction of b-objects, g-types, by the first two ones, and by induction

on rterms.
(d): The first assertion is easy by induction on the definition of b-objects. The second

is shown by induction on the definition of µ(t). The third follows again by induction, the
fourth one follows using the third and first one.

(e), (f), (g) by induction on definition of the different objects.

Lemma 3.9 Let MLT be MLi1WT , MLe1WT or MLe1WT,U and Γ,Γ′ be g-context-pieces,
a, b, t g-terms, A,B g-types, x a variable. The following applies:

(a) If MLT ` Γ⇒ s : A, or MLT ` Γ⇒ s = t : A then MLT ` Γ⇒ A type.

(b) If MLT ` Γ ⇒ Sx ∈ A.B type (S ∈ {Σ,Π,W}), then MLT ` Γ ⇒ A, MLT ` Γ, y : A ⇒
B[x/y] type, for all y ∈ V arML \X for some finite set X.

(c) If MLT ` Γ⇒ A+B type then MLT ` Γ⇒ A type, MLT ` Γ⇒ B type.

(d) If MLT ` Γ⇒ I(A, b, c) type, then MLT ` Γ⇒ b : A, MLT ` Γ⇒ c : A.

(e) If MLT ` Γ⇒ T (b) : type then MLT ` Γ⇒ b : U .

(f) If MLT ` Γ⇒ A = B, then MLT ` Γ⇒ A type, MLT ` Γ⇒ B type.

(g) If MLT ` Γ, x : A,Γ′ ⇒ θ then MLT ` Γ⇒ A type.

Proof: We first add the rules

(REPL1a) x:A,Γ′,Γ′′⇒B type ⇒t=t′:A

Γ′[x/t],Γ′′[x/t′]⇒B[x/t′] type

and

(ALPHA1)
A type
A′ type if A=αA

′
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and in the extensional case and in MLe1WT,U additionally the intensional rules, and remove
the (REFL)-rules

A = A

A type

t : A

A type

If for this calculus the theorem is provable, then this calculus is equivalent to the original:
If we have a proof in the original calculus, then embed it into the calculus, by applying,
whenever we need the removed rules the weak inferences. If we have a proof in the new
calculus, the result is a proof in the original calculus, since we only added derived rules.

Now induction on the length of the derivation:
In the cases (ASS), (THIN), (REFL), (SYM) and (TRANS) follow trivially using

the IH.
In (SUB) the difficulty are the the second conclusion in the cases (b): let the conclusion

be for instance Γ,Γ′[x/t] ⇒ (Σx′ ∈ A.B)[x/t]. By IH Γ,Γ′, y : A′ ⇒ B′[x′/y] : type for
y 6∈ X, therefore Γ,Γ′[x/t], y : A′[x/t]⇒ B′[x′/y][x/t] for x 6= y, x 6∈ X. (the substitution
is allowed) Then for y 6∈ X∪{x}, if x = x′ or x 6∈ FV (B) follows (Σx′ ∈ A.B)[x/t] = Σx′ ∈
A[x/t].B and we have the assertion, otherwise x′ 6∈ FV (t) and B[x′/y][x/t] = B[x/t][x′/y].

In (REPL1) the assertion follows since by IH we have Γ ⇒ t : A and (SUB) or using
(REPL1a).

In (REPL1a), we argue as in (SUB) .
In (REPL2), the assumption follows by (SUB) and IH.
(REPL3), (ALPHA) follow by IH.
The type introduction rules and the introduction rules are immediate, in the elimination

rules we need (SUB), and for (ΣE
2 ) we need one application of (ΣE

1 ), and in the equality
rules we need the introduction rules and (SUB).

In the type introduction rules introduction rules and the equality rules for the universe
nothing is to prove or the assertion is easy by IH.

In the extensional type introduction rules, for (ΠT,=), (ΣT,=) and (W T,=), the first
part is easy by the intensional type introduction and IH for the second part we have
by IH x : A ⇒ B′ type, and now use 3.6, (where we replace the argument using one
of the removed rules by the IH), the extensional introduction rules are immediate, the
extensional elimination rules follow as the introduction rules, (Πη) follows by IH and in
the extensional introduction rules there is nothing to prove. In the rules of 3.4 (a), there
is nothing to prove.

Lemma 3.10 (a) MLe1WT,U ` Γ⇒ r : U , then MLe1WT,U ` Γ⇒ T (r) = µ(T (r))

(b) MLe1WT,U ` Γ⇒ A type , then MLe1WT,U ` Γ⇒ A = µ(A)

Proof:
(a): Induction on the definition of r b-object. If for instance MLe1WT ` Γ⇒ σx ∈ a.b :

U , then by the rules of 3.4 Γ ⇒ a : U , Γ, x : T (a) ⇒ b : U , by IH Γ ⇒ T (a) = µ(T (a)),
Γ, x : T (a) ⇒ T (b) = µ(T (b)), by extensional type introduction follows the assertion,
similarly for the other terms, for which µ(T (t)) does something.

(b) Induction on length of the type. Consider for instance the case MLe1WT ` Γ ⇒
Πx ∈ A.B type, then by 3.9 Γ⇒ A type, Γ, y : A ⇒ B[x/y] type, by IH Γ⇒ A = µ(A),
Γ, y : A ⇒ B[x/y] = µ(B[x/y]), by extensional type introduction and (ALPHA) follows
the assertion, similarly for the other types, but the T (t)-type.

If Γ⇒ T (t) : type by 3.9 we have Γ⇒ t : U , and by the (a) follows the assertion.

Lemma 3.11 If MLe1WR,U ` Γ⇒ θ then MLe1WT,U ` ρ(Γ)⇒ ρ(θ).
Especially, if Γ⇒ θ is a statement of both MLe1WR,U and MLe1WT,U , then we have:

If MLe1WR,U ` Γ⇒ θ then MLe1WT,U ` Γ⇒ θ.
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Proof: Induction on the derivation.
In most rules, the assertion follows by the same rules.
Difficult rules: (SUB), (REPL): Use 3.8 (d), 3.10 and 3.6.
Equality rules and extensional equality rules: use for the substitution part the same

argument.
Second and third rule in (U I): we conclude T (ψ(A)), and using 3.10 and an easy

argument follows the assertion.
Universe introduction rules (possibly extensional): easy.



Chapter 4

Definition of KPi

In this chapter we motivate Kripke-Platek set theory,and define the language and the-
ory.

Kripke-Platek set theory is the result of omitting in axiomatic set theory the power set
axiom and restricting the separation and collection axioms. In the ordinary separation
axiom ∃b.b = {x ∈ a|φ(x)}, if φ(x) = ∃y.ψ(x, y), the quantifier refers to all sets, even b
itself — we have self-reference. If we restrict separation to ∆0-formulas, e.g. φ = ∃y ∈
c.ψ(x, y)} with ψ quantifier-free, the quantifiers refer only to subterms of φ (here c). Then
we can assign an ordinal level(b) to b in such a way, that the validity of φ(x) for x ∈ a is
determined by all sets of level less than b (in our case level(b) = max{level(a), level(c)}).
We have no self-reference. The collection axiom need to be restricted to ∆0-formulas
as well. We can use the method called ramified set theory, to analyze the theory proof
theoretically.

The resulting theory is KPω which is examined in [Bar75](more precisely, Barwise
examines KPU , KP with urelements, KPω is KPU with no urelements) In order to
have stronger theories, Jäger added in [Jäg79] a predicate Ad(u) and axioms, expressing,
that Ad(u) means u is admissible, a transitive inner model of KPω, and further axioms
claiming the existence of certain admissibles. The step to the next admissible corresponds
to the step to the next inductive definition and will correspond in Martin-Löf’s type theory
to the building of one further nested W -type. In some of his theories, Jäger restricted the
∆0 collection axiom and the foundation axiom, to have lower proof theoretical bounds.

We interpret MLe1WT inKPi+, KPi+n , theories which are slight extensions of the Jäger’s
theory KPi, developed in [Jäg79] and analyzed proof theoretically in [Jäg83] and [JP82].

For further proof theoretical investigations of Kripke-Platek set theories, the reader
might refer to [Jäg86]or [Poh82].

Definition 4.1 Definition of Kripke-Platek set theory:

(a) Let LKPbe the classical first-order language, with terms being variables, atomic formulas
being u ∈ v, ¬(u ∈ v), Ad(u), ¬Ad(u). The set of Variables should be V arKP = {uKPi |i ∈ N}
(a meta-set), uKPi 6= uKPj for i 6= j.
The formulas are built from atomic formulas by ∧, ∨, ∀, ∃. We define ¬A by the deMorgan’s
laws. The quantifier in ∀x.φ (∃x.φ) is bounded, if φ of the form x ∈ v → B (x ∈ v ∧ B)
with x 6= v. A ∆0-formula is a formula with no unbounded quantifier.
We abbreviate
A→ B := ((¬A) ∨ B),
∀x ∈ v.B := ∀x.x ∈ v → B,
∃x ∈ v.B := ∃x.(x ∈ v ∧ B),

27
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(u = v) := ((∀x ∈ u.x ∈ v) ∧ (∀x ∈ v.x ∈ u)),
u /∈ v := ¬(u ∈ v),
tran(u) := ∀x ∈ u.∀y ∈ x.y ∈ u,
infinite(u) := ∃x ∈ u.(x = x) ∧ ∀x ∈ u.∃y ∈ u.x ∈ y.
ψ a formula, then ψu means the replacing of every unbounded quantifier ∀v by ∀v ∈ u and

∃v by ∃v ∈ u.

(b) Definition of axiom schemes:

(Ext) ∀x.∀y.∀z.x = y → (x ∈ z → y ∈ z) ∧ (Ad(x)→ Ad(y))
(Found) ∀~z.[∀x.(∀y ∈ x.φ(y, ~z)→ φ(x, ~z))→ ∀x.φ(x, ~z)]

(φ an arbitrary formula )
(Pair) ∀x.∀y.∃z.x ∈ z ∧ y ∈ z.
(Union) ∀x.∃z.∀y ∈ x.∀u ∈ y.u ∈ z.
(∆0 − sep) ∀~z.∀w.∃y.[∀x ∈ y.(x ∈ w ∧ φ(x, ~z)) ∧ ∀x ∈ w.φ(x, ~z)→ x ∈ y]

(φ a ∆0-formula).
(∆0 − coll) ∀~z.∀w.[∀x ∈ w.∃y.φ(x, y, ~z)→ ∃w′.∀x ∈ w.∃y ∈ w′.φ(x, y, ~z)]

(φ a ∆0-formula ).
(Ad.1) ∀x.Ad(x)→ tran(x) ∧ ∃w ∈ x.infinite(w).
(Ad.2) ∀x.∀y.Ad(x) ∧ Ad(y)→ x ∈ y ∨ x = y ∨ y ∈ x.
(Ad.3) ∀x.Ad(x)→ ψx,

(ψ an instance of (Pair), (Union), (∆0-sep), (∆0-coll) ).
(Lim) ∀x.∃y.Ad(y) ∧ x ∈ y.
(inf) ∃x.infinite(x).
(+) ∃z.Ad(z) ∧ ∀x ∈ z.∃y ∈ z.Ad(y) ∧ x ∈ y.
(+n) ∃x1, . . . , xn−1, z.Ad(z)∧

(∀x ∈ z.∃y ∈ z.Ad(y) ∧ x ∈ y)∧.
Ad(x1) ∧ · · · ∧ Ad(xn−1)∧.
z ∈ x1 ∧ x1 ∈ x2 ∧ · · · ∧ xn−2 ∈ xn−1.

(c) ES is the theory (Ext) + (Found) + (Pair) + (Union) + (∆0-sep) + (inf)
KP is the theory (Ext) + (Found) + (Pair) + (Union) + (∆0-sep) + (∆0-coll)
KPω is the theory ES + (∆0-coll) = KP + (inf)
KPl is the theory ES + (Ad.1 - 3) + (Lim) .
KPi is the theory ES + (Ad.1 - 3) + Lim + (∆0-coll)

(= KPl + KPω).
KPi+ is the theory ES + (Ad.1 - 3) + (Lim) + (+).
KPi+n is the theory ES + (Ad.1 - 3) + (∆0-coll) + (+n).

ES is a weak basic theory, KP is Kripke-Platek set theory without infinity axiom, KPω is
the usual Kripke-Platek set theory (without urelements but with infinity) KPl is a theory
claiming the existence of infinitely many admissibles, but the model itself need not be an
admissible. A model of KPl is is LΩrec

ω
. KPi formalizes the existence of infinitely many ad-

missible, and the model itself need to be admissible. Its model is LI , where I is an admissible
fixed point of the enumeration of the admissible, the first recursive inaccessible. KPi+ is a
theory which formalizes the existence of I and and infinitely many admissibles above I and
is modeled by LΩrec

I+ω
, and KPi+n expresses the existence of n admissibles above I, modeled by

LΩrec
I+n

.
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Definition 4.2 (a) pair(x, y) := {{x}, {x, y}},

tripel(x, y) := pair(x, pair(x, y)).

(We use this notation, to distinguish pair from the coding of pairs in the natural numbers).

(b) On should be the class or ordinals. (a ∈ On is a ∆1-predicate).



Part II

An upperbound for the proof
theoretical strength of Martin-Löf ’s

type theory

30



Chapter 5

Interpretation of terms and types

In this chapter, after an introduction, how to interpret Martin-Löf’s type theory in
Kripke-Platek set theory KPi+, we formalize g-terms in it and introduce the reduction
relation →red. (5.1), and prove some lemmata. Then we introduce the concept, how to
interpret types as Σ functions. (5.7), and define the interpretation of the types, first for
all but the Universe (5.8), and after that we give the definition of Û , which is needed for
the interpretation of U and T (a) (5.9).

But let us start with an introduction in how to interpret Martin-Löf’s type theory in
KPi+. The basic idea is to interpret a type as the set of those terms, for which we can
prove in Martin-Löf’s type theory, that they belong to the type: (TermCl should be the
set of closed g-terms.)

A 7→ A∗ := {t ∈ TermCl|MLe1WT ` t : A}

The problem is, that in this definition t ∈ A∗ does not give any information about the
validity of the formula represented by A. We replace this definition by a set of terms,
which are introduced by an introductory rule. An example might be (A×B = Σx ∈ A.B,
where x 6∈ B, we take this example to avoid treating dependent types now)

A×B 7→ (A× B)∗ := {p(a, b) ∈ TermCl|a ∈ A ∧ b ∈ B},

but since we have reduction of terms, we have to replace this definition by

(A×B)∗ := Compl({p(a, b) ∈ TermCl|a ∈ A ∧ b ∈ B})

where
Compl(u) := {r ∈ TermCl|∃s ∈ u.s in normal-form ∧ r→reds}

The next task is to treat equality. We could treat this by saying, t and t′ are equal if
they have the same normal-form. But to make sure, that we do not get any nonsense like
t = t′, where t→red0, t′→redS0, we had to prove the existence of a unique normal-form,
which is a technically very difficult area (note that we had to carry these proofs out in
a restricted set theoretical framework), where the reduction rules have to be modified.
We better try to avoid this problematic area, and use a far easier approach: We interpret
types as sets of pairs of terms — the terms, which are considered to be equal.

A type is represented by a set of pairs of closed terms

An example would be

(A× B)∗ := Compl({pair(p(a, b), p(a′, b′)) ∈ TermCl × TermCl|

pair(a, a′) ∈ A∗ ∧ pair(b, b′) ∈ B∗}
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where now

Compl(u) := {pair(r, r′) ∈ TermCl × TermCl|∃s, s
′ in normal-form .

r→reds ∧ s→reds
′ ∧ pair(s, s′) ∈ u}

Another example is

(A+B)∗ := Compl( {pair(i(r), i(r′))|pair(r, r′) ∈ A∗}

∪ {pair(j(r), j(r′))|pair(r, r′) ∈ B∗})

or the easiest example

N∗ := Compl({pair(Sn0, Sn0)|n ∈ IN})

Now we want to interpret the type A→ B (= Πx ∈ A.B where x is a new variable). The
problem is, that the introduction rules deduces from an open term a closed term: from
x : A ⇒ t : B we conclude λx.t : A → B. But the intended meaning of x : A ⇒ t : B is,
that, (as long as x 6∈ FV (B)) for every s ∈ A∗, t[x/s] ∈ B∗, and this is independent from
the choice of equal elements of A∗: If pair(s, s′) ∈ A∗, pair(t[x/s], t[x/s′]) ∈ B∗. Putting
these two definitions together in one, we can define

(A→ B)∗ := Compl({pair(λx.t, λx′.t′)|∀pair(r, r) ∈ A∗.pair(t[x/r], t′[x′/r′]) ∈ B∗})

Now, the problem of confluence, we still have, is solved: The main reason for it is the
use of open terms, which are part of the closed term λx.t. But we have in our whole
definition avoided the use of closed terms, and in the definition of (A → B)∗, we see,
that, if pair(λx.t, λx.t) ∈ (A → B)∗, and if t → t′ in a general sense for open terms,
t[x/r]→redt

′[x/r] for closed terms r. But now, if B∗ is closed under →red, we conclude
pair(λx.t, λx.t′) ∈ (A→ B)∗.

So we can define, that all terms λx.t are in normal form. To make the technicalities
even more easier, we choose a deterministic reduction strategy, some kind of call-by-value
strategy: we allow Ap(λx.r, s) →red r[x/s] only if s is in normal-form (note that λx.r is
in normal-form), the same for all other constructors.

Now there is a new problem: Since we have dependent types, we have types containing
free variables. Let us consider the Π-type:

(Πx ∈ A.B)∗ :=

Compl({pair(λx.t, λx′.t′)|∀pair(r, r′) ∈ A∗.pair(t[x/r], t′[x′/r′]) ∈ B∗[x/r]})

(We will see later, that t[x/r] is always allowed, as long as r is closed.)
So in fact, for a type with free variable x we could treat B∗[x/r] := B[x/r]∗. But we

can not introduce the interpretation of all types, but only for finitely many types, since we
are working in a restricted set theoretical system. The solution is, that we can interpret
open types as Σ functions (see [Bar75]), and give some operation A[x1/r1, . . . , xn/rn] for
Σ functions A and xi ∈ V arML, ri g-terms, in such a way, that the equality B∗[x/r] =
B[x/r]∗ holds. Since we want to prove, that relation defined by the equality relation on
the interpretation of a type is symmetric and transitive (we could prove this as part of
the Main Lemma for all deduced types, but this would make this lemma even heavier),
we add the additional condition B∗[x/r] = B′∗[x/r′] which will be fulfilled, whenever we
have derived x : A⇒ B type:

(Πx ∈ A.B)∗ :=

Compl({pair(λx.t, λx′.t′)|∀pair(r, r′) ∈ A∗.pair(t[x/r], t′[x′/r′]) ∈ B∗[x/r]

∧B∗[x/r] = B∗[x/r′]})



CHAPTER 5. INTERPRETATION OF TERMS AND TYPES 33

Now original Martin-Löf’s type theory has no fixed set of terms and types: they are
introduced during the derivation of formulas. But we have extracted in chapter 2 a set of
general terms, the g-terms, such that every term occurring in Martin-Löf’s type theory is
a g-term, but not vice versa, and a set of g-types. Now we can interpret every g-type as
a Σ function. Up to this stage we do not know any correctness properties. This begins,
in the last step, where we prove, that this interpretation is correct for derivations in
Martin-Löf’s type theory, in the sense that

MLe1WT ` r ∈ A ⇒ KPi+ ` pair(r, r) ∈ A∗,

or, considering a more complicated case,

(MLe1WT ` x ∈ B ⇒ s = t ∈ A) ⇒

KPi+ ` ∀pair(r, r′) ∈ B∗.pair(s[x/r], t[x/r′]) ∈ A∗[x/r].

The reader might have at this stage a first look at the following definitions, omitting all
concepts dealing with the W -type and the universe, e.g. W,U, T, (πx ∈ s.t), (σx ∈ s.t)

(wx ∈ s.t), ĩ(r, s, t), r+̃s, n, nk, which will be explained next.

Let us now consider the W -type. From the rules follows, that an interpretation of it
must be the least set closed under the applications of the W I-rule. This set must be the
least fixed point of the operator F , where, if we for simplicity switch back to the state,
where types are interpreted as sets of terms rather than pairs of terms, F is defined as

F (u) := {sup(r, λx.s)|r ∈ A∗ ∧ ∀t ∈ B∗[x/r].s[x/t] ∈ u}

To get the least fixed point we have to iterate this operator up to the least admissible
such that A∗ ∈ Lα and ∀pair(r, r′) ∈ A∗.B∗[x/r] ∈ Lα (in fact we will iterate it up to an
ordinal such that even ∀s ∈ TermCl.B

∗[x/s] ∈ Lα).
The most powerful type of Martin-Löf’s type theory is the Universe. When we consider

a rule like

(πI) a∈U x∈T (a)⇒b∈U
πx∈a.b:U

we see, that we have to define simultaneously the elements of U and its interpretations
as types T (a). We will therefore first define a set Û , which will be a set of tripels
tripel(a, A, b). The intended meaning of tripel(a, A, b) ∈ Û is, that a and b are equal
elements in U and T (a)∗ = A. This will be done in such a way, that, if we define

∼:= {pair(a, b) ∈ TermCl × TermCl|∃A.tripel(a, A, b) ∈ Û}

and
f := {pair(a, A)|∃b ∈ TermCl.tripel(a, A, b) ∈ Û}

then ∼ is a symmetric and transitive relation, f is a function and ∀a, b.a ∼ b → f(a) =
f(b).

Having defined Û , we can define U ∗ :=∼ and T (a) := f(a)
As for the W -type, Û will be the least fixed point of an operator Ũ . Since U is closed

under the W -type, in the definition of Ũ we have to go to the next admissible. So, to
get Û , we have to iterate Ũ up to an admissible, which is closed under the formation of
the next admissible, e.g. the first recursive inaccessible. This is the point, where we need
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the power of KPi+. We need the existence of a recursive inaccessible, and in order to
form W -types above U , we need the existence of infinitely many admissibles above this
recursive inaccessible.

In fact, to interpret a particular proof of MLe1WT , the nesting of W -types is limited, so
we can interpret the types of this proof in KPi+n for some n.

To prove in chapter 7, that all sentences provable in MLe1WT are provable in KPi+n
for some n we will add some constructors, having not necessary recursive reduction rules.

Definition 5.1 (a) We add to the set of constructors a finite number of additional extended
term constructors (Ai)i∈I with arities arity(Ai). (I = {1, . . . , n} for some n ∈ IN).

The extended b-terms are defined as the b-terms, only using additionally the extended term
constructors.

We extend substitution and α-conversion for this extended system. Let (dCe)C constructor

Gödel-numbers for each constructor, such that we have a primitive recursive set
TermConstr(Ai)i∈I

of these Gödel-numbers (we will usually omit the index (Ai)i∈I), a func-
tion

arity : TermConstr → N,

and a primitive recursive function
n 7→ dCne

(Cn being the eliminator for the Nn-type).

Further let dλe, dV ariablee, λ be Gödelnumbers. (Gödelnumbers always means, that we have
chosen different natural numbers).

We interpret terms t as follows:

dzML
i e :=< dV ariablee, i >,
dC(t1, . . . , tn)e :=< dCe, dt1e, . . . , dtne >,
dλzML

i .te :=< dλe, i, dte >.

We have a primitive recursive set of all codes of extended b-terms Term(Ai)i∈I
(again we

omit usually the index), can break it primitive recursively into its part, can define a primitive
recursive function sub : N → N → N such that

sub(dte, << i1, dt1e >, . . . , < in, dtne >>) = d(t[zML
i1

/t1, . . . , z
ML
in /tn])e,

(< · > being the coding for sequences of natural numbers in natural numbers), a primitive
recursive function FV ′ : N → N such that, if FV (t) = {zML

i1 , . . . , zML
in } with i1 < · · · < in,

FV ′(dte) =< i1, . . . , in >, a primitive recursive definable subset TermCl of indices of closed
terms. In the following we will omit usually the Gödel-parenthesis d e, if it is clear that we
are speaking of natural numbers.

(b) The introductory term constructors are the term constructors 0, r, n, S, i, j, p, sup, +̃, π,
σ, w, ĩ.

(c) We assume, that for each Ai, by which we extended our constructors, we have a function
A∗i : Narity(Ai) → N , defined in KPi+.

Let →red,imm(Ai,A∗i )i∈I
(again we will omit the index (Ai, A

∗
i )i∈I) be the set of pairs of closed

terms, written t→red,imm(Ai,A∗i )t
′ or short t→red,immt

′ for pair(t, t′) ∈ →red,imm, defined as

follows:
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If r, s, t, t′, ri are extended b-terms (and the left side of →red,imm are closed terms), then
p0(p(r, s))→red,immr,
p1(p(r, s))→red,imms,
Ap(λx.r, s)→red,immr[x/s],
Cn(in, r1, . . . , rn)→red,immri,
D(i(r), s, t)→red,immsr,
D(j(r), s, t)→red,immtr,
P (0, s, t)→red,imms,
P (Sr, s, t)→red,imm(trP (r, s, t)), (note that we write rs for Ap(r, s)),
R(sup(r, s), t)→red,imm(trs(λzML

i .R(szML
i , t))), where i is minimal such that zML

i 6∈ FV (s)∪
FV (t)
Ai(S

n10, . . . , Snk0)→red,immS
A∗i (n1,...,nk)0,

the pairs mentioned above are all pairs.
Note that it is primitive recursive decidable, if there exists a t′ such that t→red,immt

′, and for
each term t there is at most one term t′ such that t→red,immt

′, so →red,imm represents are
partial function.

(d) We define inductively a set of (indices for) terms in normal-form Termnf ⊂ TermCl:

If C is an introductory n-ary term constructor, t1, . . . , tn ∈ Termnf , then C(t1, . . . , tn) ∈
Termnf .
If C is a n-ary term constructor (possibly an extended term constructor) that is not intro-
ductory, t1, . . . , tn ∈ Termnf , and there exists no t such that C(t1, . . . , tn)→red,immt, then
C(t1, . . . , tn) ∈ Termnf .
If t ∈ Term, x ∈ V arML, FV (t) ⊂ {x}, then λx.t ∈ Termnf .

We easily see, that Termnf is a primitive recursively decidable relation.

(e) We define terms t ∈ TermCl, the next reduced term tred.
For t ∈ Termnf . t

red := t.
If C is a n-ary (possibly extended) term constructor, ri ∈ TermCl, ∃i.ri 6∈ Termnf , then
C(r1, . . . , rn)

red := C(rred1 , . . . , rredn ).
If t := C(r1, . . . , rn) 6∈ Termnf , ri ∈ Termnf , then t→red,immt

′ for some t′, tred := t′.

We define r→reds :↔ ∃n ∈ ω, s ∈ ω.sequence(s) ∧ lh(s) = n ∧ (s)0 = r ∧ (s)n = s ∧ ∀i <
n.(s)redi = (s)i+1.

Lemma 5.2 Assume xi, yi ∈ V arML.

(a) KPi+ ` ∀r, s′ ∈ Term.r=αr
′ → FV (r) = FV (r′).

(b) KPi+ ` ∀r, ri ∈ Term.FV (r[~x/~r]) ⊂ FV (r) ∪
⋃n
i=1 FV (ri).

(c) In KPi+ we prove that for all s, ti ∈ Term, all ri ∈ TermCl,
s[~x/~r] is allowed substitution ∧
(s[~y/~t] is allowed )→ s[~x/~r][~y/~t] is allowed )∧
(s[~x/~r][~y/~t] = s[~x/~r, ~y/~t]).

(d) KPi+ ` ∀t, t′ ∈ Term.∀ri, r
′
i ∈ TermCl.(t=αt

′ ∧ ri=αr
′
i)→ t[~x/~r]=αt

′[~x/~r′].

(e) KPi+ ` ∀x, x′ ∈ V arML.∀t, t
′ ∈ Term.∀r, r′ ∈ TermCl.

(λx.t=αλx
′.t′ ∧ r=αr

′)→ t[x/r]=αt
′[x′/r′]
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Proof:
(a), (b): easy.
(c): If x ∈ V arML this is trivial, and if s = C(t1, . . . , tn) it follows by IH. If s = λx.t,

[~x′/~r′] := [~x/~r] \ {x}, [~y′/~t′] := [~y/~t] \ {x}, s[~x/~r] = λx.(t[~x′/~r′]) allowed, since x 6∈
FV (ri) and the IH. If s[~y/~t] is allowed follows t[~y′/~t′] is allowed and x 6= y ∈ FV (t) →
x 6∈ FV (ti) therefore t[~x′/~r′][~y′/~t′] is allowed and x 6= y ∈ FV (t[~x′/~r′]) = FV (t) →
x 6∈ FV (ti), s[~x/~r][~y/~t] is allowed. Further follows s[~x/~r][~y/~t] = λx.(s[~x′/~r′][~y′/~t′]) =
λx.(s[~x′/~r′, ~y′/~t′]) = t[~x/~r, ~y/~t].

(d) We prove first, that if t=αt
′, ri ∈ TermCl, t[~x/~r]=αt

′[~x/~r].
Induction on t=αt

′. The case t = t′ is trivial, the cases of t=αt
′′=αt

′, t = C(t1, . . . , tn)∧
t′ = C(t′1, . . . , t

′
n) ∧ ti=αt

′
i and t =N λx.s ∧ t′ =N λx.s′ ∧ s=αs

′ follows by IH.
Case t = λx.s, t′ = λy.s[x/y], y 6∈ FV (s), t[x/y] is allowed, [~x′/~r′] := [~x/~r]\{x, y}. Then

y 6∈ FV (t), t[~x/~r] = λx.(s[~x′/~r′]), by (c) therefore s[~x′/~r′][x/y] is allowed, y 6∈ FV (t[~x/~t],
s[~x′/~r′][x/y] = s[~r′/~r′, x/y] = s[x/y][~s′/~r′], t′[~x/~r] = λy.(s[~x′/~r′][x/y])=αt[~x/~r].

Next we prove ri=αr
′
i → t′[~x/~r]=αt

′[~x/~r′], which follows by a trivial induction on the
construction of t′.

(e) Induction on definition of λx.t=αλx
′.t′: The case λx.t = λx′.t′ is trivial, if

λx.t=αs=αλx
′.t′, then s = λx′′.t′′ and the assertion follows by IH, and if x = x′, t=αt

′ the
assertion follows by (d). If t′ = t[x/x′], x′ 6∈ FV (λx.t), t[x/x′] substitutable,
t′[x′/r′]=αt

′[x′/r] = t[x/x′][x′/r] = t[x/r, x′/r] = t[x/r], since x′ 6∈ FV (t) ∨ x′ = x.

Lemma 5.3 (a) KPi+ ` ∀r, s, s′ ∈ TermCl.(r→reds ∧ r→reds
′)→ (s→reds

′ ∨ s′→reds).

(b) KPi+ ` ∀r, s, s′ ∈ TermCl.(r→reds ∧ r→reds
′ ∧ s, s′ ∈ Termnf)→ s = s′.

(c) If C is a n-ary constructor, then

KPi+ ` ∀r1, . . . , rn, r
′
1, . . . , r

′
n.(r1→redr

′
1 ∈ Termnf ∧ · · · ∧ rn→redr

′
n ∈ Termnf )

→ C(r1, . . . , rn)→redC(r′1, . . . , r
′
n)

(d) KPi+ ` ∀t, t′, s ∈ TermCl.(t→reds ∧ t=αt
′)→ ∃s′ ∈ TermCl.t

′→reds
′.

(e) KPi+ ` ∀t, t′ ∈ TermCl.t=αt
′ → (t ∈ Termnf ↔ t′ ∈ Termnf).

Proof: (a), (b): Immediate, since we have chosen t 7→ t′red as a function.
(c): Induction on maximum of the reduction sequences of ri→redr

′
i.

(d), (e): We show t=αt
′ → ((t ∈ Termnf ↔ t′ ∈ Termnf) ∧ t

red→redt
′red), by induction

on the definition of t=αt
′, side induction on construction on t:

If t = t′ the assertion is trivial, if t=αt
′′=αt

′ it follows by IH.
Case t = C(t1, . . . , tn). Then t′ = C(t′1, . . . , t

′
n), ti=αt

′
i: If ti 6∈ Termnf , follows

t′i 6∈ Termnf , t
red
i =αt

′
i
red, tred = C(tred1 , . . . , tredn )=αt

′ by IH. If ti ∈ Termnf , t→red,imms,
t′→red,imms

′, where s′ is just the same arrangement of the terms as in s, except that in the
case of C = R we might choose another variable zML

i , and in the case C = Ap where we
have to conclude using lemma 5.2 (d), and we have in all cases s→reds

′. If ti ∈ Termnf ,

¬(t→red,imms) we have t, t′ ∈ Termnf , t
red = t=αt

′ = t′red.
If t = λx.s, then t′ = λy.s′, t, t′ ∈ Termnf .

Definition 5.4 (a) αI := min{γ ∈ On|Ad(Lγ) ∧ ∀x ∈ Lγ .∃y ∈ Lγ .Ad(y) ∧ x ∈ y} (definable in
KPi+),

(b)

αI,n := min{γ ∈ On|∃α1, . . . , αn−1 ∈ On.Ad(Lα1) ∧ · · ·Ad(Lαn−1) ∧

αI ∈ α1 ∧ α1 ∈ α2 ∧ · · · ∧ αn−2 ∈ αn−1 ∧ γ = αn−1}
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(definable in KPi+ or KPi+m for n < m)

(c) If α is an ordinal, then α+ := min{γ ∈ On|Ad(Lγ) ∧ α ∈ Lγ} (definable in KPi+),
α+,n := min{γ ∈ On|Ad(Lγ) ∧ α ∈ Lγ} ∪ {αI,n} (definable in KPi+n )

(d) a(u) := min{c|Ad(c) ∧ u ∈ c} (definable in KPi+).
α(u) :=

⋃
{γ ∈ a(u)|γ ∈ On}, definable in KPi+.

a(u)n := min{c|Ad(c) ∧ u ∈ c} ∪ {LαI,n
}, definable in KPi+n .

α(u)n :=
⋃
{γ ∈ a(u)n|γ ∈ On}, definable in KPi+n .

We need for the interpretation of W and U the transfinite iteration of an operator,
defined as follows:

Definition 5.5 (a) If F is an (n + 1)-ary Σ function, let F (~n, ·) be the Σ function, such that

F (~n, ·)(u) := F (~n, u).

(b) If F is a Σ function, we define by recursion on α

F α(v) :=





v if α = 0,
F (F β(v)) if α = β + 1,⋃
β<α,β∈On F

β(v) if α ∈Lim.

Definition 5.6 We define the Σ function Compl

Compl(a) := {pair(r, s) ∈ TermCl × TermCl|∃r
′, s′ ∈ Termnf .

r→redr
′ ∧ s→reds

′ ∧ pair(r′, s′) ∈ a}

Compl(a) ⊂ TermCl × TermCl, and will be used only, if a ⊂ TermCl × TermCl.
Note that in fact this definition is relative to the extension of our set of constructors,

so actually we have to write Compl(Ai,A∗i )i∈I
.

We will interpret each g-type occurring in a proof of Martin-Löf’s type theory (note
that there are only finitely many — we cannot give a general interpretation of all types) as
Σ functions, with arguments represented by the free variables of the type. More precisely,
if FV (A) = {zML

1 , . . . , zML
n }, (zML

i as in the definition 2.1 of V arML) the arguments of
the interpretation A∗ will have arguments given by the variables {uKP1 , . . . , uKPn } (uKPi as
in definition 4.1 (a) of V arKP ). We introduce the following abbreviation:

Definition 5.7 If A is a Σ function in KPi+ with arguments represented by the free
variables {uKPi1 , . . . , uKPin }, i1 <, . . . , in, u

KP
i as in the definition 4.1 (a) of V arKP zML

i

as in the definition 2.1 of V arML, r1, . . . , rm extended b-objects, jk := min{l|xl = zML
jk
}

(k = 1, . . . , m), then

A[x1/r1, . . . , xm/rm] := A[uKPi1 /rj1, . . . , u
KP
in /rjn],

where on the right-hand side we have the real substitution or (having introduced a Σ
function symbol) the application of the function symbol to the arguments.

We will write A[~x/~n] for A[x1/n1, . . . , xn/nn]. Note that, if a variable occurs more than
once in the sequence x1, . . . , xn, only the first one is relevant.

Definition 5.8 Definition of the interpretation of g-types A, namely A∗, which will be a
Σ function, that has, if FV (A) = {zML

1 , . . . , zML
n }, (zML

i as in definition 2.1 of V arML),
arguments given by the variables {uKP1 , . . . , uKPn } (uKPi as in defition 4.1 (a) of V arKP ).
We will define it by giving the values A∗[~x/~s].
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Additionally we define lev(A) ∈ IN.
The interpretation is relative to a choice of term constructors (Ai)i∈I , extending the given
term constructors, together with some interpretation A∗

i , as stated in 5.1 (c), so in fact
we have to write (we do not for simplicity) A∗

(Ai,A∗i )i∈I
.

We define in all, but the W -, U- and T (t)-cases

A∗[~x/~s] := Compl(Abasis[~x/~s]),

where Abasis is defined as follows:
For k ∈ IN,

N basis
k [ ] := {pair(nk, nk)|n < k},

(note that we have a constant Σ function) lev(Nk) := 0

N basis[ ] := {pair(Sn0, Sn0)|n < ω},

lev(N) := 0
Let A,B be g-types, m := max{lev(A), lev(B)}.
Then lev(Πx ∈ A.B) := lev(Σx ∈ A.B) := m, lev(Wx ∈ A.B) := m+1, and we define:

(Πx ∈ A.B)basis[~x/~s] := {pair(λx.r, λx′.r′) ∈ Termnf × Termnf |

∀pair(s, s′) ∈ A∗[~x/~s].pair(r[x/s], r[x′/s′]) ∈ B∗[x/s, ~x/~s]

∧B∗[x/s, ~x/~s] = B∗[x/s′, ~x/~s]},

(more precisely we have to write:

(Πx ∈ A.B)basis[~x/~s] := {pair(t, t′) ∈ Termnf × Termnf |

∃x, x′ ∈ V arML, r, r
′ ∈ Term.t = λx.r ∧ t′ = λx′.r′ ∧

∀s, s′ ∈ Term.pair(s, s′) ∈ A∗[~x/~s]→

pair(r[x/s], r[x′/s′]) ∈ B∗[x/s, ~x/~s]

∧B∗[x/s, ~x/~s] = B∗[x/s′, ~x/~s]},

similarly in the following definitions)

(Σx ∈ A.B)basis[~x/~s] := {pair(p(r, s), p(r′, s′)) ∈ Termnf × Termnf |

pair(r, r′) ∈ A∗[~x/~s] ∧ pair(s, s′) ∈ B∗[x/r, ~x/~s] ∧

B∗[x/r, ~x/~s] = B∗[x/r′, ~x/~s]},

Wx ∈ A.B∗[~x/~s] := F αI,m(~s, ·)(∅)

(note that m = max{lev(A), lev(B)})
where

F (~s, u) := Compl(F basis(~s, u)), and

F basis(~s, u) :=

{pair(sup(r, λx.s), sup(r′, λx′.s′)) ∈ Termnf × Termnf |pair(r, r
′) ∈ A∗[~x/~s] ∧

B[x/r, ~x/~s] = B[x/r′, ~s]

∧∀pair(t, t′) ∈ B∗[x/r, ~x/~s].pair(s[x/t], s′[x′/t′]) ∈ u}
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If A,B are g-types, then lev(A+B) := max{lev(A), lev(B)},

(A +B)basis[~x/~s] := {pair(i(r), i(r′)) ∈ Termnf × Termnf |pair(r, r
′) ∈ A∗[~x/~s]}

∪{pair(j(r), j(r′)) ∈ Termnf × Termnf |pair(r, r
′) ∈ B∗[~x/~s]}

If A is a g-type, s, t are g-terms, then lev(I(A, s, t)) = lev(A) and

(I(A, r, s))basis[~x/~s] := {pair(r, r)|pair(r[~x/~s], s[~x/~s]) ∈ A∗[~x/~s]}.

lev(U) := 1 and

U∗[ ] := {pair(r, r′) ∈ TermCl × TermCl|∃b ∈ TC(Û)tripel(r, b, r′) ∈ Û}.

(Û will be defined in the next definition)
If t is a g-term, then lev(T (t)) := 1

T (t)∗[~x/~s] :=
⋃
{b ∈ TC(Û)|tripel(t[~x/~s], b, t[~x/~s]) ∈ Û}.

Definition 5.9 Definition of Û :
Û := ŨαI (∅), where Ũ is a Σ function symbol, which can be defined in KPi+ in the

following way:

Let
ComplU (a) := {tripel(r, b, s) ∈ TermCl × TC(a)× TermCl|∃r

′, s′ ∈ Termnf .
r→redr

′ ∧ s→reds
′ ∧ tripel(r′, b, s′) ∈ a}.

Ũ(u) := ComplU(Ũ basis(u)),

where

Ũ basis(u) := {tripel(nk, ufin(k), nk) ∈ a(u)|k ∈ IN}

∪ {tripel(n, unat, n)}

∪ {tripel(πx ∈ r.s, uπ(b, f), πx′ ∈ r′.s′) ∈ a(u)|φ(r, x, s, r′, x′, s′, b, f, u)}

∪ {tripel(σx ∈ r.s, uσ(b, f), σx′ ∈ r′.s′) ∈ a(u)|φ(r, x, s, r′, x′, s′, b, f, u)}

∪ {tripel(wx ∈ r.s, uα(u)
w (b, f, ·)(∅), wx′ ∈ r′.s′) ∈ a(u)|

φ(r, x, s, r′, x′, s′, b, f, u)}

∪ {tripel(r+̃s, u+(b, c), r′+̃s′) ∈ a(u)|ψ+(r, s, r′, s′, b, c, u)}

∪ {tripel(ĩ(r, s, t), ui(b, s, t), ĩ(r
′, s′, t′) ∈ a(u)|ψi(r, s, t, r

′, s′, t′, b, u)}

and

φ(r, x, s, r′, x′, s′, b, f, u) := r, r′ ∈ Termnf ∧ s, s
′ ∈ Term ∧ f ∈ a(u)

∧FV (s) ⊂ {x} ∧ FV (s′) ⊂ {x′} ∧ tripel(r, b, r′) ∈ u ∧

(∀pair(t, t′) ∈ b.tripel(s[x/t], f(t), s′[x′/t′]) ∈ u)

(note that f(t) =
⋃
{c ∈ TC(f)|pair(t, c) ∈ f}, so f need not be a function)

ψ+(r, s, r′, s′, b, c, u) := r, s, r′, s′ ∈ Termnf ∧ tripel(r, b, r
′) ∈ u ∧ tripel(s, c, s′) ∈ u,

ψi(r, s, t, r
′, s′, t′, b, u) := r, s, t, r′, s′, t′ ∈ Termnf ∧ tripel(r, b, r

′) ∈ u ∧

pair(s, s′) ∈ b ∧ pair(t, t′) ∈ b,
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ufin(k) : Compl(ubasisfin (k), where

ubasisfin (k) := {pair(nk, nk)|n < k}

unat := Compl(ubasisnat ), where

ubasisnat := {pair(Sn0, Sn0)|n ∈ IN}

uπ(b, f) := Compl(ubasisπ (b, f)), where

ubasisπ (b, f) := {pair(λx.t, λx′.t′) ∈ Termnf × Termnf |

∀pair(r, r′) ∈ b.pair(t[x/r], t′[x′/r′]) ∈ f(r)}

uσ(b, f) := Compl(ubasisσ (b, f)), where

ubasisσ (b, f) := {pair(p(r, s), p(r′, s′)) ∈ Termnf × Termnf |pair(r, r
′) ∈ b ∧

pair(s, s′) ∈ f(r)},

uw(b, f, v) := Compl(ubasisw (b, f, v)), where

ubasisw (b, f, v) := { pair(sup(r, λx.s), sup(r′, λx′.s′)) ∈ Termnf × Termnf |

r, r′ ∈ TermCl, s, s
′ ∈ Term, FV (s) ⊂ {x}, FV (s′) ⊂ {x′},

pair(r, r′) ∈ b, ∀pair(t, t′) ∈ f(r).pair(s[x/t], s′[x′/t′]) ∈ v)}

u+(b, c) := Compl(ubasis+ (b, c)), where

u+(b, c) := {pair(i(r), i(r′)) ∈ Termnf × Termnf |pair(r, r
′) ∈ b}

∪ {pair(j(r), j(r′)) ∈ Termnf × Termnf |pair(r, r
′) ∈ c}

ui(b, r, s) := Compl(ubasisi (b, r, s)), where

ubasisi (b, r, s) := {pair(r, r)|pair(r, s) ∈ b}



Chapter 6

Correctness of the Interpretation

In this chapter, we show, that the interpretation is correct, in the sense, that, if
MLe1WT ` r : A, then KPi+ ` pair(r, r) ∈ A∗. In chapter 7 we will then conclude,
that this shows, that all arithmetical sentences provable in MLe1WT , can be proven in
KPi+.

We first prove some correctness property: The relation defined by the type is a sym-
metric and transitive relation (lemma 6.10), we examine the relationship to substitution
(lemma 6.12) and α-conversion (lemma 6.15). Further we introduce abbreviations, to
state easily our Main Lemma (definitions 6.11 and 6.16). The heart of this chapter is the
Main Lemma 6.18, which proves, that, if MLe1WT ` r : A, then KPi+ ` pair(r, r, ) ∈ A∗.
In fact we prove something more general, to have a stronger induction hypothesis. The
proof is tedious, since we have to check the correctness of each rule, but not very com-
plicated — the intuition for the upper bound is concentrated in. At the end we see, that
we can even interpret an a little bit extended version MLe1WT,U in this way. This ver-
sion is equivalent to MLe1WR,U , an extension of |MLe1WR| and therefore we can interpret
MLe1WR as well (lemma 6.19).

The next lemma shows, that by iterating uw(b, f, ·) up to the next admissible, we get
a fixed point.

Lemma 6.1 (a) ∀γ < δ.uγw(b, f, ·)(∅) ⊂ uδw(b, f, ·)(∅).

(b) (b ∈ a ∧ f ∈ a ∧ Ad(a) ∧ α =
⋃
δ∈a∩On δ)→

∀γ > α.uγw(b, f, ·)(∅) = uαw(b, f, ·)(∅).

(c) The proof can be done in KPi+.

Proof: (a) follows by induction on δ.
(b) It is sufficient to show, with u′ := uαw(b, f, ·)(∅), that uw(b, f, u′) ⊂ u′. (Then the

assertion follows immediately by induction on γ)
Since Compl(u′) ⊂ u′ it is sufficient to prove ubasisw (b, f, u′) ⊂ u′. Now, if

pair(sup(r, λx.s), sup(r, λx′.s′)) ∈ ubasisw (b, f, u′)

follows

∀t, t′ ∈ TermCl.pair(t, t
′) ∈ f(r)→ ∃δ < α.pair((s[x/t], s′[x′/t′]) ∈ uδw(b, f, u))

Since Ad(a) (here we need (∆0-coll), there exists ρ < α, such that

∀t, t′ ∈ TermCl.pair(t, t
′) ∈ f(r)→ ∃δ < ρ.pair((s[x/t], s′[x′/t′]) ∈ uδw(b, f, u))

41
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Now follows
pair(sup(r, λx.s), sup(r′, λx′.s′)) ∈ uρ+1

w (b, f, u) ⊂ u′

and the assertion.

Definition 6.2 (a) equiv(u) :⇔
∀r, s, t, r′, s′ ∈ TermCl.(pair(r, s) ∈ u→ pair(s, r) ∈ u)∧
((pair(r, s) ∈ u ∧ pair(s, t) ∈ u)→ pair(r, t) ∈ u).

(note that we do not claim reflexivity)

(b) Cor(u) :⇔
∀r, r′, r′′ ∈ TermCl.∀b, b

′.(tripel(r, b, r′) ∈ u→ [tripel(r′, b, r) ∈ u ∧ equiv(b)
∧[tripel(r′, b′, r′′) ∈ u→ (tripel(r, b, r′′) ∈ u ∧ b = b′)]])

Remark 6.3 (a) (Cor(u) ∧ tripel(r, b, r′) ∈ u ∧ tripel(r, b′, r′′) ∈ u)→ (b = b′ ∧ tripel(r, b, r) ∈
u).

(b) If Cor(u) and

∼:= {pair(a, b) ∈ TermCl × TermCl|∃A ∈ TC(u).tripel(a, A, b) ∈ u}

and
f := {pair(a, A) ∈ TermCl × TC(u)|∃b ∈ TermCl.tripel(a, A, b) ∈ u}

then ∼ is a symmetric and transitive relation, f is a function and ∀a, b.a ∼ b→ f(a) = f(b).

Proof: Obvious.

Lemma 6.4 Assume r, s, t, r′, s′, t′ ∈ Term, x, x′ ∈ V arML, b, f, u sets.

(a) (φ(r, x, s, r′, x′, s′, b, f, u) ∧ Cor(u))→
(b ∈ a(u) ∧ ∃f ∈ a(u).∀pair(t, t′) ∈ b.f(t) = f(t′) = f ′(t) = f ′(t′)).

(b) ψ+(r, s, r′, s′, b, c, u)→ b, c ∈ a(u)

(c) ψi(r, s, t, r
′, s′, t′, b, u)→ b ∈ a(u)

Proof:
(a) b ∈ TC(u) ∈ a(u).
Let f ′ := {pair(t, c) ∈ TermCl × TC(u)|pair(t, t) ∈ b ∧ tripel(s[x/t], c, s[x/t]) ∈ u}.
f ′ ∈ a(u). Further, if pair(t, t′) ∈ b follows tripel(s[x/t], f(t), s′[x/t′]) ∈ u, by Cor(u)

tripel(s[x/t], f(t), s[x/t]) ∈ u, further ∀c.tripel(s[x/t], c, s′[x/t]) ∈ u → c = f(t), f ′ is a
function, f(t) = f ′(t) and by

tripel(s′[x/t], f(t), s[x/t]) ∈ u ∧ tripel(s′[x/t], f(t′), s[x/t′]) ∈ u

follows f(t) = f(t′).
(b), (c) follow by b, c ∈ TC(u).

Lemma 6.5 Assume r, s, t, r′, s′, t′ ∈ Term, x, x′ ∈ V arML, b, f, u sets.

(a) ∀k ∈ IN.tripel(nk, ufin(k), nk) ∈ a(u).

(b) tripel(n, unat, n) ∈ a(u).

(c) (Cor(u) ∧ φ(r, x, s, r′, x′, s′, b, f, u))→
(tripel(πx ∈ r.s, uπ(b, f), πx′ ∈ r′.s′), tripel(σx ∈ r.s, uσ(b, f), σx′ ∈ r′.s′) ∈ a(u)∧

tripel(wx ∈ r.s, uα(u)
w (b, f, ·)(∅), wx′ ∈ r′.s′) ∈ a(a(u)).
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(d) (Cor(u) ∧ ψ+(r, s, r′, s′, b, c, u))→ tripel(r+̃s, u+(b, c), r+̃s) ∈ a(u).

(e) (Cor(u) ∧ ψi(r, s, t, r
′, s′, t′, b, u))→ tripel(ĩ(r, s, t), ui(b, s, t), ĩ(r

′, s′, t′)) ∈ a(u).

Proof: By 6.4
Lemma 6.6 Assume r, s, t, r′, s′, t′, r′′, s′′, t′′ ∈ Term, x, x′, x′′ ∈ V arML, b, b

′, f, f ′, u, u′

sets.

(a) φ(r, x, s, r′, x′, s′, b, f, u)→ Cor(u)→ φ(r′, x′, s′, r, x, s, b, f, u).

(b) (φ(r, x, s, r′, x′, s′, b, f, u) ∧ φ(r′, x′, s′, r′′, x′′, s′′, b′, f ′, u′) ∧ Cor(u ∪ u′))→
φ(r, x, s, r′′, x′′, s′′, b, f, u ∪ u′) ∧ b = b′∧
∀pair(t, t′) ∈ b.f(t) = f ′(t) = f(t′) = f ′(t′)

(c) ψ+(r, s, r′, s′, b, c, u)→ Cor(u)→ ψ+(r′, s′, r, s, b, c, u).

(d) (ψ+(r, s, r′, s′, b, c, u) ∧ ψ+(r′, s′, r′′, s′′, b′, c′, u′) ∧ Cor(u ∪ u′)→
(ψ+(r, s, r′′, s′′, b, c, u ∪ u′) ∧ b = b′ ∧ c = c′))

(e) ψi(r, s, t, r
′, s′, t′, b, u)→ Cor(u)→ ψi(r

′, s′, t′, r, s, t, b, u).

(f) (ψi(r, s, t, r
′, s′, t′, b, u) ∧ ψi(r

′, s′, t′, r′′, s′′, t′′, b′, u′) ∧ Cor(u ∪ u′)→
(ψi(r, s, t, r

′′, s′′, t′′, b, u ∪ u′) ∧ b = b′))

Proof:
(a) tripel(r′, b, r) ∈ u. If pair(t, t′) ∈ b, then

tripel(s[x/t′], f(t′), s′[x′/t]) ∈ u, tripel(s′[x′/t], f(t′), s[x/t′]) ∈ u,

f(t) = f(t′) by 6.4 (a).
(b) u′′ := u ∪ u′. b = b′ by Cor(u′′). tripel(r, b, r′′) ∈ u′′. If pair(t, t′) ∈ b, follows

tripel(s[x/t], f(t), s′[x′/t]) ∈ u′′, tripel(s′[x′/t], f(t), s′′[x′′/t′]) ∈ u′′,

therefore tripel(s[x/t], f(t), s′′[x′′/t′]) ∈ u′′. Further

tripel(s′[x′/t], f(t), s[x/t]) ∈ u′′, tripel(s′[x′/t], f ′(t), s′′[x′′/t]) ∈ u′′,

therefore f(t) = f(t′)
(c) - (f): Easy.

Lemma 6.7 Assume r, s, t, r′, s′, t′ ∈ Term, x, x′ ∈ V arML, b, f, u sets.

(a) ∀k ∈ IN.equiv(ubasisfin (k)).

(b) equiv(ubasisnat ).

(c) (Cor(u) ∧ φ(r, x, s, r′, x′, s′, b, f, u))→ (equiv(ubasisπ (b, f))equiv(ubasisσ (b, f))∧
∀v.equiv(v)→ equiv(ubasisw (b, f, v))).

(d) (Cor(u) ∧ ψ+(r, s, r′, s′, b, c, u))→ equiv(ubasis+ (b, c))

(e) (Cor(u) ∧ ψi(r, s, t, r
′, s′, t′, b, u))→ equiv(ubasisi (b, s, t))
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Proof:
(a), (b) are trivial.
(c): Assume pair(λx.t, λx′.t′) ∈ ubasisπ (b, f), pair(r̃, r̃′) ∈ b. Then pair(r̃′, r̃) ∈ b,

pair(t[x/r̃′], t′[x/r̃]) ∈ f(r̃′), pair(t′[x/r̃], t[x/r̃′]) ∈ f(r̃′) = f(r̃) so we have symmetry
of ubasisπ (b, f), similarly for transitivity and ubasisσ , ubasisw .

(d)- (e) are easy.

Lemma 6.8 (a) (Cor(u) ∧ (∀tripel(a, b, a′) ∈ u.a, a′ ∈ Termnf))→ Cor(ComplU(u)).

(b) (equiv(u) ∧ u ⊂ Termnf × Termnf)→ equiv(Compl(u)).

Proof:
By lemma 5.3 (b).

Lemma 6.9 (a) Cor(u)→ Cor(Ũ(u)),

(b) u ⊂ u′ ∧ Cor(u′)→ Ũ(u) ⊂ Ũ(u′),

(c) Cor(Û).

Proof: (a): by 6.6, 6.7, 6.8.
(b) The only difficulty is, to show that

(φ(r, x, s, r′, x′, s′, b, f, u) ∧ φ(r, x, s, r′, x′, s′, b, f, u′))→ uα(u)
w (b, f, ·)(∅) = uα(u′)

w (b, f, ·)(∅).

This follows by 6.1.
(c) Follows by (a), (b).

We conclude, that the interpretation of each g-types gives a symmetric and transitive
relation:

Lemma 6.10 If A g-type, then KPi+ ` ∀s1, . . . , sn ∈ TermCl.equiv(A
∗[~x/~s])

Proof: Induction on the definition of types.
In the cases (Πx ∈ A.B)∗ we need the additional condition in the definition of the

interpretation B∗[x/s, ~x/~s] = B∗[x/s′, ~x/~s], similarly for Σ, W .
The difficult cases are equiv(U ∗), which follows from CorU(u), and equiv(T (t))∗[~r],

which is trivial if ¬∃b.tripel(t∗[~r], b, t∗[~r]) ∈ Û , and if tripel(t∗[~r], b, t∗[~r]) ∈ Û for some b,
follows T (t)∗[~r] = b, equiv(b).

Now we define the interpretation of the judgements in the LKP .

Definition 6.11 Let A,B g-types, s, t g-terms, FV (A), FV (B), FV (s), FV (t) ⊂
{x1, . . . , xn}, r1, . . . , rn, s1, , . . . , sn be extended g-terms.

(a) (A type)∗[~x/~r;~s] :⇔ (A type)∗[x1/r1; s1, . . . , xn/rn; sn] :⇔ (A∗[~x/~r] = A∗[~x/~s]).

(b) (A = B)∗[~x/~r;~s] :⇔ (A = B)∗[x1/r1; s1, . . . , xn/rn; sn] :⇔ (A∗[~x/~r] = B∗[~x/~s]).

(c) (t : A)∗[~x/~r;~s] :⇔ (t : A)∗[x1/r1; s1, . . . , xn/rn; sn] :⇔ pair(t[~x/~r], t[~x/~s]) ∈ A∗[~x/~r].

(d) (t = t′ : A)∗[~x/~r;~s] :⇔ (t = t′ : A)∗[x1/r1; s1, . . . , xn/rn; sn] :⇔
pair(t[~x/~r], t′[~x/~s]) ∈ A∗[~x/~r].

We will not mention the variables x1, . . . , xn explicitly, if they are the variables, mentioned
in the context, writing (A = B)∗[~r, ~s], (t : A)∗[~r;~s], (t = t′ : A)∗[~r;~s].

Lemma 6.12 (Substitution lemma).
Let C,D be g-types, r, s, ti, t

′
i g-terms, xi, yi ∈ V arML. Then:
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(a) If r[~x/~t] is an allowed substitution, FV (r[~x/~t]) ⊂ {y1, . . . , yn}, then

KPi+ ` ∀~r ∈ TermCl.r[~x/~t][~y/~r] = r[x1/t1[~y/~r], . . . , xn/tn[~y/~r], ~y/~r].

(Note that, if variables occur more than once in [~y/~r], only the first substitution is relevant.)

(b) If C[~x/~t] is an allowed substitution, FV (C[~x/~t]) ⊂ {y1, . . . , yn}, then

KPi+ ` ∀~r, r′ ∈ TermCl.C[~x/~t]∗[~y/~r] = C∗[x1/t1[~y/~r], . . . , xn/tn[~y/~r], ~y/~r].

(c) If A[~x/~t], B[~x/~t′] are allowed substitutions, FV (A[~x/~t]), FV (B[~x/~t′]) ⊂ {y1, . . . , yn}, then

KPi+ ` ∀~r, ~s ∈ TermCl.(A = B)∗[~x/(~t[~x/~r]); (~t′[~x/~s]), ~x/~r;~s]↔ (A[~x/~t] = B[~x/~t′])∗[~x/~r;~s].

(d) If A[~x/~t], r[~x/~t] are allowed substitutions, FV (A[~x/~t]), FV (r[~x/~t]) ⊂ {y1, . . . , yn}, then

KPi+ ` ∀~r, ~s ∈ TermCl.(r : A)∗[~x/(~t[~x/~r]); (~t[~x/~s]), ~x/~r;~s]↔ (r[x/t] : A[x/t])∗[~x/~r;~s].

(e) If A[~x/~t], r[~x/~t], s[~x/~t′] are allowed substitutions, FV (A[~x/~t]), FV (r[~x/~t]),
FV (s[~x/~t′]) ⊂ {y1, . . . , yn}, then

KPi+ ` ∀~r, ~s ∈ TermCl.(r = s : A)∗[~x/(~t[~x/~r]); (~t′[~x/~s]), ~x/~r;~s]↔
(r[~x/~t] = s[x/~t′] : A[x/~t])∗[~x/~r;~s].

Proof: (a): Induction on the definition of r g-term:
If r is a variable, the assertion is trivial, if r = C(r1, . . . , rn) it follows by IH.
Let r = λy.s. W.l.o.g. xi 6= y, xi ∈ FV (r). Then, since the substitution is al-

lowed, follows y 6∈ FV (ti). W.l.o.g. yi 6= y. Then r[~x/~t][~y/~s] = (λy.(s[~x/~t]))[~y/~s] =
λy.(s[~x/~t][~y/~s]) = λy.(s[~x/(~t[~y/~s]), ~y/~s]) = r[~x/(~t[~y/~s]), ~y/~s].

(b) Induction on the definition of A g-type:
C = N,Nk, U is trivial.
C = Πx ∈ A.B. Let [~x′/~t′] := [~x/~t] \ {x}, [~y′/~r′] := [~y/~r] \ {x}, Then

C[~x/~t]basis[~y/~r]

{pair(λx.t, λx′.t′) ∈ TermCl × TermCl|∀pair(r, r
′) ∈ A[~x/~t]∗[~y/~r].

pair(t[x/r], t′[x′/r′]) ∈ B[~x′/~t′]∗[x/r, ~y/~r]

∧B[~x′/~t′]∗[x/r, ~y/~r]B[~x′/~t′]∗[x/r′, ~y/~r]}

Now x′i ∈ FV (B)→ x 6∈ FV (ti). Therefore

C[~x/~t]basis[~y/~r]

= {pair(λx.t, λx′.t′) ∈ TermCl × TermCl|∀pair(r, r
′) ∈ A∗[~x/~t[~y/~r], ~y/~r]∗.

pair(t[x/r], t′[x′/r′]) ∈ B∗[~x′/(~t′[x/r, ~y/~r]), x/r, ~y/~r]

∧B∗[~x′/(~t′[x/r, ~y/~r]), x/r, ~y/~r] = B∗[~x′/(~t′[x/r, ~y/~r]), x/r′, ~y/~r]}

= {pair(λx.t, λx′.t′) ∈ TermCl × TermCl|∀pair(r, r
′) ∈ A∗[~x/~t[~y/~r], ~y/~r]∗.

pair(t[x/r], t′[x′/r′]) ∈ B∗[x/r, ~x/(~t[~y/~r]), ~y/~r] ∧

B∗[x/r, ~x/(~t[~y/~r]), ~y/~r] = B∗[x/r′, ~x/(~t[~y/~r]), ~y/~r]}

= Cbasis[~x/(~t[~y/~r]), ~y/~r].

The cases C = Σx ∈ A.B,Wx ∈ A.B,A+B follow in a similar way.
Case C = I(A, r, s): (a) and IH for A.
Case C = T (t): (a).

(c) - (e) are immediate consequences of (a), (b).
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Lemma 6.13 For every g-type A FV (A) ⊂ {x1, . . . , xn}, follows

(a) ∀~r, r, r′, s, s′ ∈ TermCl.(r→redr
′)→ (s→reds

′)
→ pair(r, s) ∈ A∗[~x/~r]→ pair(r′, s′) ∈ A∗[~x/~r].

(b) ∀~r, r, r′ ∈ TermCl.pair(r, r
′) ∈ A∗[~x/~r]→ ∃s, s′ ∈ Termnf .r→reds ∧ r

′→reds
′.

Proof: easy, since for each type, Compl was applied to some set.

Definition 6.14 (a) Define

Stable(a) := ∀r, s, r′, s′ ∈ TermCl.pair(r, s) ∈ a→ r=αr
′ → s=αs

′ → pair(r′, s′) ∈ a

(b) For every g-type A with FV (A) = {x1, . . . , xn} we define

F lex(A) := ∀r1, . . . , rn, s1, . . . , sn ∈ TermCl.(r1=αs1 ∧ · · · ∧ rn=αsn)→ A∗[~x/~r] = A∗[~x/~s′]

Lemma 6.15 For every g-type C,D with FV (C) = {x1, . . . , xn} and C=αD we have

(a) KPi+ ` F lex(C)

(b) KPi+ ` ∀r1, . . . , rn.Stable(C
∗[~x/~r])

(c) KPi+ ` ∀r1, . . . , rn.C
∗[~x/~r] = D∗[~x/~r].

Proof of (a) - (c) by induction on definition of g-types, for (c) by side induction on C=αD.
In (c) the case C = D is trivial, and if C=αC

′=αD, the assertion follows by IH.
We write ~r=α~s for (r1=αs1 ∧ · · · ∧ rn=αsn).
First note, that Stable(a)→ Stable(Compl(a)) by lemma 5.3 (d).
Case N , Nk: Easy.
Case C = Πx ∈ A.B: Since

∀~r, ~s.~r=α~s→ A[~x/~r] = A[~x/~s] ∧ ∀r ∈ TermCl.B[x/r, ~x/~r] = B[x/r, ~x/~s]

follows F lex(Πx ∈ A.B), and if λx.t=αλx
′′.t′′, λx′.t′=αλx

′′′.t′′′,

pair(λx.t, λx′.t′) ∈ Cbasis[~x/~r],

then for pair(r, r′) ∈ A∗[~x/~r] follows by 5.2 (e) t[x/r]=αt
′′[x′′/r], t′[x′/r′]=αt

′′′[x′′′/r′],
B∗[x/r, ~x/~r] = B∗[x/r′, ~x/~r], and by Stable(B∗[x/r, ~x/~r], follows

pair(t′′[x′′/r], t′′′[x′′′/r′]) ∈ B∗[x/r, ~x/~r]

and
pair(λx′′.t′′, λx′′′.t′′′) ∈ Cbasis[~x/~r]

For (c), if D = Πx ∈ A′.B′ with A=αA
′ B=αB

′, the assertion follows by IH, if D = Πy ∈
A.B[x/y], y 6∈ FV (B), B[x/y] allowed, follows assuming under the assumption ~r=α~s

∀r ∈ TermCl.B[x/y]∗[y/r, ~r] = B∗[x/r, y/r, ~r] = B∗[x/r, ~r],

and therefore follows C∗[~r] = D∗[~r].
Case C = Σx ∈ A.B: Stability follows immediately by IH, and if r=αr

′′, s=αs
′′,

r′=αr
′′′, s′=αs

′′′, pair(p(r, s), p(r′, s′)) ∈ Cbasis[~x/~r], pair(r′′, r′′′) ∈ A∗[~x/~r], follows by
IH B[x/r, ~x/~r] = B[x/r′′, ~x/~r], and B[x/r′, ~x/~r] = B[x/r′′′, ~x/~r]. therefore by stability

pair(s′, s′′) ∈ B[x/r, ~x/~r] = B[x/r′′, ~x/~r]
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(c) follows as for Πx ∈ A.B.
Case C = Wx ∈ A.B: As in the Σ-case follows using the IH, F (~r, u) = F (~s, u). Further

we see, that Stable(u)→ Stable(F basis(~r, u)).
(c) follows as for Πx ∈ A.B.
Case C = (A+B): as before, (c) is easy.
Case C = I(A, r, s): Stable(I basis(A, r, s)) is trivial. F lex(I(A, r, s)): If ~r=α~s, then

s[~x/~r]=αs[~x/~s], t[~x/~r]=αt[~x/~s], A
∗[~x/~r] = A∗[~x/~s], and therefore pair(s[~x/~r], t[~x/~r]) ∈

A[~x/~r]↔ pair(s[~x/~s], t[~x/~s]) ∈ A[~x/~s].
For (c), D = I(B, r′, s′), with r=αr

′, s=αs
′, A=αB, A∗[~r] = B∗[~r], by 5.2 (d) r[~r]=αr

′[~r],
s[~r]=αs

′[~r] and, using Stable(A∗[~r]), follows pair(r[~r], s[~r]) ∈ A∗[~r] ↔ pair(r′[~r], s′[~r]) ∈
A∗[~r]↔ pair(r′[~r], s′[~r]) ∈ B∗[~r].

Cases C = U, T (t): We define

StableU (u) := ∀s, s′, t, t′ ∈ TermCl.∀b ∈ TC(u).

s=αs
′ → t=αt

′ → pair(s, b, t) ∈ u→ (pair(s′, b, t′) ∈ u ∧ Stable(b))

We have StableU (u)→ StableU (ComplU(u)). We have Stable(ubasisnat ), Stable(ubasisfin (k)),
(∀a, a′, a′′, a′′′.(pair(a, a′) ∈ b ∧ a=αa

′′ ∧ a′=αa
′′′) → (f(a) = f(a′′) ∧ f(a′) = f(a′′′) ∧

Stable(f(a)))) → Stable(b) → (Stable(ubasisπ (b, f)) ∧ Stable(ubasisσ (b, f)) ∧ (Stable(v) →
Stable(ubasisw (b, f, v)))),

(Stable(b) ∧ Stable(c))→ Stable(ubasis+ (b, c)),
Stable(ui(b, r, s)).
Further Stable(b)→ r=αr

′ → s=αs
′ → ubasisi (b, r, s) = ubasisi (b, r′, s′).

(StableU (u)∧ r=αr
′∧ s=αs

′∧λx.t=αλx
′.t′∧λy.v=αλy

′.v′))→ φ(r, x, t, s, y, v, b, f, u)→
φ(r′, x′, t′, s′, y′, v′, b, f, u).

(StableU (u) ∧ r=αr
′ ∧ s=αs ∧ t=αt

′ ∧ v=αv
′)→ ψ+(r, s, t, v, b, c, u)→ ψ(r′, s′, t′, v′, u).

(StableU (u) ∧ r=αr
′ ∧ s=αs

′ ∧ t=αt
′r̃=αr̃

′ ∧ s̃=αs̃
′ ∧ t̃=αt̃

′) → ψi(r, s, t, r̃, s̃, t̃, b, c, u)→
ψi(r

′, s′, t′, r̃′, s̃′, t̃′, b, c, u)
From all this together we conclude StableU (u)→ StableU (Ũ(u)) and therefore

StableU (Û). Now immediately follows Stable(U ∗), F lex(U) is trivial, Stable(T (t)∗[~x/~r]),
and since for ~r=α~s, t[~x/~r]=αt[~x/~s], follows

pair(t[~x/~r], b, t[~x/~r]) ∈ Û ↔ pair(t[~x/~s], b, t[~x/~s]) ∈ Û ,

(T (t))∗[~x/~r]=α(T (t))∗[~x/~s]

Now, if T (t)=αD, D = T (t′) with t=αt
′, T (t)∗[~r] = T (x)∗[x/t[~r]] = T (x)∗[x/t′[~r′]] =

T (t′)∗[~r].

To state our Main Lemma, we need to express, that, if we assume elements of the
types of the context, the interpretation of the conclusion Θ of a statement of Martin-Löf
is valid. Since we need, that this is independent of the choice of equal elements of Ai, we
will introduce the following abbreviation:

Definition 6.16 Let Γ ≡ x1 : A1, . . . , xk : Ak be a g-context.

∀Γ=(~r;~s).φ :≡ ∀r1, . . . , rk, s1, . . . , sk ∈ TermCl.(pair(r1, s1) ∈ A
∗
1[ ] ∧

pair(r2, s2) ∈ A
∗
2[x1/r1] ∧ · · · ∧ pair(rk, sk) ∈ A

∗
k[x1/r1, . . . , xk−1/rk−1])→ φ

“Assume Γ=(~r;~s)” means:
“Assume r1, . . . , rk, s1, . . . , sk ∈ TermCl such that pair(r1, s1) ∈ A

∗
1[ ]∧

pair(r2, s2) ∈ A
∗
2[x1/r1] ∧ · · · ∧ pair(rk, sk) ∈ A

∗
k[x1/r1, . . . , xk−1/rk−1].
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Remark 6.17 All the proofs, carried out before, can be carried out in KPi+.

Now we can state our Main Lemma. We need to prove that

MLe1WT ` t : A ⇒ KPi+ ` (t : A)∗.

But to carry out the proof, we need an assertion for each judgement of MLe1WT , and
further, that it respects equality:

Lemma 6.18 (Main lemma)
Let Γ,∆ be g-context-pieces, x, xi ∈ V arML, Ai, A, B g-types, t, t′ g-terms, θ a g-

judgement. Assume Γ = x1 : A1, . . . , xn : An.

(a) If MLe1WT ` Γ⇒ t : A, then

(i) KPi+ ` ∀Γ=(~r;~s).(t : A)∗[~x/~r;~s].

(ii) KPi+ ` ∀Γ=(~r;~s).(A type)∗[~x/~r;~s].

(b) If MLe1WT ` Γ⇒ t = t′ : A, then

(i) KPi+ ` ∀Γ=(~r;~s).(t = t′ : A)∗[~x/~r;~s].

(ii) KPi+ ` ∀Γ=(~r;~s).(A type)∗[~x/~r;~s].

(c) If MLe1WT ` Γ⇒ A = A′, then

KPi+ ` ∀Γ=(~r;~s).(A = A′)∗[~x/~r;~s].

(d) If MLe1WT ` Γ⇒ A type, then

KPi+ ` ∀Γ=(~r;~s).(A type)∗[~x/~r;~s].

(e) If MLe1WT ` Γ, x : A,∆⇒ θ, then

KPi+ ` ∀Γ=(~r;~s).(A type)∗[~x/~r;~s].

Proof of the Main Lemma:
We proof simultaneously (a) - (e) by induction on the derivation. We write IH 3 for the
Induction-hypothesis for the 3rd premise, etc. IH 3(d) for the Induction-hypothesis (d)
for the 3rd premise of the rule etc.
If there is more than one rule of one category (as in the case of (REFL) ), we refer to
them by (REFL)1, (REFL)2, etc.
Let Γ = x1 : A1, . . . , xn : An, Γ′ = y1 : B1, . . . , ym : Bm.
If ~r = r1, . . . , rn, i ≤ n, then r̂i := r1, . . . , ri.
If θ = t : A or t = t′ : A or A type or A = B, let θ′ = A type (the judgement treated in
the cases (i) of (a) - (c), or which follows from the assertion in (d), (e).
Distinction by the last rule applied.
Case (ASS): Assume Γ=(~r;~s), pair(r, r′) ∈ A∗[~x/~r]. Then x[~x/~r, x/r] = r, x[~x/~s, x/r′] =
r′, (x : A)∗[~x/~r;~s, x/r; r′]

ad (a,ii): Direct by IH.
ad (e): if ,,y : B” part of Γ, by IH (e).

if y : B ≡ x : A by IH (a,ii).

Case (THIN): Assume Γ=(~r;~s), pair(r, r′) ∈ A∗[~n], pair(r′i, s
′
i) ∈ B

∗
i [~x/~r, x/r, ŷi/r̂i].
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Then pair(r′i, s
′
i) ∈ B

∗
i [~x/~r, ŷi/r̂i], by IH θ∗[~x/~r;~s, ~y/~r′;~s′], therefore

θ∗[~x/~r;~s, x/r; r′, ~y/~r′;~s′]. and (θ′)∗[~x/~r;~s, x/r; r′, ~y/~r′;~s′].
(e): If ,,y : B” ≡ x : A, follows (e) from IH 1(d), otherwise as before by IH.

Case (REFL)1 − (REFL)5: Direct by IH.

Case (SYM)1 Assume Γ=(~r;~s). From pair(ri, si) ∈ A
∗
i [r̂i] follows pair(si, ri) ∈ A

∗
i [r̂i]

and by IH (b,ii) pair(si, ri) ∈ A
∗
i [ŝi]. By IH (b,i) follows pair(t[~s], t′[~r]) ∈ A∗[~s], and by

IH (b,ii) A∗[~r] = A∗[~s], and by 6.10 follows (t′ = t : A)∗[~r;~s].
(b,ii) follows from IH (b,ii).

Case (SYM)2 Assume Γ=(~r;~s). As for (SYM)1 we have pair(si, ri) ∈ A∗i [ŝi], by IH
A∗[~s] = B∗[~r] and therefore the assertion.

Case (TRANS)1 Assume Γ=(~r;~s). From pair(ri, si) ∈ A∗i [r̂i] follows pair(ri, ri) ∈
A∗i [r̂i], pair(t[~r], t

′[~r]) ∈ A∗[~r], pair(t′[~r], t′′[~s]) ∈ A∗[~r] and therefore from equiv(A∗[~n])
follows (t = t′′ : A)∗[~r;~s]. (b,ii) follows by IH.
Case (TRANS)2 Assume Γ=(~r;~s). From pair(ri, si) ∈ A∗i [r̂i] follows pair(ri, ri) ∈
A∗i [r̂i], A

∗[~r] = B∗[~r], B∗[~r] = C∗[~s] and therefore the assertion.

Case (SUB) Assume Γ=(~r;~r′), pair(si, s
′
i) ∈ Bi[x/t]

∗[~r, ŝi]. Now by lemma 6.12

Bi[x/t]
∗[~r, ŝi] = B∗

i [x/t[~r, ŝi], ~r, ŝi] = B∗
i [x/t[~r], ~r, ŝi]

By IH 2 (a,i) pair(t[~r], t[~s]) ∈ A∗[~r], therefore

θ∗[~x/~r;~r′, x/t[~r]; t′[~r′], ~y/~s;~s′],

and by lemma 6.12 θ[x/t]∗[~x/~r;~r′, ~s], similarly for θ′.
Proof for (e): If ,,y : B” in Γ, follows assertion by IH.
If ,,y : B” in Γ′[x/t], follows by IH B∗[~r, x/~t[~r], ŝi] = B∗[~r′, x/t[~r′], ŝ′i], and by 6.12 the
assertion.

Case (REPL1) Assume Γ=(~r;~r′), pair(si, s
′
i) ∈ Bi[x/t]

∗[~r, ŝi]. pair(t[~r], t
′[~r′]) ∈ A∗[~r].

By 6.12 follows B∗
i [~x/~r, x/t[~r], ŷi/ŝi] = Bi[x/t]

∗[~r, ŝi]. Therefore we have pair(si, s
′
i) ∈

B∗
i [~x/~r, x/t[~r], ŷi/ŝi] Then by IH 1 B∗[~x/~r, x/t[~r], ~y/~s] = B∗[~x/~r′, x/t′[~r′], ~y/~s′], and by

6.12 follows the assertion.
Proof for (e): From IH 2 follows as in (REFL) the assertion for Γ⇒ t′ = t : A and further
as in (TRANS) the assertion for Γ ⇒ t = t : A, which is the same as for Γ ⇒ t : A and
now the proof follows as in (SUB).

Case (REPL2) Assume Γ=(~r, ~r′), pair(si, s
′
i) ∈ Bi[x/t]

∗[~r, ŝi]. Then pair(t[~r], t′[~r′]) ∈
A∗[~r], and by IH 1(a,i)

(s = s : B)∗[~x/~r;~r′, x/t[~r]; t′[~r′], ~y/~s;~s′]

and by the 6.12 follows the assertion for (b,i). (b,ii) follows as in (REPL1), using that
we have the assertion for Γ⇒ t = t : A, and (e) follows exactly as in (REPL1).

Case (REPL3) Assume Γ=(~r;~s). We have (t = t : A)[~r;~s], and, since we have
pair(ri, ri) ∈ A

∗
i [r̂i], A

∗[~r] = B∗[~r], therefore the assertion for the first rule. The assertion
for the second rule is similar. Using the proofs of (REFL) and (TRANS) follows the
assertion for Γ⇒ B = B and therefore the assertion for (b,ii).

Case (ALPHA): Immediate by the IH since if A=αA
′, t=αt

′, A[~s] = A′[~s], t[~r]=αt
′[~r]

and pair(t[~r], t[~r]) ∈ A∗[~r]↔ pair(t[~r], t′[~r]) ∈ A∗[~r].
Case (NT

k ), (NT ) Nothing to prove.
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Case (ΠT,=) Assume Γ=(~r;~s). By IH (e) A∗[~r] = A′∗[~s], and, if pair(r, s) ∈ A∗[~r],
follows pair(r, r), pair(s, s) ∈ A∗[~r], therefore by IH B∗[~r, x/r] = B′∗[~r′, x/r], B∗[~s, x/s] =
B′∗[~r′, x/s], Πx ∈ A.B∗[~r] = (Πx ∈ A′.B′)∗[~s].

Cases (ΣT,=), (W T,=), (+T,=): similarly.

Case (IT,=): Assume Γ=(~r;~s). By IH (1) we have

pair(t[~r], t′[~s]) ∈ A∗[~r], pair(s[~r], s′[~s]) ∈ A∗[~r])

and by IH 1,(b,ii) A∗[~r] = A′∗[~s]. Therefore we have pair(t[~r], s[~r]) ∈ A∗[~r]⇔ (t′[~s], s′[~s]) ∈
A′∗[~s].

Cases (N I
k ), (N I,=)1 Nothing to prove.

Case (N I,=)2: Assume Γ=(~r;~s). By IH we have for some k ∈ IN t[~r]→redS
k0 ∧

t′[~s]→redS
k0, therefore St[~r]→redS

k+10, St′[~s]→redS
k+10, and we have the assertion.

Case (ΠI,=): Assume Γ=(~r;~s), pair(r, s) ∈ A∗[~r]. Then by IH (b,i)
pair(t[x/r, ~r], t′[x/s,~s]) ∈ B∗[x/r, ~r] = B∗[~r, x/r], pair((λx.t)[~x/~r], (λx.t′)[~x/~s]) ∈ (Πx ∈
A.B)∗[~r].
(b,ii) follows as in (ΠT,=

1 ), since from IH (b,ii) follows (d) for x : A⇒ B type.

Case (ΣI,=): Assume Γ=(~r;~s). By IH pair(s[~r], s′[~s]) ∈ A∗[~r], further pair(t[~r], t′[~s]) ∈
(B[x/s])∗[~r] = B∗[x/s[~r], ~r] = B∗[x/s′[~s], ~s]. Therefore pair(p(s, t)[~r], p(s′, t′)[~s]) ∈ (Σx ∈
A.B)∗[~n] .
(b,ii) follows as in (ΣT,=).

Case (W I,=): Let αI,n, F be as in the definition of Wx ∈ A.B∗, α := αI,n. Assume
Γ=(~r;~s). Then by IH pair(r[~r], r′[~s]) ∈ A∗[~r], s[~r]→redλx.t, s

′[~s]→redλx
′.t′, B∗[x/r[~r], ~r] =

B∗[x/r′[~s], ~s], and

∀pair(u, u′) ∈ B[x/t]∗[~x/~r](= B∗[x/t[~r], ~x/~r])∃γ < α.pair(t[x/u], t′[x/u′]) ∈ F (~r, γ)

By (∆0 − coll) and Ad(Lα) there exist a δ < α such that the γ can be chosen to be < δ.
Then pair(sup(r, s)[~r], sup(r, s)[~s] ∈ F (~r, γ + 1) ⊂ Wx ∈ A.B∗[~r].
(b,ii) follows as in (W T,=).

Case (+I,=): easy.
Case (II,=): obvious.

Case (NE,=
k ): Assume Γ=(~r;~s). By I.H. 1 follows t[~r]→rednk, t

′[~s]→rednk, for some
n < k, si[~r]→reds̃i ∈ Termnf , s

′
i[~s]→reds̃

′
i ∈ Termnf for some pair(s̃i, s̃

′
i) ∈ A[x/ik]

∗[~r] =
A∗[x/ik, ~r].
Therefore by lemma 5.3 (c)

Ck(t, s0, . . . , sk−1)[~r]→redCk(nk, s̃0, . . . , s̃k−1)→reds̃n,

Ck(t
′, s0, . . . , sk−1)[~s]→reds̃

′.

t[~r]→rednk, therefore pair(t[~r], nk) ∈ Nk. By pair(ri, ri) ∈ Ai[r̂i] and IH for the last
premise follows A[x/t]∗[~r] = A∗[x/t∗[~r], ~r] = A∗[x/nk, ~r] and we are done.
(b,ii) follows, since from IH 1 follows as in (SYM), (TRANS) the assertion for t = t : Nk,
as in (SUB).

(b,ii) follows as in (SUB).
Case(NE,=): Assume Γ=(~r;~s). Then by IH 1 pair(t, t′)[~r] ∈ N , therefore t[~r]→redS

n0,
t′[~r]→redS

n0 for some n < ω. Further by IH 2 and 6.13 (b) exist s̃0, s̃
′
0 ∈ Termnf such

that s0[~r]→reds̃0, s1[~r]→reds̃
′
0, pair(s̃0, s̃

′
0) ∈ A[x/0]∗[~r] = A∗[x/u,~r].
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Let [~x′/~r′] := [~x/~r] \ {x, y}, [~x′/~s′] := [~x/~s] \ {x, y}.

P (t, s0, (x, y)s1)[~r]→redP (Sn0, s̃0, λx.λy.(s1[~x
′/~r′])),

P (t′, s′0, (x, y)s
′
1)[~s]→redP (Sn0, s̃′0, λx.λy.(s

′
1[~x

′/~r′])).

Let P0(r) := P (r, s̃0, λx.λy.(s1[~x
′/~r′])), P1(r) := P (r, s̃′0, λx.λy.(s

′
1[~x

′/~s′])). We show:
∀m ∈ IN.pair(P0(S

m0), P1(S
m0)) ∈ A∗[z/Sm0, ~r]. We will now conclude as in the case

NE,=
k , A[z/t]∗[~r] = A∗[z/t[~r], ~r] = A∗[z/Sn0, ~r], and have now assertion (b,i).

If m = 0, P0(S
m0)→reds̃0, P1(S

m0)→reds̃
′
0, pair(s̃0, s̃

′
0) ∈ A

∗[z/0, ~r].
If m = k + 1, follows by IH P0(S

k0)→reds̃, P1(S
k0)→reds̃

′, s̃, s̃′ ∈ Termnf , pair(s̃, s̃
′) ∈

A∗[z/Sk0, ~r] = A[z/x]∗[x/Sk0, ~r].

P0(S
m0) →red (λx.λy.(s1[~r

′]))Sk0P0(S
k0)→red(λy.s1[x/S

k0, ~r′])s̃

→red s1[~x
′/~r′, x/Sk0, y/s̃]

P1(S
m0) →red s′1[~x

′/~s′, x/Sk0, y/s̃′].

Now pair(Sk0, Sk0) ∈ N∗, therefore by IH 3 follows

pair(s1[~x
′/~r′, x/Sk0, y/s̃], s′1[~x

′/~s′, x/Sk0, y/s̃′]) ∈ A[z/Sx]∗[~r] = A∗[z/Sm0, ~r],

and the side induction is finished.
(b,ii) follows as in the case NE,=

k .

Case(ΠE,=): Assume Γ=(~r;~s). By IH 1,2 there exist t̃1, t̃
′
1 ∈ Termnf such that

t1[~r]→redt̃1, t
′
1[~s]→redt̃

′
1 pair(t̃1, t̃

′) ∈ A∗[~r], and there are r, r′ ∈ Term and Variables
x, x′ ∈ V arML such that

t0[~r]→redλx.r, t
′
0[~r

′]→redλx
′.r′, pair(λx.r, λx′.r′) ∈ (Πx ∈ A.B)basis[~r].

Therefore
Ap(t0, t1)[~r]→redAp(λx.r, t̃1)→redr[x/t̃1, ~r],

Ap(t′0, t
′
1)[~s]→redr

′[x′/t̃1, ~s]

pair(r[x/t̃1, ~r], r
′[x′/t̃′1, ~s]) ∈ B

∗[x/t̃1, ~r].

As before we conclude
pair(t1[~r], t1[~r]) ∈ A

∗[~r]

pair(t̃1, t1[~r]) ∈ A
∗[~r]

B∗[x/t̃1, ~r] = B∗[x/t1[~r], ~r] = B[x/t1]
∗[~r],

and we have IH (b,i).
(b,ii) follows as in the case (NE,=

k ).

Case(ΣE,=): Assume Γ=(~r;~s). By IH 1 exist s, s′, t, t′ ∈ Termnf such that

r[~r]→redp(s, t), r
′[~s]→redp(s

′, t′), pair(s, s′) ∈ A∗[~r], pair(t, t′) ∈ B∗[x/s,~r].

Then p0(r[~r])→reds, p0(r
′[~s])→reds

′, and we are done for the first rule, and p1(r[~r])→redt,
p1(r

′[~s])→redt
′, and since from pair(s, s′) ∈ A[~r], follows

pair(s, s′) ∈ A[~r], pair(p0(r)[~r], s) ∈ A[~r],
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therefore by IH 2

B∗[x/s,~r] = B∗[x/p0(r)[~r], ~r] = B[x/p0(r)]
∗[~r]

follows (b,i) for the second rule.
(b,ii) is in (ΣE,=)1 trivial, in (ΣE,=)2 we use the proof of (ΣE,=)1 and argue as before.

Case(WE,=): Assume Γ=(~r;~s), α := αI,n as in the definition of (Wx ∈ A.B)∗.
By IH t0[~r]→redt̃0, t

′
0[~s]→redt̃

′
0, pair(t̃0, t̃

′
0) ∈ F

δ(~r, ·)(∅). for some δ < α. Let

[~x′/~r′] := [~x/~r] \ {x, y, z},

[~x′/~s′] := [~x/~s] \ {x, y, z},

R0(r) := R(r, (x, y, z)t2)[~r](= R(r, λx.λy.λz.(t2[~r
′])))

R1(r) := R(r, (x, y, z)t′2)[~s].

We show by induction on γ,

∀γ < α.∀pair(s̃, s̃′) ∈ F γ(~r, ·)(∅).pair(R0(s̃), R1(s̃
′)) ∈ C∗[u/s̃, ~r](+)

Since C[u/t0]
∗[~r] = C∗[u/t0[~r], ~r] = C∗[u/t̃0, ~r] = C∗[u/t̃′0, ~s] (using arguments as before),

follows the assertion.
The case γ = 0 is trivial, and if γ ∈ Lim follows the assertion by IH
Let now
γ = γ′ + 1, u′ := F γ′(~r, ·)(∅), pair(s̃, s̃′) ∈ F (~r, u′).
If s̃→reds, s̃

′→reds
′, pair(s, s′) ∈ F basis(~s, ·)(∅), pair(R0(s), R1(s

′)) ∈ C∗[u/s,~r], fol-
lows pair(R0(s̃), R1(s̃

′)) ∈ C∗[u/s,~r], further, like similar arguments before, C∗[u/s,~r] =
C∗[u/s̃, ~r] = C∗[u/s̃′]. We therefore assume pair(s̃, s̃′) ∈ F basis(~r, u′).

Let pair(s̃, s̃′) = pair(sup(r, λx.s), sup(r′, λx′.s′)), pair(r, r′) ∈ A∗[~r]. Let pair(r′′, r′′′) ∈
B∗[x/r, ~r]. Then r′′→redr̃, r

′′′→redr̃
′ for pair(r̃, r̃′) ∈ B∗[x/r, ~r], r̃, r̃′ ∈ Termnf , and we

have pair(s[x/r′′], s′[x′/r′′′]) ∈ u′ and

pair(s[x/r̃], s′[x′/r̃′]) ∈ u′(∗)

Since u′ ⊂ (Wx ∈ A.B)∗[~r] follows from the first of these assertions

pair(λx.s, λx′.s′) ∈ (B →Wx ∈ A.B)∗[~r]

Further, for pair(r̃, r̃′) ∈ B∗[x/r, ~r],

(R0((λx.s)v))[v/r
′′]→redR0(s[x/r̃])(v 6∈ FV (λx.s))

(R1((λx.s
′)v′))[v′/r′′′]→redR1(s

′[x/r̃′])(v′ 6∈ FV (λx.s))

and by side IH, follows

pair((R0((λx.s)v))[v/r
′′], (R1((λx

′.s′)v))[v′/r′′′]) ∈ C∗[u/(s[x/r̃], ~r])

= C∗[u/(s[x/r′′]), ~r])

Now we have pair(ri, ri) ∈ Ai[r̂i], Ap(λx.s, r
′)→reds[x/r̃], and by (∗), u′ ⊂ (Wx ∈

A.B)∗[~r], equiv((Wx ∈ A.B)∗[~r]) and 6.13 follows

pair(s[x/r̃], Ap(λx.s, r̃)) ∈ (Wx ∈ A.B)∗[~r]
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therefore

C[u/Ap(y, v)]∗[v/r′′, y/λx.s, ~x/~r] = C∗[u/Ap(λx.s, r′′), ~r] = C∗[u/(s[x/r̃]), ~r]

further

C[u/Ap(y, v)]∗[v/r′′, y/λx.s, ~x/~r] = C[u/Ap(y, v)]∗[v/r′′′, y/λx.s, ~x/~r],

and we have

pair(λv.R0((λx.s)v), λv
′.R1((λx

′.s′)v′)) ∈ (Πv ∈ B.C[u/Ap(y, v)])∗[y/λx.s, ~x/~r]

Now by IH 2 follows

pair(t2[x/r, y/λx.s, z/λv.R0((λx.s)v), ~r], t
′
2[x/r

′, y/λx′.s′, z/λv′.R1((λx.s
′)v′), ~s])

∈ C[u/sup(x, y)]∗[x/r, y/λx.s, ~r]

Since
C[u/sup(x, y)]∗[x/r, y/λx.s, ~r] = C∗[u/sup(r, λx.s), ~r] = C∗[u/s, s],

and

R0(s)→red(λx.λy.λz.t2[~x
′/~r′])r(λx.s)(λv.R0((λx.s)v))

→redt2[x/r, y/λx.s, z/(λv.R0((λx.s)v))]

R1(s
′)→redt

′
2[x/r

′, y/λx.s′, z/(λv′.R1((λx
′.s′)v′))]

follows (+), and we are done. (b,ii) follows as in the case (NE,=
k ).

Case (+E,=): Assume Γ=(~r;~s). By IH t0[~r]→redi(r) ∈ Termnf , t
′
0[~s]→redi(r

′) ∈ Termnf

and pair(r, r′) ∈ A∗[~r] or t0[~r]→redj(r) ∈ Termnf , t
′
0[~s]→redj(r

′) ∈ Termnf and
pair(r, r′) ∈ B∗[~r]. Let [~x′/~r′] := [~x/~r] \ {x}. In the first case we have

D(t0, (x)t1, (y)t2)[~r]→red(λx.(t1[~r
′]))r→redt1[x/r, ~x/~r],

D(t′0, (x)t
′
1, (y)t

′
2)[~r]→redt

′
1[x/r

′, ~x/~s],

pair(t1[x/r, ~r], t
′
1[x/r

′, ~s]) ∈ C[z/i(x)]∗[x/r, ~r] = C∗[z/i(r), ~r]

and using arguments as before

C∗[z/i(r), ~r] = C∗[z/t0[~r], ~r] = C[z/t0]
∗[~r]

and we are done. The second assertion follows in the same way.
(b,ii) follows as before.
Case (IE): Assume Γ=(~r;~s). By IH 1 follows (I(A, t1, t2))

∗[~r] 6= ∅, pair(t1[~r], t2[~r]) ∈
A∗[~r]. Further by IH 3 pair(t2[~r], t2[~s]) ∈ A

∗[~r], and by equiv(A∗[~r]) follows (b,i). (b,ii) is
trivial.

Case (Π=), (Σ=
0 ), (Σ=

1 ): By using the proof for the elimination rules we see, that if the
conclusion is r = s : C, we conclude assuming Γ=(~r;~s), that (r = r : C)[~r;~s], further
(r[~s]→redt ∈ Termnf)→ (s[~s]→redt), therefore follows (r = s : C)[~r;~s].

Case (Πη):Assume Γ= By IH we have

pair(t[~r], t[~s]) ∈ (Πx ∈ A.B)∗[~r],



CHAPTER 6. CORRECTNESS OF THE INTERPRETATION 54

therefore t[~r]→redλx.s, t[~s]→redλx
′.s′,

pair(λx.s, λx′.s′) ∈ (Πx ∈ A.B)basis[~r],

Assume pair(r, r′) ∈ A∗[~r]. Then r→redr̃, r
′→redr̃

′, pair(r̃, r̃′) ∈ A∗[~r], r̃, r̃′ ∈ Termnf .

Ap(t, x))[~r][x/r] = Ap(t[~r], r)→redAp(λx.s, r̃)→reds[x/r̃],

and since
pair(s[x/r̃], s′[x′/r̃′]) ∈ B∗[x/r̃, ~r] = B∗[x/r, ~r],

follows
pair(Ap(t, x)[~r][x/r], s′[x′/r̃′]) ∈ B∗[x/r, ~r],

therefore
pair(Ap(t, x)[~r], λx′.s′) ∈ (Πx ∈ A.B)∗[~r],

pair(Ap(t, x)[~r], t[~r]) ∈ (Πx ∈ A.B)∗[~r].

Case (Σ=
3 ): Assume Γ=(~r;~s). By IH t[~r]→redr, t[~s]→redr

′ for some pair(r, r′) ∈ Σx ∈

A.B∗[~r] ∩ (Termnf × Termnf), p(p0(t), p1(t))[~r]→redr and we are done.

Case (I=): Assume Γ=(~r;~s). By IH we conclude pair(t0[~r], t0[~s]) ∈ I(A, t1, t2)
∗[~r], there-

fore t0[~s]→redr, pair(r, r) ∈ I(A, t1, t2)
∗[~r], pair(t0[~r], r) ∈ I(A, t1, t2)

∗[~r]. (b,ii) is trivial.

Case other equality rules: Let r = s : A be the conclusion of the rules. By using several
times the rules general rules, elimination rules and in case W= the introduction rules
we can conclude r = r : A, and s = s : A. (For (W=) we argue that Γ, v : B[x/t0] ⇒
Ap(t1, v) : Wx ∈ A.B, by (WE,=) Γ, v : B[x/t0]⇒ R(Ap(s′, v), (x, y, z)t′) : C[u/Ap(s′, v)],
by ΠI,= Γ ⇒ λv.R(Ap(s′, v), (x, y, z)t′) : Πv ∈ B.C[u/Ap(s′, v)], by (ALPHA) for
the zML

i , that we need, and it follows Γ ⇒ λzML
i .R(Ap(s′, zML

i ), (x, y, z)t′) : Πv ∈
B.C[u/Ap(s′, v)], and now by (SUB) follows the assertion). Now, assuming Γ=(~r, ~s),
and using the proofs above we can conclude pair(r[~r], r[~s]) ∈ A∗[~r] and A∗[~r] = A∗[~s], so
(b,i). In all the cases, we have, if the right side is written as t[x1/r1, . . . , xn/tn], if xi corre-
sponds to the type Bi (read off from the rule) follows easily by IH and using the proofs of
several rules handled before the assertion for Γ⇒ ri : Bi, therefore ri[~r]→redr̃i ∈ Termnf

for some r̃i, pair(r̃i, ri[~r]) ∈ Bi[~r], further r[~r]→redt[x1/r̃1, · · ·xnr̃n, ~r]. We conclude

pair(t[x1/r̃1, . . . , xn/r̃n, ~r], t[x1/r1[~r], . . . , xn/rn[~r], ~r]) ∈ A
∗[~r].

Now using equiv(A∗[~r]) and lemma 6.13 we conclude

pair(r[~r], s[~r]) ∈ A∗[~r], pair(s[~r], s[~s]) ∈ A∗[~r],

and have (b,i).

Case (U I): trivial.
(T I,=) we have by IH, assuming Γ=(~r;~s),

pair(a[~r], a′[~s]) ∈ U∗

therefore,
tripel(a[~r], b, a′[~s]) ∈ Û

for some b, by CorU(Û),

tripel(a[~r], b, a[~r]) ∈ Û , tripel(a[~s], b, a[~s]) ∈ Û ,
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and
T (a)∗[~r] = b = T (a′)∗[~s]

Case (nIk), (nI): trivial.

Case (πI,=): Assume Γ=(~r;~s). By IH a[~r]→redã, a
′[~s]→redã

′,

∃γ < αI∃b
′ ∈ TC(Ũγ(·)(∅))(tripel(ã, b′, ã), tripel(ã′, b′, ã) ∈ Ũγ(·)(∅)),

and
∀pair(t, t′) ∈ b′ → ∃δ < αI .∃c ∈ TC(Ũ δ(·)(∅)).

(tripel(b[x/t, ~r], c, b′[x/t′, ~s]) ∈ Ũ δ(·)(∅)).

Since Ad(LαI
) (here is the central point where we need (∆0-coll) and and admissible a

which is closed under the step to the next admissible), and TC(Ũβ(·)(∅)) ∈ LαI
(β < αI),

there is a ρ < αI , such that γ < ρ and δ can be chosen < ρ. There are now b, f such that
([~x′/~r′] := [~x/~r] \ {x}, [~x′/~s′] := [~x/~s] \ {x}) φ(ã, x, b[~r′], ã′, x, b[~s′], b, f, Utilρ(·)(∅)), (note
that the c we used above is correct by Cor(Û)) and by 6.5 follows

pair(πx ∈ a.b, uπ(b, f), πx ∈ a′.b′) ∈ Ũρ+1(·)(∅).

The cases (σI,=), (wI,=), (+̃
I,=

), (iI,=) follow in a similar way.

Cases (n=
k ), (n=) are immediate.

Case (π=): Assume Γ=(~r;~s) and chose b′, f, ρ as in (πI,=). Then T (a)∗[~s] = b′, and if
pair(t, t′) ∈ b′, T (b)∗[x/t, ~r] = f(t) = f(t′) = T (b)∗[x/t′, ~s]. Since we have Cor(Û) (by
lemma 6.9) follows

T ((πx ∈ a.b))∗[~r] = uπ(b
′, f) = (Πx ∈ T (a).T (b))∗[~r].

Cases (σ=), (+̃
=
) are treated in a similar way.

In the case of (w=) we conclude as before, that uγw(b, f, ·)(∅) = F γ(~s, ·)(∅), and, since
α(Ũρ(·)(∅)) < αI , (ρ chosen as in (πI,=)) follows by 6.1

T (wx ∈ a.b)∗[~r] = uα(Ũρ(·)(∅))
w (b, f, ·)(∅) = F αI (~s, ·)(∅)c = (Wx ∈ T (a).T (b))∗[~s].

Lemma 6.19 The Main Lemma 6.18 is valid, if we replace MLe1WT by MLe1WT,U .

Proof:
As before, we only hae to check the rules, defined in 3.4 (a):
Case (σE): Assume Γ=(~r;~s). By IH exists c, α ≺ αI such that

tripel((σx ∈ a.b)[~r], c, (σx ∈ a.b)[~s]) ∈ Ũα(∅).

Let α be chosen minimal. Then, α = α′+1, and with u := Ũα′ there exist r, r′ ∈ Termnf ,
c, c′, f, f ′ such that a[~r]→redr, a[~s]→redr

′, tripel(r, c, r′) ∈ u and (with [~x′/~r′] := [~x/~r]\{x},
[~x′/~s′] := [~x/~s] \ {x}) ∀pair(t, t′) ∈ c.tripel(s[~r′][x/t], f(t), s[~s′][x/t′]) ∈ u. Therefore
T (a[~r])∗ = c = T (a[~s])∗, and for pair(t, t′) ∈ T (a[~r])∗, pair(s[x/t, ~r], s[x/t′, ~s′]) ∈ U∗[ ].

(πE), (wE), (+̃
E
) are checked in the same way. For (ĩE) we observe, that a[~r]→redã,

a[~s]→redã
′, s[~r]→reds̃, s[~s]→reds̃

′, t[~r]→redt̃, t[~s]→redt̃
′, and tripel(ã, c, ã′) ∈ u, for some u

as before, T (a)∗[~r] = c, pair(s̃, s̃′) ∈ c, pair(t̃, t̃′) ∈ c, and since c is closed under →red

follows the assertion.



Chapter 7

Arithmetical formulas in MLe
1WT and

KPi+

In this chapter we want to evaluate the results we have found out to get the proof
theoretical strength of Martin-Löf’s type theory. We will interpret the language of Peano
Arithmetic (LPA, introduced in 7.1) in LML and LKP (definition7.2) and prove that it
permutes with the interpretation of Martin-Löf’s type theory in KPi+ (lemmata 7.4 and
7.6). Next we observe, that we could interpret every proof in some theory KPi+n , and
have a stronger bound (lemma 7.7). At the end we analyze the proof theoretical strength
of KPi+n and have the desired upper bound (theorem 7.8).

Definition 7.1 Definition of the language of Peano Arithmetic LPA: Variables should
be a set V arPA := {vPAi |i ∈ IN}, vPAi 6= vPAj for i 6= j. Further we have symbols for each
primitive recursive function, =, ∧, ∨, →, ∀, ∃, ⊥, and ., , , (, ).
Terms are Variables and f(t1, . . . , tn) if ti are terms and f is a symbol for a n-ary primitive
recursive function.
Prime formulas are ⊥ and equations r = s for r, s terms.
Formulas are prime formulas and A→ B, A ∧ B, A ∨ B, ∀x.A, ∃x.A, if A,B formulas,
x ∈ V arPA.

Definition 7.2 (a) For each primitive recursive g : INk → IN we define a closed g-term
intPA,ML(g), (we abbreviate this as ĝ := intPA,ML(g)) such that

MLe1WT ` ĝ : N → · · ·N︸ ︷︷ ︸
k times

→ N,

and we define a set intPA,KP (g) short g̃ in LKP
such that KPi+ ` fun(g̃) ∧ dom(g̃) = INk ∧ ∀x ∈ INk.g̃(x) ∈ IN.
Case g = S: ĝ := λx.Sx, g̃ := {pair(x, x + 1)|x ∈ IN}.
Case g = Projni :

ĝ := λx1, . . . , xn.xi, g̃ := {pair(tupel(x1, . . . , xn), xi)|x1, . . . , xn ∈ IN}.
Case g = Consnc :

ĝ := λx1, . . . , xn.S
c0, g̃ := {pair(tupel(x1, . . . , xn), c)|x1, . . . , xn ∈ IN}.

Case g(x1, . . . , xn) = h(g1(x1, . . . , xn), . . . , gm(x1, . . . , xn)):
ĝ := λx1, . . . , xn.ĥ(ĝ1x1 · · ·xn) · · · (ĝmx1 · · ·xn),
g̃ := {pair(tupel(x1, . . . , xn), h(g1(x1, . . . , xn), . . . , gm(x1, . . . , xn)))
|x1, . . . , xn ∈ IN}.

Case g(x1, . . . , xn, 0) = h(x1, . . . , xn),
g(x1, . . . , xn, y + 1) = k(x1, . . . , xn, y, g(x1, . . . , xn, y)):

56
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ĝ := λx1, . . . , xn, y.P (y, ĥx1 · · ·xn, (u, v)k̂x1 · · ·xnuv),
define a(x1, . . . , xn, 0) := h̃(x1, . . . , xn),
a(x1, . . . , xn, Sy) := k̃(x1, . . . , xn, y, a(x1 · · ·xn, y)),
then
g̃ := {pair(tupel(x1, . . . , xn, y), a(x1, . . . , xn, y))|x1, . . . , xn, y ∈ IN}.

(b) For each term t of PA we define a g-term intPA,ML(t), short t̂ and a term of LKP intPA,KP (t),
short t̃, such that, if FV (t) = {vPAi1 , . . . , vPAin } (i1 < · · · in) (vPAi as in definition 7.1 of

V arPA) then FV (t̂) ⊂ {zML
i1

, . . . , zML
in }, FV (t̃) ⊂ {uKPi1 , . . . , uKPin } and MLe1WT ` zML

i1
:

N, . . . , zML
in : N ⇒ t̂ : N , and

KPi+ ` ∀uKPi1 , . . . , uKPin ∈ IN.(t̃ ∈ IN).

Case t = vPAi : t̂ := zML
i , t̃ := uKPi .

Case t = 0: t̂ := 0, t̃ := 0.
Case t = gt1 · · · tn: t̂ := ĝt̂1 · · · t̂n, t̃ := g̃(t̃1, . . . , t̃n).

(c) For each formula A of PA we define a g-type intPA,ML(A), short Â, and a formula of
LKP intPA,KP (A), short Ã, such that in KPi+ Ã is equivalent to a ∆0-formula, and if
FV (A) = {vPAi1 , . . . , vPAin } (i1 < · · · in)

then FV (Â) ⊂ {zML
i1 , . . . , zML

in }, FV (Ã) ⊂ {uKPi1 , . . . , uKPin } and

MLe1WT ` z
ML
i1

: N, . . . , zML
in : N ⇒ Â type.

Case A = (s = t): Â := I(N, ŝ, t̂), Ã := (s̃ = t̃).
Case A = (B ∧ C): Â := (B̂ × Ĉ), Ã := B̃ ∧ C̃.
Case A = (B ∨ C): Â := (B̂ + Ĉ), Ã := (B̃ ∨ C̃).
Case A = (B → C): Â := (B̂ → Ĉ), Ã := (B̃ → C̃).
Case A = ∀vPAi .B: Â := ΠzML

i ∈ N.B̂, Ã := ∀uKPi ∈ IN.B̃.
Case A = ∃vPAi .B: Â := ΣzML

i ∈ N.B̂, Ã := ∃uKPi ∈ IN.B̃.
Case A =⊥: Â := N0, Ã := (0 6= 0).

Definition 7.3 (a) We define emb : IN → IN, embnat(n) := Sn0(=: n̂) (or more precisely
dSn0e), a function definable in KPi+.

(b) makepair(a) := pair(a, a).

Lemma 7.4 (a) If g : INk → IN is primitive recursive, then

KPi+ ` ∀t1, . . . , tk ∈ TermCl.∀n1, . . . , nk.

(r1→redn̂1 ∧ · · · ∧ r
k→redn̂k)→ ĝr1, . . . , rk→redemb(g̃(n1, . . . , nk)).

(b) If t is a term of PA, FV (t) ⊂ {vPA1 , . . . , vPAn }, then

KPi+ ` ∀r1, . . . , rn ∈ TermCl.∀n1, . . . , nk.(r
1→redn̂1 ∧ · · · ∧ r

k→redn̂k)→

t̂[zML
1 /r1, . . . , z

ML
n /rn]→redemb(t̃[u

KP
1 /n1, . . . , u

KP
n /nn]).

Proof: (a) Case g = S: ĝt1→red(λx.Sx)n̂1→redSn̂1 = emb(Sn1).
Case g = Projin: ĝt1, . . . , tj→redλxi+1, . . . , xn.xi for j < i, λxi+1, . . . , xn.n̂i for i ≤ j.
Case g = Consnc : trivial.
Case g(~x) = h(g1(~x), . . . , gm(~x)), li := g̃i(n1, . . . , nn):

ĝi(n̂1, . . . , n̂n)→redemb(g̃i(n1, . . . , nn)) = emb(li),
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therefore

gr1, . . . , rn

→red hg1(n̂1, . . . , n̂n), . . . , gm(n̂1, . . . , n̂n)

→red emb(h̃(l1, . . . , lm))

= embnat(g(n1, . . . , nn))

Case g(x1, . . . , xn, 0) = h(x1, . . . , xn), g(~x, xn+1) = k(~x, y, g(~x, xn+1))). Induction on nn+1.
If nn+1 = 0,

g(r1, . . . , rn, rn+1)

→red P (nn+1, (ĥn̂1, . . . , n̂n), (λu, v.k̂n̂1, . . . , n̂nuv))

→red P (nn+1, emb(h̃(n1, . . . , nn)), (λu, v.k̂n̂1, . . . , n̂nuv))

→red emb(h̃(n1, . . . , nn))

If nn+1 = k + 1,

g(t1, . . . , tn, tn+1)

→red P (Sk̂, (ĥn̂1, . . . , n̂n), (λu, v.k̂n̂1, . . . , n̂nuv))

→red P (Sk̂, emb(h̃(n1, . . . , nn)), (λu, v.k̂n̂1, . . . , n̂nuv))

→red (λu, v.k̂n̂1, . . . , n̂nuv)k̂P (k̂, emb(h̃(n1, . . . , nn)), (λu, v.k̂n̂1, . . . , n̂nuv))

→red k̂n̂1, . . . , n̂nk̂embnat(g̃(n1, . . . , nn, k))

→red emb(k̃(n1, . . . , nn, k, g̃(n1, . . . , nn, k))) = emb(g(n1, . . . , nn, nn+1))

(b): If t = vPAi , 0, this is trivial,
and if t = gt1, . . . , tn follows

ti[~r]→redemb(t̃i[~n]),

by (a) therefore
t[~r]→redg̃(t̃1[~r], . . . , t̃n[~r]) = t̃[~r]

Next task would now be to prove, that, when we first interpret a formula of LPA in
LML and then use the interpretation, as we have done in chapter 5, we get an equivalent
formula to the one, we get by directly interpreting LPA in LKP . But in this formulation,
this is not correct, here is the place, where we need to extend the set of term constructors
by the constructors Ai: Assume, that we had only interpreted Πx ∈ A.B as a set of
closed terms, which all represent recursive functions. Let A(x, y) be a prime formula
of LPA, such that, KPi+ ` intPA,KP (∀x.∃y.A(x, y)) and such that there is no recursive
function g such that ∀x.A(x, g(x)). Then we had intPA,ML(∀x.∃y.A(x, y))∗[ ] = ∅, so
for every t ∈ Term, FV (t) ⊂ {x} pair(λx.t, λx.t) ∈ intPA,ML((∀x.∃y.A(x, y)) →⊥)∗[ ],
although KPi+ ` ¬intPA,KP ((∀x.∃y.A(x, y)) →⊥). But when we add a constructor Ai

together with its interpretation A∗
i such that ∀x.(∃y.A(x, y)) → A(x,A∗

i (x)), we have
intPA,ML(∀x.∃y.A(x, y))∗[ ] 6= ∅ and intPA,ML(∀x.∃y.A(x, y)→⊥)∗[ ] = ∅. Following this
idea we can define for every formula a finite sequence of functions f1, . . . , fn, such that
the two interpretations are equivalent, if we have Ai with A∗i = fi, as will be stated in the
next lemma:

Lemma 7.5 For every formula A of PA with

FV (A) ⊂ {vPAi1 , . . . , vPAil }
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with i1 < · · · il there exist a finite set of functions F , with ∀f ∈ F.∃n.f : INn → IN,
definable in KPi+, such that for every interpretation relative to an extending set of con-
structors (Ai)i∈I with interpretations (A∗

i )i∈I , such that F ⊂ {A∗i |i ∈ I} there exists a
h ∈ Term(Ai,A∗i )i∈I

FV (t) ⊂ {zML
i1

, . . . , zML
il
}, (~z := zML

i1
, . . . , zML

il
, ~u := uKPi1 , . . . , uKPil )

such that

KPi+n ` ∀n1, . . . , nl ∈ IN.∀r1, . . . , rl ∈ TermCl.

(r1→redn̂1 ∧ · · · ∧ rl→redn̂l)→

((∃r ∈ Termnf .h[~z/~r]→redr) ∧

(Ã[~u/~n]↔ makepair(h[~z/~r]) ∈ Â∗[~z/~r]) ∧

(Ã[~u/~n]↔ Â∗[~z/~r] 6= ∅))

Proof: by induction on the definition of the formulas.
Again we will not mention explicitly Variables, that occur in subterms, or do not occur
at all. Case A =⊥: Choose F := ∅, h := 0 We have ¬Ã[~n], Â∗[~r] = ∅.

Case A = (s = t): Choose as F := ∅, h := r ∈ Termnf . We have, using that for
r→reds ∈ Termnf s is unique, and 7.4

Ã[~n] ↔ s̃[~n] = t̃[~n]

↔ (∃n ∈ IN.ŝ[~r]→redS
n0 ∧ t̂[~r]→redS

n0)

↔ pair(ŝ[~r], t̂[~r]) ∈ N∗

↔ pair(r, r) ∈ Â∗[~r]

↔ Â∗[~r] 6= ∅

Case A = (B ∧ C): Let Fi for Ai chosen, F := F1 ∪ F2. If F ⊂ {A∗i |i ∈ I}, and we have

hi according to the assertion of the lemma chosen. Then we define h := p(h1, h2). Then
for ~n ∈ IN, ~r ∈ TermCl as in the lemma, exist s1, s2 ∈ Termnf , such that ri[~r]→redsi,
h[~r]→redp(s1, s2) ∈ Termnf .

Ã[~n] ↔ B̃1[~n] ∧ B̃2[~n]

↔ makepair(s1) ∈ B̂
∗
1 [~n] ∧makepair(s2) ∈ B̂

∗
2 [~n]

↔ makepair(h[~r]) ∈ Â∗[~n]

↔ B̂∗
1 [~r] 6= ∅ ∧ B̂

∗
2 [~r] 6= ∅

↔ Â∗[~n] 6= ∅

Case A = (B1 ∨ B2): Let Fi for Bi chosen. Let

f3 := {pair(tupel(n1, . . . , nl), i)|(i = 0 ∧ B̃0[~n]) ∨ (i = 1 ∧ ¬B̃0[~n])}

F := F1 ∪ F2 ∪ {f3}, and if F ⊂ {A∗i |i ∈ I}, further A∗k = f3, hi chosen according to
the IH for F and define h := P (Ak(~z), h1, (u, v)h2) (u, v new variables). Then if ~n, ~r are
chosen as in the assertion, there exist si such that hi[~r]→redsi ∈ Termnf

Ak(r1, . . . , rn)→redAk(n̂1, . . . , n̂i)→redS
i0

for i = f3(~n) ∈ {0, 1}, if i = 0,

h[~r]→redP (Si0, s1, (u, v)h2[~r])→reds1 ∈ Termnf ,
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and if i = 1,
h[~r]→reds2.

We have

Ã[~n] ↔ B̃1[~n] ∨ (¬B̃1[~n] ∧ B̃2[~n])

↔ (f3(~n) = 0 ∧makepair(s1) ∈ B̂
∗
1 [~r]) ∨ (f3(~n) = 1 ∧makepair(s2) ∈ B̂

∗
2 [~r])

↔ makepair(h[~r]) ∈ Â∗[~r]

↔ B̂∗
1 [~r] 6= ∅ ∨ B̂

∗
2 [~r] 6= ∅

↔ Â∗[~r] 6= ∅

Case A = (B1 → B2). Let Fi for Bi chosen, F := F1 ∪ F2, F ⊂ {A
∗
i |i ∈ I}, and

assume that hi are chosen for Ai. Define h := λx.h2 Then for ~r, ~n as in the assertion
h[~r] ∈ Termnf , By IH h2[~r]→reds2 for some s2 ∈ Termnf .
Subcase Ã[~n]. If B̃1[~n] is false, then by IH B̂∗

1 [~r] = ∅, therefore

∀pair(r, r′) ∈ B̂∗
1 [~r].pair(h2[x/r, ~r], h2[x/r

′, ~r]) ∈ B̂∗
2 [~r]

therefore makepair(h[~r]) ∈ Â∗[~r].
If B̃1[~n] is true, then B̃2[~r] is true, therefore makepair(s2) ∈ B̂

∗
2 [~r],

∀pair(r, r′) ∈ B̂∗
1 [~r].h2[x/r, ~r]→reds2 ∧ h2[x/r

′, ~r]→reds2 ∧makepair(s2) ∈ B̂
∗
2 [~n],

h[~r] ∈ Â∗[~n].
Subcase ¬Ã[~n]. Then by IH exists s1 such that h1[~r]→reds1 ∈ Termnf and we have
makepair(s1)inB̂

∗
1 [~r] and, if we had pair(s, s′) ∈ Â∗[~r], then makepair(s) ∈ Â∗[~r],

s→redλx.t for some t, makepair(t[x/s1]) ∈ B̂
∗
2 [~r] = ∅, a contradiction, therefore Â∗[~r] = ∅.

Case A = ∀vPAi .B: Let F1 for B be chosen, F := F1, F ⊂ {A
∗
i |i ∈ I}, h1 be chosen for

B, and let h := λvPAi .h1. Assume ~n, ~r as in the assertion, h[~r] ∈ Termnf .
Assume pair(r, r′) ∈ Â∗[~r], then pair(r, r) ∈ Â∗[~r], r→redλx.t and

∀k ∈ IN.makepair(r[x/k̂, ~r]). ∈ B̂∗[zML
i /k̂, ~r],

by IH follows ∀k ∈ IN.B̃[uKPi /k, ~n], therefore Ã[~n].
Assume Ã[~n]. Then for all k ∈ IN B̃[vPAi /k,~r], therefore by I.H. makepair(h[vPAi /r, ~r]) ∈
B̂∗[zML

i /r, ~r], whenever r→redS
k0, therefore makepair(h[~r]) ∈ Â[~r].

Case A = ∃vPAi .B, F1 be chosen for B,

f2 := {pair(tupel(~n), k)| (B̃[uKPi /k, ~n] ∧ ∀k′ < k.¬(B̃[uKPi /k, ~n])) ∨

(k = 0 ∧ ∀k ∈ IN.¬(B̃[uKPi /k, ~n]))}

Let F := F1 ∪ {f2}. Let F ⊂ {A∗i |i ∈ I}, h1 be chosen for B and A∗k = f2. h :=
p(Ak(~z), h1[z

ML
i /Ak(~z)]) Assume ~n, ~r as in the assertion, k := f2(~n).

Ai(~r)→redAi(n̂1, . . . , n̂n)→redS
k0.

By IH we have h1[z
ML
i /Ak(~z)][~r] = h1[z

ML
i /Ai(~r), ~r]→redt1 for for some t1 ∈ Termnf ,

therefore h[~r]→redp(S
k0, t1).

Assume pair(r, r′) ∈ Â∗[~r]. Then pair(r, r) ∈ Â∗[~r], r→redp(S
l0, r′′) ∈ Termnf . Then

makepair(r′′) ∈ B̂∗[zML
i /Sl0, ~r], by I.H. B̃[uKPi /l, ~n], therefore Ã[~n].

Assume Ã[~n]. Then by definition B̃[uKPi /k, ~n] and by IH

makepair(t1) ∈ B̂
∗[zML

i /k̂, ~r] = B̂∗[zML
i /Ak(~r), ~r] = B̂[zML

i /Ak(~z)]
∗[~z/~r],

(we use that MLe1WT ` ~z : N ⇒ A type,
pair(Ak(~r), k̂) ∈ N

∗ and the Main Lemma), therefore makepair(h[~r]) ∈ Â∗[~r].
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Lemma 7.6 If A is a formula in PA, MLe1WT,U ` s : Â, then KPi+ ` Ã.
Proof: lemma 7.5

Now we observe, that, for a particular proof, the interpretation of MLe1WT,U can be
carried out in KPi+n for some n: In definition 5.8, we can define A∗ in KPi+n for n >
level(A), where level(A) counts the nesting of W -types (we replace a(u) by a(u)n, α(u) by
α(u)n). (In fact, we only had to count nestings of W -types above U , but this is technically
more complicated.) Û can be defined, by replacing again a(u), α(u) by a(u)n, α(u)n, in
KPi+n for n ≥ 1. The small lemmata of chapter 6 can be proven in KPi+n for n ≥ 1
and in lemma 6.18, we can for each judgement prove the conclusion in KPi+n for n > n0,
where n0 is the maximum of the levels of types occurring in the proof in MLe1WT . All
arithmetical formulas have level 0. So we have the following stronger lemma:

Lemma 7.7 If A is a formula of PA MLe1WT,U ` s : Â, then there exists n < IN, such
that KPi+n ` Ã.

Theorem 7.8 |MLe1WT,U |, |MLe1WT |, |MLe1WR,U |, |MLe1WR|, |MLi1WT |, |MLi1WR| ≤
ψΩ1(ΩI+ω), where the ordinal denotation is as in [Buc92b].

Proof: We show, that |KPi+n | ≤ ψΩ1(εΩI+n+1) ≤ ψΩ1(ΩI+ω). By lemma 7.6 follows the
assertion.
We follow the lines of [Buc92b]. First observe, that we can prove as in theorem 2.9 there,
using several applications of ∃κ′′, (

∧
)∗, and `∗ Ad(Lκ′′) for κ′′ ∈ {κ, . . . , κn1}, that if:

λ ∈ Lim ∧ ∃κ1, . . . , κn−1, κ ∈ R.(∀α < κ.∃κ′ ∈ R.α < κ′ < κ) ∧(∗)

κ ∈ κ1 ∧ κ1 ∈ κ2 ∧ · · · ∧ κn−2 ∈ κn−1 ∧ κn−1 ∈ λ.(∗)

and if we extend X∗ by κ, κ1, . . . , κn−1

follows
`∗λ (KPi+n )λ.

We can adjust theorem 3.12 of [Buc92b] to obtain, if we have (∗), λ ∈ R, and λ, κ, κ1,
. . ., κn−1 ∈ H, and H closed under ξ 7→ ξR, then:

For each theorem φ of KPi+n exist k ∈ IN such that H `ω
λ+k

λ+k φλ.

Now observe, that Hγ in [Buc92b] has the desired properties (with λ := ΩI+n, κi := ΩI+i)
and we conclude as in theorem 4.9, Corollary, with ν := ψΩ1(εΩI+n

)

|KPi+n | ≤ ψΩ1(εΩI+n
)



Part III

A lower bound for the proof
theoretical strength of Martin-Löf ’s
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Chapter 8

A well-ordering proof in
Martin-Löf ’s type theory

In this chapter we will prove

MLi1WR ` r : ∀φ ∈ N → U.( ∀y ∈ N.(∀x ≺ y.φx)→ φy)

→ ∀y ≺ DΩ1OT
ΩI+n.φy

for some term r, that is MLi1WR proves the well-ordering up to every ordinal less than our
desired proof theoretical strength of MLi1WR, MLi1WT and MLe1WR. To prove this, we
need in some sense to write a computer program, the term r. To do this we will introduce
some useful abbreviations.
We will define in Martin-Löf’s type theory the analogue of many constructions known
from analysis, such that we can later on more or less follow the lines of a well-ordering
proof in ∆1

2 − CA +BI.
After giving some general abbreviations (8.1), we define the type of truth values B (8.2),
the natural numbers (8.3), lists (8.4) and state the obvious properties (lemma 8.5). On
page 67 we introduce the four kinds of candidates for the power set of the natural numbers
we have, and introduce them in definition 8.6. Then we introduce the subtree ordering
(definition 8.8, properties are shown in 8.9), which, although looking very simple, was
one of the key ideas in this proof, since it allowed to define W (X) (definition 8.11). On
page 73, we explain the general method for the well-ordering proof. We assume some
properties for the ordinals (general assumption 8.10) define now W (X) (definition 8.11).
We prove, that we have induction over W (X) (8.12), and show some easy properties of
W (X) (8.13 and 8.14.
Next we define the “ausgezeichnete Mengen” (definition 8.16). We show, that ausgezeich-
nete Mengen are segments of each other in the sense of lemma 8.19, define W (definition
8.20), which is the union of all ausgezeichnete Mengen, and the segments of which are
exactly the ausgezeichnete Mengen (lemma 8.21). We show thatW is closed under + and
the step to the next cardinal (8.24), contains the type of every element (8.25) and thatW
is a “ausgezeichnete Klasse” (definition 8.27). To prove that W is closed under certain
ordinal functions, we need the fundamental sequences of it, stated in 8.10. We prove that,
if I η X and Ag(X), then W (X) is closed under λz.Ωz (z ≺ I), (8.30), that W (X) is
closed under Veblen-function (8.29) and collapsing function (8.31). Now we define classes,
which are syntactical increasing ausgezeichnete Klassen (definition 8.32) and show that
we can prove using Wn+1 transfinite induction up to DΩ1(ΩI+n (theorem 8.34).

63
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Preliminaries 8.1 In this part we use the formulation à là Russell for the Universe,
where the elements of the universe are types, rather than terms representing indices for
types, as in the formulation à là Tarski. In the first part, we preferred the formulation
à là Tarski, since indices for the elements of the Universe are better for the interpration
in KPi+(we could interpret the Universe as a subset of the natural numbers), whereas
the Russel-formulation is more suitable for actual using it (we do not have to apply the
type constructor T to make a type out of an element of the Universe). The author thinks
that it would have been able to carry out the well ordering proof in MLi1WT rather than
MLi1WR — this way he would have proven the proof theoretical equivalence of four, and
not only three theories. (we have not proven a lower bound for MLi1WT ) Unfortunately,
there was at the end no time to check this any more.

We use the following abbreviations:
r0 := p0(r), r1 := p1(r),
< r, s >:= p(r, s),
rs := Ap(r, s),
(r =A s) := I(A, r, s)
∀x ∈ A.B := Πx ∈ A.B, ∃x ∈ A.B := Σx ∈ A.B, we will use this, if the intended
meaning of the type is a formula.
B := N2, ⊥:= N0, > := N1.
A ∨B := A+B, A↔ B := (A→ B) ∧ (B → A), ¬A := A→⊥, (r 6=A s) := ¬(r =A s).
∧, ∨, ∀, ∃ are used for talking of types, which have formulas as the inteded meaning,
whereas the use of ×, +, Π, Σ, indicates, that we are talking of functions and sets.
We will write λx, y.t for λx.λy.t, ∀x, y ∈ A.B for ∀x ∈ A.∀y ∈ A.B, similarly for
∃,Π,Σ,W and for more than two variables.

We will in the following argue informally, especially, if we say: “we have A”, or shorter
“A”, for some g-type A, we mean, there exists a term r such that MLi1WR `⇒ r : A. We
write r : A for MLi1WR ` r : A and r, s : A for MLi1WR ` r : A, further MLi1WR ` s : A,
Γ⇒ r : A for MLi1WR ` Γ⇒ r : A, etc.

We will not be very restrictive in the choice of variables, so we will use x, y, z, a, b, c
and sometimes capital letters such that A,B,C and X, Y, Z for them. We will prefer
i, j, k, n,m to indicate natural numbers (considered as natural numbers and not as elements
of the subsets of N T ′′, T ′, OT , A′′ etc. which are denotations for ordinals), α, β, γ for
trees (elements of a W -type) but sometimes as well for elements of OT . Elements of OT
are usually denoted by a, b, c or x, y, z.

Definition 8.2 We define some functions corresponding to the type B, the type of truth
values.
For t : B we define if t then A else B := C2(t, A,B).
tt := 02, ff := 12.
∧B := λx, y. if x then (if y then tt else ff) else ff,
∨B := λx, y. if x then tt else (if y then tt else ff),
∧B,∨B : B → B → B, written infix, ∧B is the boolean conjunction, ∨B the disjunction,
¬B := λx. if x then ff else tt,
¬B : B → B, the boolean negation,
atom := λx. if x then > else⊥,
atom : B → U .
(atom transfers a boolean value to a formula, atom(tt) is a true formula — a type having
one element, and atom(ff) is a false formula — the type N0 =⊥, that has as elimination
rule the rule which corresponds to “ex falsum quodlibet”)
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Note, that for decidable predicates p we have ∀x, y ∈ N.atom(p(x, y)) ∨ ¬(atom(p(x, y))).

The next task is to introduce certain functions and relations on N .

Definition 8.3 (a) 1 := S0, 2 := SS0, etc.

(b) predN := λx.P (x, 0, (u, v)u), predN : N → N , the predecessor on N
that is predN0 =N 0, predN(Sx) =N x.

(c) zero? := λx.P (x, tt, (u, v)ff), zero? : N → B, the test for 0,
that is zero?0 =B tt, zero?(Sx) =B ff,

(d) <N,B:= λx.P (x, λy.¬B(zero?y),
(u, v)λy. if (zero?y) then ff else (v(predNy))),

<N,B: N → B, the <-relation on N , which we write infix, and have:
(0 <N,B 0) =B ff, (0 <N,B St) =B tt,
(Sx <N,B 0) =B ff, (Sx <N,B Sy) =B (x <N,B y).
<N := λx, y.atom(x <N,B y), written infix, too. <N : N → U is the <-relation, seen as a
formula.

(e) ≤N,B:= λx.P (x, λy.tt,
(u, v)λy. if (zero?y) then ff else (v(predNy))),

<N,B: N → B, the leq-relation on N and we write ≤N,B infix. We have:
(0 ≤N,B x) =B tt,
(Sx ≤N,B 0) =B ff, (Sx ≤N,B Sy) =B (x ≤N,B y).
≤N := λx, y.atom(x ≤N,B y), written infix, too.
≤N : N → U .
We define ∀x <N t.φ := ∀x ∈ N.x <N t→ φ, similarly for ∃ and ≤N .

(f) =N,B:= λx.P (x, λy.zero?y,
(u, v)λy. if (zero?y) then ff else (v(predNy))),

=N,B: N → B, the decidable equality on N . We write =N,B infix, and have:
(0 =N,B 0) =B tt, (0 =N,B St) =B ff,
(Sx =N,B 0) =B ff, (Sx =N,B Sy) =B (x =N,B y).
6=N,B:= λx, y.¬Bx =N,B y.

(g) +N := λx, y.P (y, x, (u, v)Sv),
+N : N → N → N , the addition on N . We write +N infix, and have:
x +N 0 =N x, x+N Sy =N S(x+N y).

(h) −̇ := λx, y.P (y, x, (u, v)(predNv)),
−̇ : N → N → N , which is the minus-function on N , we write −̇ infix, and have:
x−̇0 =N x, x−̇Sy =N predNy(x−̇y).

(i) maxN := λx, y. if x <N y then y else x,
minN := λx, y. if x <N y then x else y,
maxN , minN : N → N → N , the maximum and minimum of two natural numbers
and we write maxN{a, b}, minN{a, b} for maxNab, minNab.

(j) ∀B,< := λn, φ.P (n, tt, (u, v)φ(u) ∧B v),
∀B,< : N → (N → B)→ B, that is
(∀B,<0φ) =B tt,
(∀B,<(Sn)φ) =B (φn) ∧B ∀B,<nφ).
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∃B,< := λn, φ.P (n,ff, (u, v)φ(u) ∨B v), that is
(∃B,<0φ) =B ff,
∃B,<(Sn)φ =B ((φn) ∨B ∃B,<nφ).
Further ∀B,≤ := λn, φ.∀B,<(Sn)φ, ∃B,≤ := λn, φ.∃B,<(Sn)φ.

We write ∀Bx <N n.φ for ∀B,<n(λx.φ), ∀Bx ≤N n.φ for ∀B,≤n(λx.φ), ∃Bx <N n.φ for
∃B,<n(λx.φ) and ∃Bx ≤N n.φ for ∃B,≤n(λx.φ). ∀B, ∃B are used for bounded universal
quantification over a decidable predicate, which can be decided (see 8.5 (e)).

(k) We write = for =N .

We will now define lists as a pair < n, f >, where n is the length of the list, and (f(i))i<n
are the elements of the list.

Definition 8.4 Let A be a g-type, and assume (we will need this for stating the typing
judgements), x, y, z, u, v, w ∈ V arML, MLi1WR ` Γ ⇒ A′ type, X, Y variables that do
not occur free or bounded in Γ, A′.
Alist := N × (N → A).
lh := λx.x0, and have Γ⇒ lh : A′list→ A′.
(·)· := λx, y.(x1)y, and have Γ⇒ (·)· : A

′list→ N → A′,
and write (a)i for (·)·i
nily :=< 0, λx.y >, Γ, y : A′ ⇒ nily : A′list, (we omit the index y, if we have any usual

dummy element, for instance 0 in case of A = N).
cons := λx, y. < S(lh(y)), λz. if z = 0 then x else (y)predN (z) >,

Γ⇒ cons : A′ → A′list→ A′list,
car := λx.(x)0,

Γ⇒ car : A′list→ A′

cdr := λx. < pred(lh(x)), λy.(a)Sy >.
cdr : A′list→ A′list

append := λx, y. < lh(x) +N lh(y), λz if z <N,B lh(x) then (x)z else (y)lh(x)+Nz >.
Γ⇒ append : A′list→ A′list→ A′list

∼=Nlist,B:= λx, y.lh(x) =N,B lh(y) ∧B ∀Bz <N lh(x).(x)z =N,B (y)z),
∼=Nlist,B: Nlist→ Nlist→ B, the equivalence of two lists, which we write infix, and
A ∼=Alist B := lh(B) = lh(C) ∧ ∀z <N lh(B).(B)z =A (C)z.
(where z is a variable, that does not occur free in B or C)
(for A : U , we can define a function λX, Y.X ∼=Alist Y : Alist → Alist → U and have
then:
Γ, X, Y : Alist⇒ X ∼=Alist Y type)
and for fixed n < a0, . . . , an >List:=< Sn, f >, where
f := λx. if x =N,B 0 then a0 else

if x =N,B 1 then a1 else · · ·
· · · if x = n then an else a0,

and if xi are new variables, then MLi1WR ` Γ, x1 : A, . . . , xn : A ⇒< x1, . . . , xn >List:
A′list
Sublist x y will be the list of the first y elements of the list x:
Sublist := λx, y. if y <N lh(x) then< y, x1 >else x,
Γ⇒ Sublist : A′list→ N → A′list, we write Sublist(a, b) for Sublist ab.

We can easily prove the following properties:

Lemma 8.5 (a) atom(tt), ¬(atom(ff)). (which means: there exist g-terms r, s, such that
MLi1WR ` r : atom(tt), MLi1WR ` s : ¬(atom(ff))).
∀x ∈ B.atom(x) ∨ ¬atom(x), (which means that for all decidable predicates (functions with
codomain B) we have tertium non datur).
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(b) ∀x, y ∈ B.atom(x ∧B y)↔ atom(x) ∧ atom(y),
∀x, y ∈ B.atom(x ∨B y)↔ atom(x) ∨ atom(y),
∀x ∈ B.atom(¬Bx)↔ ¬atom(x).

(c) ∀x, y ∈ N.x <N y ∨ x = y ∨ y <N x,
(which means: there exist a g-term r, such that
MLi1WR ` r : ∀x, y ∈ N.x <N y ∨ x = y ∨ y <N x),
∀x, y ∈ N.atom(x =N,B y)↔ x = y. ∀x, y ∈ N.x <N y → (x 6= y ∧ ¬(y <N x)),
∀x, y ∈ N.x = y → (¬(x <N y) ∧ ¬(y <N x)),
∀x, y ∈ N.x ≤N y ↔ (x <N y ∨ x = y),

(d) ∀x ∈ N.x 6= 0→ x = S(predN (x)).

(e) ∀y ∈ N.∀φ ∈ N → B.atom(∀Bx <N y.φ)↔ ∀x <N y.atom(φy),
∀y ∈ N.∀φ ∈ N → B.atom(∃Bx <N y.φ)↔ ∃x <N y.atom(φy),
similarly for ≤N .

(f) Let Γ⇒ A : type, Γ⇒ d : A.
∀x, y ∈ Nlist.atom(x ∼=Nlist,B y)↔ x ∼=Nlist y.
∀x ∈ Alist.x ∼=Alist nild ↔ lh(x) = 0.
Γ⇒ ∀x ∈ Alist.¬(x ∼=Alist nild)→ x ∼=Alist cons(car(x), cdr(x)).
Γ⇒ ∀x ∈ Alist.append(nild, x) ∼=Alist x,
Γ⇒ ∀x, y ∈ Alist, z ∈ A.append(cons(z, x), y) ∼=Alist cons(z, append(x, y))

Proof:
(a) is obvious, (b) follows by boolean induction. In the second assertion of (c), “→” follows
by induction on x, y : N , for “←” we use again the same induction, and argue, if 0 = Sy,
then 01 ∈ N1 = P (Sy,N0, (u, v)N1) = P (0, N0, (u, v)N1) = N0 = atom(0 =N,B Sy), and
if Sx = Sy, then x = predN (Sx) = predN(Sy) = y. The other assertions in (c), (d), (e)
follow by induction on N .
In (f), the first assertion follows (b) and (e), by induction on the length of the lists, the
other one follow easily.

The most complicated definition is to introduce the analogue of the subsets of the
natural numbers. We will use in this proof four different possibilities for introducing
the power set of N , which we present in increasing order of their complexity: The finite
sets Pfin(N), defined as lists of natural numbers, the decidable sets Pdec(N), defined as
boolean functions on N , which decide, which elements belong to the set, the ordinary
power set P(N), defined as a functions f : N → U , where the elements should be those
n : N , such that fn is not an empty type, and the subclasses of N Cly(N), which are
types (seen as properties) with free variable y.
The subsets with lower complexity have, roughly speaking, the advantage of better degree
of decidability, whereas we need the subsets of high complexity, to introduce concepts
which correspond to the highly impredicative definitions, possible in the corresponding
systems of analysis.
For each power set we will introduce the relation η, which stands for the element relation
(for the first two power sets additionally the decidable element relation ηB), the types
∀x η A.B, (with intended meaning for all x in A we have B), ∃x η A.B, the relations
the relations ⊂ for subset and ∼= for “have the same elements” between power sets, union
(∪), intersection (∩) and difference (\). Further we lift an element of one power set to
the next complicated power set (operations ·+, ·P , ·+,Cl,y, and we define the finite sets
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{a0, . . . , an}, the empty set ∅, and, except in the finite case the set corresponding to N ,
namely Ndec, NP , NCl,y.
We will give, whenever possible, closed terms, which we can do, as long as the types are
constructed of elements of U or elements of some fixed type related to U . For the case
that the types are no longer elements of this type, we need another definition, which is
for each type a new syntactical object.
We will use capital letters like A,B,C and X, Y, Z to indicate elements of the four power
sets of N .
Definition 8.6 (a) The four kinds of subsets are:

The finite subsets are the elements of Pfin(N) := Nlist,
the decidable subsets are those of Pdec(N) := N → B,
the ordinary subsets are the elements of P(N) := N → U .

For the subclasses of N we have no type containing all classes, but we have only the following
meta statement:
Γ⇒ A ∈ Cly(N) is defined as MLi1WR ` Γ, y : N ⇒ A type.

The finite subsets can be seen as a list of the elements of the set, the decidable subsets
are functions of boolean value, which decide for each element, if it belongs to the set. The
ordinary subsets are functions, that assign an element of U to each natural number. If we see
this element as a formula, the set is supposed to contain all elements, for which this formula
is true (although this sentence is just some heuristic, we cannot say in type theory that an
element of U is true, only that we have some t : U). To exhaust the full proof theoretical
strength of Martin-Löf ’s type theory we need classes, which correspond to classes in systems
of the analysis. A class is a type, depending on one free variable y (and eventually on a
bigger context), and the class A ∈ Cly(N) stands for {x ∈ IN|A[y/x]}. When using classes,
we have to be careful with the use of free and bounded variables.

(b) In Pfin(N) and Pdec(N) we have decidable element relations ηfin,B, ηdec,B, which distinguish
these from P(N), Cly(N):

ηfin,B:= λy,X.∃Bx <N lh(X).y =N,B (X)x, ηfin,B: N → P
fin(N)→ B;

ηdec,B:= λy,X.Xy, ηdec,B: N → P
dec(N)→ B.

Both relations are written infix.

(c) The element relations ηfin, ηdec, η and ηCl,y are defined as follows:

ηfin:= λy,X.atom(y ηfin,B X), ηfin: N → P
fin(N)→ U ;

ηdec:= λy.X.atom(y ηdec,B X), ηdec: N → P
dec(N)→ U ;

η:= λy,X.Xy, η: N → P(N)→ U .

all these three relations are written infix, and y η· X can be seen heuristically as a formula.

t ηCl,y B := B′[y/t], where B′=αB such that B′[y/t] is an allowed substitution (we can do
this for all the finitely many types occurring in the proof we construct)

We further define
6ηfin:= λy,X.¬y ηfin X, 6ηfin: N → P

fin(N)→ U ,
similarly 6ηdec, 6η, and
t 6ηCl,y B := ¬(t ηCl,y B).

(d) Pfin(N) is distinguished from the other kinds of subsets, by having decidable quantification
over boolean predicates:
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∀B := λX, f.∀Bx <N lh(X).f((X)x),
∃B := λX, f.∃Bx <N lh(X).φ((X)x).
∀B, ∃B : Pfin(N)→ (N → B)→ B,

and we write ∀Bx η B.φ for ∀BB(λx.φ) and ∃Bx η B.φ for ∃Bb(λx.φ).

We can prove:
∀X ∈ Pfin(N).∀f ∈ X → B.atom(∀Bx η X.f)↔ ∀x ∈ N.x ηfin X → atom(fx),
∀X ∈ Pfin(N).∀f ∈ X → B.atom(∃Bx η X.f)↔ ∃x ∈ N.x ηfin X ∧ atom(fx).

(e) We define the quantification over subsets of N first, for functions with values in U as closed
terms:

Σfin := λX, Y.Σx ∈ N.x ηfin X ∧ (Y x),
Πfin := λX, Y.Πx ∈ N.x ηfin X → (Y x),

Σfin,Πfin : Pfin(N)→ (N → U)→ U ;

Σdec := λX, Y.Σx ∈ N.x ηdec X ∧ (Y x),
Πdec := λX, Y.Πx ∈ N.x ηdec X → (Y x),
Σdec,Πdec : Pdec(N)→ (N → U)→ U ;

ΣP := λX, Y.Σx ∈ N.Σy ∈ (x η X).(Y xy),
ΠP := λX, Y.Πx ∈ N.Πy ∈ (x η X).(Y xy),

ΣP ,ΠP : ΠX ∈ P(N).(Πx ∈ N.x η X → U)→ U .

We write ∀ for Π, ∃ for Σ, (when our heuristic is to speak of formulas rather than functions),
and write ΣBx η B.φ for ΣBB(λx.φ), similarly for Π, ∀, ∃, and for indices dec, and in the
case of ordinary subsets Σx η A.B or ∃x η A.B for ΣPA.(λx, y.B), ∀x η A.B or Πx η A.B
for ΠPA(λx, y.B), omitting the index y if the variable y does not occur free in B (we assume
that in this case we choose a new variable y).

(f) If we have no function with value in U , but just a type with a free variable, quantification is
defined as follows (where x, z are always new variables):

Σx ηfin,typ A.B := Σx ∈ N.x ηfin A ∧B, Πx ηfin,typ A.B := Πx ∈ N.x ηfin A→ B;

Σx ηdec,typ A.B := Σx ∈ N.x ηdec A ∧B, Πx ηdec,typ A.B := Πx ∈ N.x ηdec A→ B;

Σx ηtyp A.B := Σx ∈ N.x η A ∧ B,
Πx ηtyp A.B := Πx ∈ N.x η A→ B.

Since we have A : P(N), B : N → U ⇒ r : Πx η A.B ↔ Πx ηtyp A.B, the same for Σ and
in the cases fin and dec, we will omit the index typ, if there is no confusion.

Σx ηCl,y A.B := Σx ∈ N.x ηCl,y A ∧ B
Πx ηCl,y A.B := Πx ∈ N.x ηCl,y A→ B

(g) For the finite subsets we have a decidable subset relation:

⊂fin,B:= λX, Y.∀Bx η X.x ηfin,B Y , ⊂fin,B: Pfin(N)→ Pfin(N)→ B, written infix.

For all sets we define the subset relation by:

⊂fin:= λX, Y.atom(X ⊂fin,B Y ), ⊂fin: P
fin(N)→ Pfin(N)→ U ;

⊂dec:= λX, Y.∀x ∈ N.x ηdec X → x ηdec Y ,
⊂dec: P

dec(N)→ Pdec(N)→ U ;

⊂:= λX, Y.∀x ∈ N.x η X → x η Y ,
⊂: P(N)→ P(N)→ U ;
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We write all these relations infix.

B ⊂Cl,y C := ∀x ∈ N.x ηCl,y B → x ηCl,y C,
where x is a new variable.
If Γ⇒ B,C ∈ Cly(N), then Γ⇒ B ⊂Cl,y C type.

(h) For the finite subsets we have a decidable relation ∼=, for “have the same elements”: ∼=fin,B:=
λX, Y.X ⊂fin,B Y ∧B Y ⊂fin,B X,
∼=fin,B: P

fin(N)→ Pfin(N)→ B, written infix.

For all subsets we define ∼= as follows:

∼=fin:= λX, Y.atom(X ∼=fin,B Y ), ∼=fin: P
fin(N)→ Pfin(N)→ U ;

∼=dec:= λX, Y.X ⊂dec Y ∧ Y ⊂dec X, ∼=dec: P
dec(N)→ Pdec(N)→ U ;

∼=:= λX, Y.X ⊂ Y ∧ Y ⊂ X, ∼=: P(N)→ P(N)→ U ;

We write all these relations infix.

B ∼=Cl,y C := B ⊂Cl,y C ∧ C ⊂Cl,y B.
If Γ⇒ B,C ∈ Cly(N), then Γ⇒ B ∼=Cl,y C type,

(i) We define union ∪, intersection ∩ and set difference \ as follows:
∪fin:= λX, Y. < lh(X) +N lh(Y ), λx. if (x <N,B lh(X)) then ((X)x) else (Yx−̇lh(X)) >,
∩fin:= λX, Y.P (lh(X), ∅fin, (u, v) if ((X)u) ηfin,B Y then

(v ∪fin {(X)u}) else v),
\fin:= λX, Y.P (lh(X), ∅fin, (u, v) if ((X)u) ηfin,B Y then v else (v ∪fin {(X)u})),
∪fin∩fin, \fin: P

fin(N)→ Pfin(N)→ Pfin(N);

∩dec := λX, Y.λy.y ηdec,B X ∧B y ηdec,B Y ,
∪dec := λX, Y.λy.y ηdec,B X ∨B y ηdec,B Y ,
\dec := λX, Y.λy.y ηdec,B X ∧B ¬B(y ηdec,B Y ),
∩dec,∪dec, \dec : Pdec(N)→ Pdec(N)→ Pdec(N);

∩ := λX, Y.λy.y η X ∧ y ηdec Y ,
∪ := λX, Y.λy.y η X ∨ y η Y ,
\ := λX, Y.λy.y η X ∧ ¬(y η Y ),
∩,∪, \ : P(N)→ P(N)→ P(N);

all these functions are written infix.

B ∩Cl,y C := B ∧ C,
B ∪Cl,y C := B ∨ C,
B \Cl,y C := B ∧ ¬(C).
If Γ⇒ B,C ∈ Cly(N), then
Γ⇒ B ∪Cl,y C,B ∩Cl,y C,B \Cl,y C ∈ Cly(N).

We can easily prove
∀X, Y ∈ Pfin(N).∀x ∈ N.x ηfin X ∪fin Y ↔ (x ηfin X ∨ x ηfin Y ),
∀X, Y ∈ Pfin(N).∀x ∈ N.x ηfin X ∩fin Y ↔ (x ηfin X ∧ x ηfin Y ),
∀X, Y ∈ Pfin(N).∀x ∈ N.x ηfin X \fin Y ↔ (x ηfin X ∧ x 6ηfin Y ),
similarly for Pdec(N), P(N), and for the classes we prove, that, if Γ ⇒ A ∈ Cly(N),
Γ⇒ B ∈ Cly(N), then Γ⇒ ∀x ∈ N.x ηCl,y A ∪Cl,y B ↔ (x ηCl,y A ∨ x ηCl,y B),
similarly for the other functions.

(j) We define the lifting from Pfin(N) to Pdec(N), from Pdec(N) to P(N) and from P(N) to
Cly(N):
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·+ := λY.λy.y ηfin,B Y , ·+ : Pfin(N)→ Pdec(N), and we write B+ for ·+B;

·P := λX.λy.y ηdec X, ·P : Pdec(N)→ P(N), written BP for ·PB;

·+,Cl,· := λy.λB.y η B, written B+,Cl,y for ·+,Cl,·yB;

and we have B : P(N)⇒ B+,Cl,y ∈ Cly(N).

We see easily, that
∀X ∈ Pfin(N).∀x ∈ N.x ηfin,B X = x ηdec,B X+, ∀X, Y ∈ Pfin(N).(X ∪fin Y )+ ∼=dec

(X+ ∪dec Y
+) ∀X ∈ Pdec(N).∀Y ∈ N → U.(∀Px ∈ X

P .(Y x))↔ (∀decx ∈ X.(Y x)) etc.
similarly for ·P , ·+,Cl,y, therefore we will, if there is no confusion, omit these superscripts,
and subscripts dec, fin, P, Cl, y.

(k) We define the empty set:

∅fin := nil,
∅dec := ∅+fin,
∅ := ∅Pdec,
∅Cl,y := ∅+,Cl,y.

We define the finite sets:

{a0, . . . , an}fin :=< a0, . . . , an >List,
λx0, . . . , xn.{x0, . . . , xn}fin : N → N → · · ·N → Pfin(N);

{a0, . . . , an}dec := {a0, . . . , an}
+
fin;

{a0, . . . , an} := {a0, . . . , an}
P
dec;

{a0, . . . , an}Cl,y := {a0, . . . , an}
+,Cl,y.

The set of natural numbers can be represented as follows:

Ndec := λx.tt, Ndec : Pdec(N);
NP := NP

dec;
NCl,y := N+,Cl,y.

Remark 8.7 In the following, we will often have statements, which can be stated for all
elements of P(N) and for all classes, and have similar proofs. So we have the following
convention:
The statement “for Y : P(N) or Y ∈ Cly(N) holds φ” stands for
“MLi1WR ` ∀Y ∈ P(N).φ and, if MLi1WR ` Γ, y ∈ N ⇒ Y type, then MLi1WR ` Γ ⇒
φ′”, where in φ′ we replace η by ηCl,y, and rename all bounded variables, such that they
are different from all variables in Γ, similarly for the other operations on classes.
The statement “for X, Y : P(N) or X, Y ∈ Cly(N) stands for “for X : P(N) or X ∈
Cly(N). for Y : P(N) or Y ∈ Clz(N) we have φ”, that is, unfolding it we have four
statements for X, Y : P(N), X ∈ Cly(N), Y : P(N), Y ∈ Clz(N), X : P(N) and X ∈
Cly(N), Y ∈ Clz(N).

The next task is to define the subtree ordering ≺ on the W -type. An element sup(a, f)
of a type Wx ∈ A.B is a tree, having immediate subtrees (fz)z∈A. By iterating the step
to the immediate subtree, we get all subtrees. So we define: α ≺ β iff we can get from β
to α by always going to an immediate subtree.
We need two definitions, one where we quantify over all A : U and B : A → U , and
another definition, suitable for A : type and x : A ⇒ Btype, so we have statements only
for one special type A and B.
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Definition 8.8 (a) Assume A,B g-types, α, β g-terms, x a variable.
The immediate subtree relation for arbitrary trees:
α ≺1

A,x,B β := ∃x ∈ A.∃f ∈ B → (Wx ∈ A.B).∃z ∈ B.
β =Wx∈A.B sup(x, f) ∧ α =Wx∈A.B fz

(where f , z are new variables)
The subtree relation on arbitrary trees:
α ≺A,x,B β :=
∃n ∈ N.0 <N n ∧ ∃f ∈ (N → (Wx ∈ A.B)).

(f0) =Wx∈A.B β ∧ (fn) =Wx∈A.B α∧
∀i <N n.(fi) ≺1

A,x,B (f(Si)).
(where n, i, f are new variables).

α �A,x,B β := α ≺A,x,B β ∨ α =Wx∈A.B β.
We have, if MLi1WR ` Γ ⇒ A type, MLi1WR ` Γ, x : A ⇒ B type, α, β are new variables,
then

MLi1WR ` Γ⇒ ∀α, β ∈ Wx ∈ A.B.⇒ α ≺A,B β type

the same for �A,B.

(b) The immediate subtree relation for trees “in U”:
≺1
Univ:= λA,B.λα, β.∃x ∈ A.∃f ∈ (Bx)→ (Wx ∈ A.(Bx)).∃z ∈ (Bx).
β =Wx∈A.(Bx) sup(x, f) ∧ α =Wx∈A.(Bx) fz,

(where A,B, α, β, x, f are different variables)

MLi1WR `≺
1
Univ: ΠA ∈ U.ΠB ∈ A→ U.Wx ∈ A.(Bx)→Wx ∈ A(Bx)→ U

We write α ≺1
Univ,A,B β for ≺Univ ABαβ.

The subtree relation on these trees:
≺Univ:= λA.λB.λα, β.
∃n ∈ N.0 <N n ∧ ∃f ∈ N → (Wx ∈ A.(Bx)).

(f0) =Wx∈A.(Bx) α ∧ (fn) =Wx∈A.(Bx) β∧
∀i <N k.(fi) ≺1

Univ,A,B (f(Si)).
Further:
�Univ:= λA.λB.λα, β.α ≺ β ∨ α =Wx∈A.(Bx) β.

MLi1WR `≺Univ: ΠA ∈ U.ΠB ∈ A→ U.Wx ∈ A.(Bx)→Wx ∈ A.(Bx)→ U

the same for �Univ and again write α ≺Univ,A,B β. We will usually omit the Index Univ or
even A, B, so we write α ≺ β for ≺Univ ABαβ if this does not cause any confusion.

Lemma 8.9 Assume Γ⇒ A type, Γ, x ∈ A⇒ B type. Then:

(a) ∀α, β, γ ∈ (Wx ∈ A.B).α � β ↔ (α ≺ β ∨ α =Wx∈A.B β)

(b) ∀α, β, γ ∈ (Wx ∈ A.B).((α ≺ β ∧ β � γ)→ α ≺ γ) ∧ ((α � β ∧ β ≺ γ)→ α ≺ γ)

(c) ∀α ∈ (Wx ∈ A.B).¬(α ≺ α).

(d) ∀α ∈ Wx ∈ A.B.∀x ∈ A.∀s ∈ (B →Wx ∈ A.B).
α ≺ sup(r, s)↔ (∃y ∈ B.α � sy).

(e) (a) - (d) are valid, if we quantify over all X : U , Y : X → U , e.g. in (a):
∀X ∈ U.∀Y ∈ (X → U).∀α, β, γ ∈ (Wx ∈ A.(Bx)).

(α � β ↔ α ≺ β ∨ α =Wx∈A.(Bx) β)
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Proof: (a), (b), (d) are trivial.
(c) We prove by Induction on α : Wx ∈ A.B.¬(α ≺ α):
Assume f, n as in the Definition.
We have 0 <N n, f0 =Wx∈A.B sup(r, s) ∧ f1 =Wx∈A.B sy for some r, s, y. Define
g := λx. if x <N,B n then f(S(x)) else sy, g : N → Wx ∈ Ay.B. Then using g we
conclude sx ≺ sx, a contradiction to I.H.

We will now explain the way of carrying out the well-ordering proof.
A first attempt to do this, is to define operations like +, ω·, Ω·, and the collapsing function
λx, y.Dxy on some huge W -type Wx ∈ A.B, and then map some ordinal denotation sys-
tem OT on this W -type, using the recursion on Wx ∈ A.B to prove transfinite induction
on OT . This can be done, as long as we restrict ourselves to ordinals of On, the n-th
number class. For bigger number classes, we need for the definition of Dxy the relation
τ(y) ≺ x: we need some relation between the elements of a tree and its branching type.
When we think of them as elements of two trees, and of ≺ as the subtree ordering (modulo
isomorphisms between trees), we have the problem, that this ordering is not decidable,
we can not define a function Dxy.

The next idea is, to use the decidable ordering ≺ on OT, together with fundamental
sequences (a[x])x≺τ(a), where τ(a) is the type of the ordinal a, and besides some properties
we have for limes ordinals a = sup{a[x]|x ≺ τ(a)}. The ordinals a[x] correspond to
immediate subtrees, we had before. Let W1 := Wx ∈ N.(Σy ∈ N.y ≺ τ(a)). If sup(r, s) ∈
W1, then r should be the label, an ordinal, of this tree. (We will use arbitrary labels in
N for technical reasons) Then we distinguish those trees of W1, where the fundamental
sequences of the labels of its subtrees correspond to the ordering in W1, that is we define
Correct(α), (in this informal part we omit some bounds for quantifiers, so that the formula
can be easier read)

Cor(α) := ∀r, s.sup(r, s) � α→ ∀x ∈ (Σy ∈ N.y η τ̂(r).∃s′.sx = sup(r[x0], s′)

(where τ̂(r) is some set related to τ(r).)

Now to define the functions we need, we need some well-ordering on {x ∈ OT |x ≺ τ(a)},
which we originally want to prove by this method. The idea which helps, which is the
first step towards the “ausgezeichnete Mengen”, is to replace τ(x) by τ(x)∩X, where we
assume, that we know the well-ordering of X.
Actually we will use τ(x)X := (τ(x)≺ ∩X) ∪ τ ′(x) where τ ′(x) contains some elements of
τ(x)≺, which we want to include in any case. Now we define W1, Cor(α) as before and
let W (X) be the natural numbers, that are labels of correct trees of W1.

The last problem is, that now τ(x)X occurs negatively in the definition of W (X), that is,
the bigger X, the smaller W (X).
To get sets, which contain Ωα for finite α or α in some ordering, which is already proven
to be a well-ordering, we could construct O0 := W (∅) ∩ Ω1, O1 := W (O0) ∩ Ω2 and so
on, so that at every step we know in some sense, that On is complete. To get sets which
contain ΩΩ1 and stronger cardinals and give very strong well ordering proofs, Buchholz
has introduced the concept of the “ausgezeichnete Mengen”, the distinguished sets, which
is the property, which all the Oα we constructed before have in common, and which we
needed. The property is some sort of stability in the sense that the segment formed by the
set does not grow by forming W (X). We define X is a “ausgezeichnete Menge” (Ag(X)),
if X v W (X), that is: ∀x η X.X|x ∼= W (X)|x
Now these sets allow induction (since we have a corresponding tree α ∈ W1(X)) and we
can define all the functions we need.
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To get the full power of Martin-Löf’s type theory, in a next step we built “ausgezeichnete
Klassen”. First we built the union of all “ausgezeichnete Mengen”, which is a class,
closed under Ω·. Then we built W0 := W ∩ I, Wi+1 := W (Wi) ∩ ΩI+i+1, which are
“ausgezeichnete Klassen”, such that I η W1, ΩI+i η Wi+1.

Historically, these steps are not the way, the author found this attempt. They are only a
way to motivate it. Actually, after trying the first attempt, the author tried to adopt the
paper of Buchholz [Buc90], the until now clearest version of the method of the “ausge-
zeichnete Mengen”, to Martin-Löf’s type theory. The method of “ausgezeichnete Mengen”
goes back to Buchholz ([Buc75a]), who first needed Π1

2 − CA for introducing them and
where further developed by Schütte, who discovered, how to define these concepts in
weaker subsystems of analysis.

But before introducing all these concepts, we need some ordinal denotation system OT .
We will introduce this in the next chapter 9, here we only assume, that we have a system
OT , with certain subsets an ordering ≺, functions like +, that has certain properties, is
given:

General Assumption 8.10 We assume an ordinal denotation system

OT : Pdec(N),

which we will introduce in chapter 9, together with elements

0OT , 1OT , ω, I η OT

(I should be a representative for the first weakly inaccessible cardinal or its recursive
analogue) sets

Lim,A,R : Pdec(N)

(where Lim will be the denotations for limit ordinals, A the additive principal numbers
and R the regular cardinals) such that

R ⊂ A ⊂ Lim ⊂ OT, I η R,

and the following functions:

≺OT ,�OT : N → N → U

( written in Infix, we will, if there is no confusion, omit the index OT ),
We further assume

τ : N → N

such that ∀x η OT.τ(x) η R ∪ {0, 1OT , ω},

·[·] : N → N → N

(written a[b] for [·] · ab)
+ : N → N → N

(written infix)
NF+,B : N → N → B

(for + normal form), we write NF+,B(x, y) for NF+,Bxy and define

NF+ := λx, y.atom(NF+,B(x, y)),
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written in pthe same form),
Alength : N → N,

(the length of the Cantor normal-form of an ordinal)

· : N → N → N,

written infix, (for multiplication of an ordinal by a natural number)

Ω· : N → N

(the enumeration of the infinite cardinals)

·− : N → N,

(written a− for ·−a, which we fuse only for cardinals, the most important definition is
Ω−
a+1 = Ωa).

We define a � b ≺ c := a � b∧b ≺ c the same for similar situations, and ·≺ := λx.λy.(y ≺
x ∧B y η OT ), ·≺ : N → Pdec(N), we write a≺ for ·≺a.
We have a≺ ⊂ OT and will usually omit the superscript ≺.
Similar to the subsets of the natural numbers, we define abbreviations for the quantification
over elements of OT ∀≺ := λx, f.(∀y η x≺.fx),
∃≺ := λx, f.(∃y η x≺.fx),
∀≺, ∃≺ : N → (N → U)→ U , and we write
∀x ≺ a.φ for ∀≺a(λx.φ),
∀typx ≺ a.A := ∀x ∈ N.x η a≺ ∧ A,
similarly for ∃, and have x : N → A type, then ∀typx ≺ a.A, ∃x ≺typ a.A, type.
∀x � a.φ := ∀x η (a+ 1OT )≺.φ,
similarly for ∃.

We assume that

(a) ∀x, y η OT .∀z ∈ N.Ωx, τ(x), x + y, x · z η OT ∧ (y η τ(x)− → x[y] η OT )

(b) ∀x, y, z η OT .¬(x ≺ x) ∧ (x ≺ y → y ≺ z → x ≺ z)∧
(x ≺ y ∨ x = y ∨ y ≺ x),

∀x, y η OT .x � y ↔ (x = y ∨ x ≺ y)

(c) ∀x, y, z η OT .x + (y + z) = (x + y) + z.

(d) ∀x η OT.x 6η A↔ (x = 0OT ∨ ∃y, z η OT .z 6= 0OT ∧NF+(y, z) ∧ x = y + z),
∀x, y η OT .NF+(x, y) → y 6= 0OT → (Alength(x) <N Alength(x + y) ∧ Alength(y) <N

Alength(x + y)),

∀x η OT, y η OT . NF+(x, y) ∨ x + y = y ∨

∃z, z′ η OT .(x = z + z′ ∧ z′ 6= 0OT ∧NF+(z, z′) ∧ x+ y = z + y).

(e) ∀x η OT.x η Lim ∨ (∃y η OT .x = y + 1OT ) ∨ x = 0OT
∀x η OT.x + 1OT 6η Lim ∧ x+ 1OT 6= 0OT ∧ 0OT 6η Lim.

(f) ∀x η OT.¬(x ≺ 0OT ),
∀x η OT.0OT + x = x + 0OT = x
∀x η OT.x ≺ y + 1OT ↔ x � y,
∀x, y, z η OT .y ≺ z → x + y ≺ x+ z.
∀x η OT.NF+(x, 1OT )
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(g) ∀x η OT.x ≺ ω ↔ ∃n ∈ N.x = 1OT · n
∀x η OT.x · 0 = 0OT , x · (Sn) = (x · n) + x.

(h) Ω0OT
= ω, ΩI = I,

∀x, y η OT .x ≺ y → Ωx ≺ Ωy

(i) ∀x η OT.Ω−
x+1OT

= Ωx,
I− = ω− = 1OT

− = 0OT
− = 0OT .

(j) ∀x η OT.x η R↔ x = I ∨ ∃y η OT .x = Ωy+1OT
,

∀x, y η R.x ≺ y 6= I → x � y−

(k) ∀x η OT.τ(x) � x ∧ τ(x) η R ∪ {0OT , 1OT , ω}

(l) ∀x η R ∪ {0OT , 1OT , ω}.∀y η OT .(y ≺ x→ x− + y ≺ x) ∧NF+̂(x, x).

(m) ∀x, y, z η OT .z ≺ y → NF+(x, y)→ NF+(x, z).

Further we assume the following laws (which are minor modifications to [Buc90]):

(F1) ∀x η Lim.∀y, z η τ(x)≺.(y � x[y] ≺ x) ∧ (y ≺ z → x[y] ≺ x[z])

(F2) ∀x η Lim.∀y η OT .x[0OT ] � y ≺ x→ ∃z η τ(x)≺.x[z] � y ≺ x[z + 1OT ]

(F3) ∀x η R ∪ {0OT , 1OT}.τ(x) = x ∧ ∀y η τ(x)≺.x[y] = x− + y

(F4) ∀x η Lim.∀y η τ(x)≺.∀z η Lim.x[y] ≺ z � x[y + 1OT ]→ x[y] � z[0OT ]

(F5) ∀x η Lim.∀y η τ(x)≺ ∩ Lim.τ(x[y]) = τ(y)∧
((∀z η τ(y)≺.x[y[z]] = x[y][z])
∨(τ(y) = ω ∧ ∀z ≺ ω.x[y[z]] = x[y][z + 1OT ]))

(F6) ∀x η OT.τ(x) � x

(F7) ∀x η OT.(NF+(x, y) ∧ y 6= 0OT )→ τ(x + y) = τ(y) ∧ ∀z η τ(y)≺.(x + y)[z] = x+ (y[z])

(F8) τ(1OT ) = 1OT ∧ 1OT [0OT ] = 0OT .

So (F1), (F2) express that the fundamental sequences are ascending and approximate the
ordinal, (F3) tells, that for regular cardinals, the fundamental sequence is more or less
the identity (we start with τ(a)− to avoid fixed points of λx.Ωx). (F4) is the Bachmann
property, together with (F5) it guarantees, that the correct trees are highly uniform. These
properties allow to prove lemma 8.15, especially 8.15 (a), which expresses, that for these
uniform trees, there is some correspondence between the trees in W (X) and the number
of the branch, they belong to. (F6)-(F8) are usual properties of fundamental sequences.
We will in the following, if there is no confusion, write 0, 1 instead of 0OT , 1OT .

Now we are ready to define W (X):

Definition 8.11 (a) We define the sets τ ′(a), , which we will include in τ(a)X in any case.
τ ′(a) will contain τ(a)− except in the case τ(a) = 0, to guarantee some information on τ(a),
and in the case τ(a) = ω, τ ′(a) will be the whole set τ(a)≺, which makes sense, since ω≺ is
trivially well-ordered.
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τ ′ := λx. if (x =N,B 0 ∨ x 6ηB OT ) then ∅P else if τ(x) =N,B ω then ω≺ else {τ(x)−},
that is, in a form, that can be read more easily,

τ ′(a) =





∅P if a =N,B 0 ∨ a 6ηB OT
ω≺ if τ(x) = ω
{τ(a)−} otherwise.

τ ′ : N → P(N) (note that we could define τ ′ : N → Pdec(N), but do not need this).

(b) We first give the definition of W (X) for X a subclass. The possibility to define W (X) for
classes (in ∆1

2−CA+BI this can not be generally be done) is the reason, why MLi1WR has
strength ψΩ1(ΩI+ω), rather than ψΩ1(ΩI)): After having constructed ausgezeichnete Mengen,
which exhaust the ordinals up to I, we can form “ausgezeichnete Klassen”, distinguished
classes, which exhaust the ordinals up to ΩI+n for every n : N , by building the union of all
ausgezeichnete Mengen and iterating the step to W (X) finitely many times.

x, y, z are variables

τA,zCl,y(x) := (y ηCl,z A ∧ y η OT ∧ y ≺ τ(x)) ∨ y η τ ′(x)

that is, if z = y
τA,yCl,y(x) = (A ∩Cl,y τ(x)

≺) ∪Cl,y τ
′(x)

We will usually not mention the variable z, sometimes not the variable y.
We have, if Γ⇒ A ∈ Clz(N) for some variable z, and x 6= y is a new variable, then

Γ, x : N ⇒ τA,zCl,y ∈ Cly(N)

and
Γ, x : N ⇒ p : τA,zCl,y(x) ⊂Cl,y OT for some p

Γ⇒ τA,zCl,y(0) ∼= ∅,

therefore
Γ⇒ ∀y ∈ N.y 6η τA,zCl,y(0),

B1,Cl,y,x,z(A) := Σy ∈ N.y η τA,zCl,y(x)

(if x, y are variables)
W1,Cl,y,z(A) := Wx ∈ N.B1,Cl,y,x,z(A),

where x is a new variable, y is a new variable.
and we define

CorCl,y,z(A)(α) := ∀x ∈ N.∀u ∈ B1,Cl,y,x,z(A)→W1,Cl,y,z(A).

sup(x, u) �N,B1,Cl,y,x,z(A) α→ ∀v ∈ B1,Cl,y,x,z(A).label(uv) = x[v0]

where u, v, x are new variables, and

label := λα.R(α, (u, v, w)u),

label(sup(r, s)) = r, label : W1,Cl,y(A)→ N .
and have, if Γ⇒ A ∈ Clz(N) and α is a new variable, then

Γ, α : W1,Cl,y,z(A)⇒ CorCl,y,z(N)(α) type.
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WCl,y,z(A) := ∃α ∈ W1,Cl,y,z(A).CorCl,y,z(α) ∧ label(α) = y ∧ label(α) η OT

(where α is a new variable).
Therefore, if we have sup(r, s) : W1,Cl,y,z(A) such that CorCl,y,z(sup(r, s)), then the predeces-
sors of sup(r, s) form a tree, verifying, then r is in the least set X with ∀γ η OT .τACl,y,z(γ) ⊂
X → γ η X.
For X, Y ∈ Clz(N), z′, z′′ are new variable, we define
AXCl,y,z(Y ) := y η OT ∧ ∀z′ η τX,zCl,z′′(y).y[z

′] η Y , and have
AXCl,y,z(Y ) ∈ Cly(N). We will usually omit the Indices Cl and indices and superscripts

for variables, assuming that for the z we choose the variable for which we habe proven
Γ ⇒ A ∈ Clz(N), and that y is the variable usually taking for classes, and choosing the
bounded variables, such that they do not cause any problems.

(c) Now we define W (X) for X : P(N).

τ := λX, x.((X ∩ τ(x)≺)∪ τ(x)′). τ : P(N)→ N → P(N). and ∀X ∈ P(N).∀x ∈ N.τXx ⊂
OT
We write τ(a)X for τXa.

We define B1 := λX.λx.Σz ∈ N.z η τ(x)X (written B1(A) for B1A)
B1 : P(N)→ N → P(N)
W1 := λX.Wx ∈ N.B1(X)x
W1 : P(N)→ U

indexCor Cor: = λX, α.∀r ∈ N.∀s ∈ (B1(A)r → W1(A)).
sup(r, s) � α→ ∀z ∈ B1,Cl(A)r.label(sz) = r[z0],

where label := λX.λα.R(α, (u, v, w)u),
label(sup(r, s)) = r, label : ΠX ∈ P(N).W1(A)→ N .
Cor : ΠX ∈ P(N).W1X → U ,

W := λX.λy.∃α ∈ W1X.CorXα ∧ (labelα) = y ∧ y η OT
W : P(N)→ N → P(N),
and we have ∀X ∈ P(N), y ∈ OT.WXy ⊂ OT .
We write W1(X) for W1X, W (X) for WX.

We define A := λX, Y, y.y η OT ∧ ∀z η τ(y)X .y[z] η Y , A : P(N)→ P(N)→ P(N).
We write AX(Y ) for AXY .

Lemma 8.12 Now we have induction over W (X), which we prove by using the recursion
over W1(X):

(a) If Γ⇒ X, Y ∈ Cly(N), then
Γ⇒ W (X) ∈ Cly(N),
Γ⇒ AX(Y ) ∈ Cly(N),

Γ⇒W (X),AX(Y ) ⊂ OT .
∀X, Y ∈ P(N).W (X) ⊂ OT ∧ AX(Y ) ⊂ OT .

(b) For X ∈ Cly(N) or X : P(N) follows AX(W (X)) ⊂ W (X)

(c) If X, Y ∈ Cly(N) or X, Y : P(N), then
if Γ⇒ AX(Z) ∩W (X) ⊂ Z, then Γ⇒ W (X) ⊂ Z.
More precisely we have
If Γ⇒ X ∈ Cly(N), Γ⇒ Z ∈ Clz(N)and Γ⇒ AX(Z) ∩W (X) ⊂ Z, then Γ⇒W (X) ⊂ Z.
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If ∀X,Z ∈ P(N).AX(Z) ∩W (X) ⊂ Z →W (X) ⊂ Z,
If Γ⇒ Z ∈ Cly(N), then Γ⇒ ∀X ∈ P(N).AX(Z) ⊂ Z →W (X) ⊂ Z. If Γ⇒ X ∈ Cly(N),
then Γ⇒ ∀Z ∈ P(N).AX(Z) ⊂ Z →W (X) ⊂ Z.

Proof: (a) is obvious. (Note, that we really have, if Γ⇒ X ∈ Cly(N), then Γ⇒ W (X) ∈
Cly(N) with the same y.
(b) statement for classes:
Let a be a fresh variables. Assume a η AX(W (X)), that is

a η OT ∧ ∀x η τ(a)X .a[x] η W (X)

Therefore

∀x ∈ (B1,Cl(X)[x/a]).∃β ∈ W1(X).Cor(β) ∧ label(β) = a[x0]

Let α := sup(a, s) where for x : (B1,Cl(X)[x/a]) we have sx =W1(X) β such that Cor(β)∧
label(β) =W1(X) a[x0]. Since we have Cor(sx) for x : (B1(X)[x/a]),
∀x ∈ (B1(X)[x/a]).label(sx) = a[x0] and γ � α ↔ γ =W1(X) α ∨ ∃x ∈ (B1(X)[x/a]).γ �
sx follows Cor(α).
The statement for subsets follows similarly.
(c) statement for classes:
Assume X,Z ∈ Cly(N), AX(Z) ∩W (X) ⊂ Z.
We show ∀α ∈ W1(X).Cor(α)→ label(α) η Z by Induction on W1(X).
Let α =W1(X) sup(r, s), Cor(α).Then r η OT , ∀z ∈ B1(X)[x/r].Cor(sz). By IH we have,
for z : N , p : z η τ(a)X , since < z, p >η B1(X)[x/r], label(α)[z0] = s < z, p >η Z,
therefore r = label(α) η AX(Z) ∩W (X) ⊂ Z.
The statements for subsets follows similarly.

Lemma 8.13 Assume X ∈ Cly(N) or X : P(N). Then
∀x, y η W (X).x+ y η W (X).

Proof:
Statement for X : P(N).
We first prove (NF+(a, b) ∧ a, b η W (X))→ a+ b η W (X)
Let a η W (X), and Y := λy.NF+(a, y)→ a + y η W (X), and have Y : P(N).
We show AX(Y ) ⊂ Y (then follows W (X) ⊂ Y ).
Assume b η AX(Y ), NF+(a, b).
If b = 0, then a+ b η W (X), b η Y . Otherwise τ(a + b) = τ(b) and ∀z η τ(b).(a + b)[z] =
a + (b[z]), and ∀z η τ(b)X .b[z] η Y , e.g. since NF+(a, b[z]), ∀z η τ(b)X ∼= τ(a + b)X .(a +
b)[z] = a+ (b[z]) η W (X), a+ b η W (X).

Now we prove a+ b η W (X)→ NF+(a, b)→ a η W (X).
Let Y := λy.∀x, z η OT .NF+(x, z) ∧ x + z = y → x η W (X).
Let c η AX(Y ) ∩W (X), c = a+ b, NF+(a, b). If b = 0, then a = c η W (X), and if b 6= 0,
then τ(c) = τ(b) and ∀ξ η τ(b)≺.c[ξ] = a + b[ξ]. By (F2), (F7) and (F8) follows τ(b) 6= 0,
therefore a+ b[0] η Y , NF+(a, b[0]), a η W (X).

Now follows the assertion, by Induction on Alength(a): If NF+(a, b) follows a+b η W (X),
if a+ b = b the assertion is trivial and if a = c+ d such that NF+(c, d), a+ b = c+ b and
Alength(c) <N Alength(a) and c η W (X), and the assertion follows by IH.

Lemma 8.14 We state some easily proven results on W (X).
Assume X,X ′ ∈ Cly(N) or X,X ′ : P(N), a, b : N .

(a) 0 η W (X) ∧ ∀x η W (X).x+ 1 η W (X) ∧ ∀x � ω.x η W (X).
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(b) (X ∩ a ∼= X ′ ∩ a ∧ (∀x ≺ b.τ(x) � a))→W (X) ∩ b ∼= W (X ′) ∩ b.

(c) If X ⊂ W (X), then ∀x η R.x− η W (X)→ x η W (X).

(d) X ⊂ W (X)→ {ω,Ω1, I} ⊂ W (X).

Proof: (a) 0 η AX(W (X)) ⊂ W (X) and, if a η W (X), then
a + 1 η AX(W (X)) ⊂ W (X), therefore by induction on N

∀n ∈ N.1 · n η W (X)

and
∀x ≺ ω.x η W (X)

It follows ω η AX(W (X)) ⊂ W (X), therefore ∀x � ω.x η W (X).
(b) Let Y := λy.y ≺ b → y η W (X ′), in the case of X,X ′ : P(N), Y := y ≺ b → y η
W (X ′) in the case of classes. We proof AX(Y ) ⊂ Y . This implies W (X) ∩ b ⊂ W (X ′).
Assume ∀x η τ(y)X.y[x] η Y , y ≺ b. Then τ(y)X ∼= τ(y)X

′

, ∀x η τ(y)X .y[x] η W (X ′),
therefore y η AX

′

(W (X ′)) and thus y η W (X ′).
(c) If x− η W (X), then x[τ(x)−] = x− + x− η W (X) (using lemma 8.13) and since
τ(x)X ⊂ X ∪ {x−} ⊂ W (X) follows by 8.13 ∀ξ η τ(x) ∩X.x[ξ] = x− + ξ η W (X).
(d) ω η W (X), therefore follows the assertion by Ω−

1 = ω, I− = 0.

Lemma 8.15 Let X : P(N) or X ∈ Cly(N), a, b η OT .

(a) a η Lim ∧ x ≺ τ(a) ∧ a[x] � b � a[x + 1] ∧ b η W (X))→ x η W (X), esp.
∀a η Lim, x η τ(a)≺.a[x] η W (X)→ x η W (X).

(b) a η Lim ∧ a[0] � b ≺ a ∧ b η W (X))→ a[0] η W (X).

(c) a η Lim→ b η W (X) ∩ τ(a)≺ → ∃x η (W (X) ∩ τ(a)≺).b � a[x].

(d) X ⊂ W (X)→ ∀x η W (X).τ(x) η W (X).

Proof: (a) Let Y := ∀x η τ(a)≺.a[x] � y ≺ a[x + 1] → y η W (X) → x η W (X),
Y ∈ Cly(N). We show AX(Y ) ⊂ Y , therefore by lemma 8.12 (c) W (X) ⊂ Y
Let b η AX(Y ).
Case 1: a[x] ≺ b � a[x + 1]: Then a[x] � b[0] � b[τ(b)−] ≺ a[x + 1] and by b[τ(b)−] η Y ,
x η X.
Case 2: ¬(a[x] ≺ b). Then a[x] = b.
Subcase x = 0: x η W (X)
Subcase x = x′ + 1: Then τ(a)− � x′, a[x′] ≺ b � a[x′ + 1] and by Case 1 x′ η W (X) and
by 8.14 (a) follows x η W (X).
Subcase x η Lim: Then
τ(b) = τ(x) ∧ ((∀y ≺ τ(x).a[x[y]] = b[y]) ∨ (τ(b) = ω ∧ ∀y ≺ ω.a[x[y]] = b[y + 1])).
Therefore τ(b)X = τ(x)X and ∀y η τ(b)X .b[y] η W (X). By b η AX(Y ), since τ(b) =
τ(x) = ω → ∀y ≺ ω.y + 1 η τ(b)X follows ∀y η τ(x)X .x[y] η W (X), therefore x η W (X).

(b) Let Y := a[0] � y ≺ a → a[0] η W (X), Y ∈ Cly(N). We show AX(Y ) ∩W (X) ⊂ Y ,
therefore by lemma 8.12 (c) W (X) ⊂ Y .
Let b η AX(Y ) ∩W (X).
If b = a[0] follows a[0] η W (X) and if a[0] ≺ b follows a[x] ≺ b � a[x + 1] for some
x η τ(a)≺, a[0] � a[x] � b[0] � b[τ(b)−] η Y , a[0] η W (X)
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(c) If b � a[0] we chose x := 0 η W (X) If a[0] ≺ b we have by (F2) a[x] � b ≺ a[x+ 1] for
some x η τ(a)≺. By (a) we obtain x η (W (X) ∩ τ(a)≺).
(d) If a η W (X), then a[τ(a)−] η W (X), τ(a)− η W (X) by (a), τ(a) η W (X) by 8.14 (a),
(c) and (d).

Definition 8.16 Now we define the meaning of “X is ausgezeichnete Menge”:
Let X, Y : P(N) or X, Y ∈ Cly(N).
X|a := X ∩ (a+ 1).
X v Y := ∀x η X.X|a ∼= Y |a (this is equivalent to X ⊂ Y ∧ ∀x η X.Y ∩ x ⊂ X, X is a
segment of Y ).
Ag(X) := X ⊂ OT ∧ X v W (X), X is an “ausgezeichnete Menge”, a “distinguished
set”.
Prog(X, Y ) := ∀x η X.X ∩ x ⊂ Y → x η Y .
Prog(Y ) := ∀x ≺ Ω1.OT ∩ x ⊂ Y → x η Y .

Lemma 8.17 From the induction over W (X) we conclude induction over ausgezeichnete
Mengen:
Assume X, Y : P(N) or X, Y ∈ Cly(N), such that Ag(X).

(a) X v AX(X).

(b) X ∩ AX(Y ) ⊂ Y → X ⊂ Y .

(c) Prog(X, Y )→ X ⊂ Y .

(d) X ∩ Ω1 v OT .

(e) Prog(Y )→ X ∩ Ω1 ⊂ Y .

Proof: We treat here the case X, Y η Cly(N).
(a) a η X → X|a ∼= W (X)|a→ AX(X)|a ∼= AX(W (X))|a ∼= W (X)|a ∼= X|a.
(b) Let Y ′ := y η X → y η Y ∈ Cly(N) and assume X ∩ AX(Y ) ⊂ Y . Then, since X ⊂
AX(X), ∀y η (X∩AX(Y ′)).∀z η τ(y)X .y[z] η Y therefore X∩AX(Y ′) ⊂ X∩AX(Y ) ⊂ Y ,
therefore AX(Y ′) ⊂ Y ′, X ⊂ W (X) ⊂ Y ′, X ⊂ Y .
(c) Let Y ′ := X ∩ y ⊂ Y , we have Γ ⇒ Y ′ ∈ Cly(N) ( more precisely Y ′ := ∀u ∈ N.u η
X ∧ u ≺ y ∧ u η OT → u η Y , where u is a new variable).
We show

X ∩Cl A
X
Cl(Y

′) ⊂Cl Y
′(∗)

Proof: Let a η X ∩ AX(Y ′) and assume b η X ∩ a. From a η X v W (X) and b η X ∩ a
follows by lemma 8.15 (a) b � a[x] for some x η W (X) ∩ τ(a)≺ ∼= X ∩ τ(a)≺, (since
τ(a) � a η X v W (X). By a η AX(Y ′) follows a[x] η Y ′, X ∩ b ⊂ X ∩ a[x] ⊂ Y , and by
Prog(X, Y ) and b η X follows b η Y for arbitrary b η X ∩ a, therefore X ∩ a ⊂ Y , a η Y ′,
and we have (∗).
By (b) and (∗) follows X ⊂ Y ′, that is ∀x η X.X ∩ x ⊂ Y and using again Prog(X, Y ),
∀x η X.x η Y .
(d) Let Y := y ≺ Ω1 → ∀z ≺ y.z η X (z a new variable). We prove X ∩AX(Y ) ⊂ Y . By
(b) follows the assertion.
Assume a η X ∩ Ω1, a η AX(Y ). From ∀x η τ(a)X .a[x] η Y we conclude a[x] ⊂ X,
a[x] η W (X), and by a[x] ≺ a η X v W (X), a[x] η X, therefore ∀x η τ(a)X .OT |a[x] ⊂ X.
Since τ(a) η {0, 1, ω}, follows τ(a)X ∼= τ(a), a ⊂ X.
(e) Assuming Prog(Y ) follows by (d) ∀x η X ∩ Ω1.X ∩ x ⊂ Y → x η Y , therefore with
Y ′ := y ≺ Ω1 → y η Y Prog(X, Y ′) and by (c) X ∩ Ω1 ⊂ Y .
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Lemma 8.18 Let Γ⇒ X ∈ Cly(N) or X : P(N), Ag(X).
Then ∀x η X.τ(x) η X.

Proof:
If a η X, then a η W (X), τ(a) η W (X) by 8.15 (d), and, since τ(a) � a η X v W (X),
τ(a) η X.

Lemma 8.19 We state, that ausgezeichnete Mengen are unique, in the following sense:
Let Xi ∈ Cly(N) or Xi : P(N).
If Xi

∼= W (Xi) ∩ a (i = 1, 2), then X0
∼= X1.

Proof: We treat the case Xi ∈ Cly(N).
We have

If U ∈ Cly(N) and Prog(X0 ∪X1, U) then X0 ∪X1 ⊂ U(1)

Proof: Assume Prog(X0 ∪ X1, U). Assume b such that X0 ∩ b ⊂ U . Then ∀c ≺ b.(c η
X1∧X1∩c ⊂ U)→ c η U . Therefore we have Prog(X1∩b, U) and by lemma 8.17 (c), since
we have Ag(X1) X1 ∩ b ⊂ U . By Prog(X0 ∪X1, U) we have b η U for b with X0 ∩ b ⊂ U .
Therefore we have Prog(X0, U) and using Ag(X0) and lemma 8.17 (c) X0 ⊂ U . Similarly
we conclude X1 ⊂ U . and we have (1).

We show
Prog(X0 ∪X1, X0 ∩X1)(2)

Proof: Assume b η X0 ∪ X1 and (X0 ∪ X1) ∩ b ⊂ X0 ∩ X1. Then we have b ≺ a and
X0 ∩ b ∼= X1 ∩ b and therefore X0|b ∼= W (X0)|b ∼= W (X1)|b ∼= X1|b, and b η X0 ∩X1.

By (1) and (2) follows the assertion.

Next step is to define W as the union of all ausgezeichnete Mengen. It is itself a
ausgezeichnete Klasse, closed under λx.Ωx for x ≺ I, and will exhaust the ordinals up to
I:

Definition 8.20 W := ∃X ∈ P(N).Ag(X) ∧ y η X, W ∈ Cly(N).

Lemma 8.21 ∀X ∈ P(N).Ag(X) ↔ X v W, that is: the ausgezeichnete Mengen are
just segments of W.

Proof: “⇒”: X ⊂ W is clear. Assume a η X, b η W ∩ a. Then there exists Y ∈ P(N)
with b η Y and Ag(Y ). X ′ := X|b, Y ′ := Y |b.
Then

W (X ′)|b ∼= W (X)|b by lemma 8.14 (b)
∼= X|b X v W (X), a η X, b ≺ a
∼= X ′

W (Y ′)|b ∼= W (Y )|b by lemma 8.14 (b)
∼= Y |b Y v W (Y ), b η Y
∼= Y ′

Therefore by lemma 8.19 X ′ ∼= Y ′, b η Y ′ ∼= X ′ ⊂ X.

“⇐”If a η X, then there exists Y : P(N) such that a η Y and Ag(Y ). By the proof
of “⇒” follows Y v W, therefore X|a ∼= W|a ∼= Y |a ∼= W (Y )|a, therefore W (X)|a ∼=
W (Y )|a ∼= X|a, and we have Ag(X).

Lemma 8.22
Ag(W)



CHAPTER 8. WELL-ORDERING PROOF 83

Proof: Let a η W. Then a η X v W for some X : P(N). It follows W|a ∼= X|a,
therefore W (W)|a ∼= W (X)|a ∼= X|a ∼=W|a.

Lemma 8.23 ∀X ∈ P(N).∀x η OT.(X ∩ x ∼= W (X) ∩ x ∧ x η W (X))→ x η W.

Proof: Assume X : P(N), a η OT , X∩a ∼= W (X)∩a∧a η W (X), and let Y := W (X)|a.
Then X ∩ a ∼= Y ∩ a and therefore Y ∼= W (X)|a ∼= W (Y )|a, therefore Ag(Y ).

Lemma 8.24 (a) (∀x � ω.x η W) ∧ ∀x η W.x + 1 η W.

(b) ∀x η OT.Ωx η W → Ωx+1 η W.

Proof:
(a) X := λy.y � ω : P(N), and we have Ag(X).
further, if X : P(N), Ag(X), a η X, then X∩(a+1) ∼= W (X)∩(a+1) and a+1 η W (X),
by 8.23 a+ 1 η W.
(b): Let Ωs η X, Ag(X) for some X : P(N), Y := W (X), Y : P(N), a := Ωs+1. Then
Ωs+1 η Y . X ∩ Ωs

∼= Y ∩ Ωs, therefore Y ∩ a ∼= W (X) ∩ a ∼= W (Y ) ∩ a, by 8.23 follows
Ωs+1 η W.

Lemma 8.25 ∀x η AW(W) ∩ I.τ(x) η W.

Proof:
If 0 6= a η AW(W), then a[τ(a)−] η W, therefore a[τ(a)−] η X for some X : P(N) with
Ag(X). Therefore by lemma 8.15 τ(a)− η W (X) and, since τ(a)− � a[τ(a)−] η X v
W (X), τ(a)− η X. We have τ(a)− η (R \ {I}) ∪ {0, 1, ω}, so by lemma 8.24 (b) (or
trivially in the cases τ(a) η {0, 1, ω}) follows τ(a) η W.

Lemma 8.26 ∀x η AW(W) ∩ I.(∃X ∈ P(N).X ∼=W ∩ x)→ x η W.

Proof:
Assume a η AW(W) ∩ I.
By lemma 8.25 τ(a)ηW.
Let τ(a) ≺ a and X ∼=W ∩ a. Then τ(a)ηX and Ag(X). We prove:

W (X) ∩ a ⊂ X(∗)

Let bηW (X) ∩ a. Then there exists by lemma 8.15 xηW (X) ∩ τ(a)≺ such that b �
a[x]. Since τ(a)ηX v W (X), we conclude xηW ∩ τ(a)≺ and a[x]ηW ∩ a ∼= X. Since
bηW (X)|a[x] and a[x]ηX follows bηX, and we have (∗).
Now aηAW(W) and X ∼=W ∩ a, therefore aηAX(X) ⊂ AX(W (X)) ∼= W (X).
Since X ∼= W (X) ∩ a and aηW (X) follows aηW by lemma 8.23.

Lemma 8.27 W (W) ∩ I ∼= AW(W) ∩ I ∼=W ∩ I.

Proof: We prove AW(W) ∩ I ∼=W ∩ I:
“⊃”: Ag(W), therefore W v AW(W).
“⊂”: Let a η AW(W) ∩ I. Then τ(a) η W ∧ ∀x η W ∩ τ(a)≺.a[x] η W. Therefore
exists Q : P(N) such that Ag(Q) ∧ τ(a) η Q and with B := Σx ∈ N.x η Q ∩ a≺ exists
s : B → P(N) such that ∀x ∈ B.Ag(sx) ∧ a[x0] η sx.
Let P := λy.y η Q ∨ ∃x ∈ B.y η (sx), P : P(N). Then, since P is union of distinguished
sets, follows Ag(P ), P v W.
Let c ≺ a, c η W, then there exists x η W (W) ∩ τ(a)≺ (∼=W ∩ τ(a)

≺ ∼= Q ∩ τ(a)≺) such
that c ≺ a[x], therefore, since a[x] η P v W,c η P .
We have therefore P ∩ a ∼=W ∩ a and by lemma 8.26 a η W.
Now, with Y := y ≺ I → y η W, follows AW(Y )∩ I ∼= AW(W)∩ I ∼=W∩ I, W (W) ⊂ Y ,
W (W) ∩ I ⊂ W ∩ I. W ⊂ W (W) follows by Ag(W).
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General Assumption 8.28 s To show, that the ausgezeichnete Mengen and Klassen
are closed under the Veblen-function φ, the collapsing function D, and that W is closed
under λx.Ωx, (x ≺ I), we need some assumptions about the fundamental sequences, and
need to introduce some more functions:

(a) We assume functions
φ̂, D : N → N → N

(φ̂ is a version free of fixed points of the Veblen-function, D the collapsing function)

Dicom,NFD,B : N → N → B

(Dicom will be the largest DIa, contained in an ordinal. Dicom stands for “DI-component”.
NFD,B(a, b) stands for Dab is in normal-form and we define NFD := λx, y.atom(NFD,Bxy))

Cr : N → Pdec(N)

(Cr(a) will be the set of a-critical ordinals)

length : N → N

(the length of an ordinal term),
subsets

G,F i : Pdec(N)

(G will be the Gamma ordinals, the a such that φa0 = a, φ being the usual version of the
Veblen-function (with fixed points). Fi will be the fixed points of λx.Ωx, that is I and the
ordinals DIa)

We assume the following list of properties:

Fi ⊂ G ⊂ A ⊂ OT , R ⊂ G

∀x, y η OT , n ∈ N.φ̂xy η OT ∧ (NFD(x, y)→ Dxy η OT )

We want, that every element of OT is constructed by elements of smaller length:

∀x η OT.∃y, z η OT .length(y), length(z) <N length(x)∧
(NF+(y, z) ∧ z η A ∧ x = y + z)∨
x = φ̂yz∨
(NFD(y, z) ∧ x = Dyz)∨
x = Ωy∨
x = 0 ∨ x = I,

We demand some properties of the D-normal-form:
∀x η R.NFD(x, 0) ∧ ∀y η OT .NFD(x, y)→ NFD(x, y + 1)
∀x, y η OT .NFD(x, y)→ Dxy ≺ x
∀n ∈ N.NFD(Ω1,ΩI+1·n)
∀x, y η OT .NFD(x, y)→ x η R.

We claim that Dicom(x), is the largest x ∈ Fi below x:

∀x η OT.DI0 � x ≺ I → ∃y η OT .NFD(I, y) ∧Dicom(x) = DIy ∧DIy � x ≺ DI(y + 1)

And we characterize the critical numbers:

∀x, y, z η OT .(NF+(x, y)→ x + y 6η Cr(z))∧
(φ̂xy η Cr(z)↔ z ≺ x) ∧ (x η G→ (x η Cr(z)↔ z ≺ x)),
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characterize the additive principal numbers:

∀x, y η OT .(NF+(x, y)→ x+ y 6η A) ∧ φ̂xy η A ∧ 0 6η A∧
(NFD(x, y)→ Dxy η A) ∧ Ωx η A ∧ I η A.

the Gamma numbers:

∀x, y η OT .(NF+(x, y)→ x+ y 6η G) ∧ φ̂xy 6η G ∧ 0 6η G
∧(NFD(x, y)→ Dxy η G) ∧ (x 6= 0→ Ωx η G) ∧ I η G.

the fixed points of λx.Ωx:

∀x, y η OT .(NF+(x, y)→ x+ y 6η F i) ∧ φ̂xy 6η F i∧
0 6η F i ∧ (NFD(x, y)→ (Dxy η F i↔ x = I)) ∧ (Ωx η F i↔ x η F i) ∧ I η F i.

and the regular cardinals:

∀x, y η OT .(NF+(x, y)→ x+ y 6η R) ∧ φ̂xy 6η R ∧ 0 6η G∧
(NFD(x, y)→ Dxy 6η R)∧
(Ωx η R↔ (∃z η OT .x = z + 1)) ∧ I η R.

Further we assume ω = φ̂01.

(b) We assume, that the fundamental sequences are built as follows:

(A[ ].0) τ(0) = ∅.
(A[ ].1) If NF+(b, c), a = b+ c, b η OT , c 6= 0, then

τ(a) = τ(c), (b + c)[z] = b+ (c[z])

(A[ ].2) Case a = φ̂bc:
(A[ ].2.1) Case b = 0:
(A[ ].2.1.1) c = 0⇒ τ(a) = 1, a[z] = 0
(A[ ].2.1.2) c = c′ + 1⇒ τ(a) = ω,

a[1 · n] = φ̂0(c
′) · (SSn).

(A[ ].2.1.3) (c η Cr(b))⇒ τ(a) = ω,
a[1 · n] = c · (Sn).

(A[ ].2.1.4) (c η Lim ∧ (c 6η Cr(b)))⇒ τ(a) = τ(c),

a[z] = φ̂0(c[z])
(A[ ].2.2) Case b = b′ + 1:
(A[ ].2.2.1) c = 0⇒ τ(a) = ω,

a[1 · n] = ρSSSn where ρ0 = 0, ρSn = φ̂b′ρn
(A[ ].2.2.2) c = c′ + 1⇒ τ(a) = ω,

a[1 · n] = ρn where ρ0 = φ̂bc
′, ρSn = φ̂b′ρn

(A[ ].2.2.3) (c η Cr(b))⇒ τ(a) = ω,

a[1 · n] = ρSn, where ρ0 = c, ρSn = φ̂b′ρn
(A[ ].2.2.4) (c η Lim ∧ c 6η Cr(b))⇒ τ(a) = τ(c),

a[z] = φ̂b(c[z])
(A[ ].2.3) Case b η Lim:
(A[ ].2.3.1) (c = 0 ∧ b η OT \G)⇒ τ(a) = τ(b),

a[z] = φ̂b[z]0
(A[ ].2.3.2) (c = 0 ∧ b η G)⇒ τ(a) = τ(b),

a[z] = φ̂b[z]b
(A[ ].2.3.3) c = c′ + 1⇒ τ(a) = τ(b),

a[z] = φ̂b[z](φ̂bc
′)

(A[ ].2.3.4) (c η Cr(b))⇒ τ(a) = τ(b),
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a[z] = φ̂b[z]c
(A[ ].2.3.5) (c η Lim ∧ c 6η Cr(b))⇒ τ(a) = τ(c),

a[z] = φ̂b(c[z])
(A[ ].3) Case a = Dbc:
(A[ ].3.1) Case c = 0:
(A[ ].3.1.1) b 6= I ⇒ τ(a) = ω,

a[1 · n] = ρSn, where ρ0 = b−, ρSn = φ̂ρn0.
(A[ ].3.1.2) b = I ⇒ τ(a) = ω,

a[1 · n] = ρSSn, where ρ0 = 0, ρSn = Ωρn .
(A[ ].3.2) Case c = c′ + 1:
(A[ ].3.2.1) b 6= I ⇒ τ(a) = ω,

a[1 · n] = ρn, where ρ0 = Dbc
′, ρSn = φ̂ρn0.

(A[ ].3.2.2) b = I ⇒ τ(a) = ω,
a[1 · n] = ρn, where ρ0 = DIc

′, ρ1 = Ωρ0|1, ρSSn = ΩρSn
.

(A[ ].3.3) Case c η Lim, τ(c) ≺ b:
τ(a) = τ(c), a[z] = Db(c[z]).

(A[ ].3.4) Case c η Lim, b � τ(c):
Then τ(a) = ω, a[1 · n] = Dbc[ζn], where ζn is defined by:

(A[ ].3.4.1) τ(c) 6= I ∨ b ≺ DIc ∨ b = I ⇒
ζ0 = 0, ζSn = Dπ(c[ζn]), π := τ(c).

(A[ ].3.4.2) (τ(c) = I ∧DIc � b ≺ I)⇒
ζ0 = Dicom(b), ζ1 = Ωζ0+1, ζSSn = ΩζSn

.
(A[ ].4) Case a = Ωb, b 6= Ωb:
(A[ ].4.1) Case a η R:

τ(a) = a, a[z] = a− + z
(A[ ].4.2) Case a 6η R:

τ(a) = τ(b), a[z] = Ωb[z] or a[z] = Ωb[z]+1

(A[ ].5) Case a = I:
τ(a) = I, a[z] = a− + z.

Further we assume, that in (A[ ].1) we have NF+(b, c[z]) and in the cases (A[ ].3.4) we have
∀n ∈ N.ζn ≺ τ(c).

The next lemma is one of the most important, it shows that W ∩ I is closed under Ω·.

Lemma 8.29 (a) ∀X ∈ P(N).∀a, b η W (X).φ̂ab η W (X).

(b) If X ∈ Cly(N), then ∀a, b η W (X).φ̂ab η W (X).

Proof:
(a) Let Y := λx.∀y η W (X).φ̂xy η W (X),
we show AX(Y ) ∩W (X) ⊂ Y , and then follows assertion (a).
Assume x η AX(Y ) ∩W (X), let Y ′ := λy.φ̂xy η W (X). We show AX(Y ′) ∩W (X) ⊂ Y ′,
and then follows the assertion.
Assume y η AX(Y ′) ∩W (X), and let a := φ̂xy.
Case y η Lim \ Cr(x): Then ∀z η τ(y)X = τ(a)X .y[z] η Y ′, therefore φ̂xy[z] η W (X),
a η W (X).
Assume therefore y 6η Lim \ Cr(x):
Case x = 0:
Subcase y = 0: a[z] = 0 η W (X).
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Subcase y = y′ + 1: y′ η Y ′ since 0 η τ(y)X and y η AX(Y ′). Therefore φ̂xy
′ · n η W (X)

and φ̂xy η W (X).
Subcase y η Cr(x): y η W (X), therefore φ̂xy[1·n] = y·Sn η W (X), therefore φ̂xy η W (X).
Case x = x′ + 1: Then x′ η Y , ∀y η W (X).φ̂x′y η W (X).
Subcase y = 0: ρ0 = 0 η W (X), and if ρn η W (X), then ρSn = φ̂x′ρn η W (X), therefore
a η W (X).
Subcase y = y′ + 1: y′ η Y ′, therefore ρ0 = φ̂xy

′ η W (X), and if ρn η W (X), then
ρSn = φ̂x′ρn η W (X), therefore a η W (X).
Subcase y η Cr(x): ρ0 = y η W (X), and if ρn η W (X), then ρSn = φ̂x′ρn η W (X),
therefore a η W (X).
Case x η Lim:
Subcase y = 0, x 6η G: ∀z η τ(x)X = τ(a)X .φ̂x[z]0 η W (X), a η W (X).

Subcase y = 0, x η G: ∀z η τ(x)X = τ(a)X .φ̂x[z]x η W (X), a η W (X).

Subcase y = y′ + 1: y′ η Y ′, therefore φ̂xy
′ η W (X),

therefore ∀z η τ(x)X = τ(a)X .φ̂x[z](φ̂xy
′) η W (X), a η W (X).

Subcase y η Cr(x): y η W (X), therefore ∀z η τ(x)X = τ(a)X .φ̂x[z]y η W (X), a η W (X).
(b) follows as (a) .

Lemma 8.30 Let X : P(N) or X ∈ Cly(N).

(a) X ⊂ W (X)→ ∀x η X.Ωx ∈ W (X).

(b) (I η X ∧ Ag(X))→ ∀a η X ∩ I.Ωa η X.

Proof:
(a) Let Y := Ωy η W, Y ∈ Cly(N).
We show AX(Y ) ∩W (X) ⊂ Y , then follows W (X) ⊂ Y .
Assume a η AX(Y ) ∩X.
Case a = 0: Ω0 = ω η W (X) by 8.14 (a).
Case a = a′ + 1: Ωa′ η W (X), by lemma 8.14 (c) Ωa η W (X).
Case Ωa = a: a η W (X).
Case a η Lim, a 6= Ωa: Then
∀x η τ(a)X .Ωa[x] = Ωa[x] ∨ Ωa[x] = Ωa[x]+1, by assumption Ωa[x] η W (X) and by 8.14 (c)
Ωa[x]+1 η W (X) for x η τ(a)X , therefore Ωa η A

X(W (X)) ∼= W (X).
(b) If a ∈ X ∩ I follows Ωa ∈ W (X) ∩ I, Ωa ∈ X.

Lemma 8.31 W (X)!closed under D Let X : P(N) or X ∈ Cly(N), Ag(X).
Then ∀a, b η X.NFD(a, b)→ Dab η X.

Proof:
We consider the case X : P(N):
Let Y := λy.y η X → ∀x η X.Dxy η W (X),
(in case X ∈ Cly(N) we would choose Y := y η X → ∀x η X.Dxy η W (X) for x a fresh
variable).
We show AX(Y ) ∩W (X) ⊂ Y , and then follows W (X) ⊂ Y and, since X v W (X) and
Dab ≺ a the assertion.
Assume x η AX(Y ) ∩X, y η X, and let a := Dxy.
Case y = 0:
If x 6= I, then x η W (X), therefore ρ0 = x− = x[0] η W (X) by 8.15 (b) and if ρn η W (X)
follows ρSn η W (X), therefore a η W (X).
If x = I, then ρ0 η W (X) and if ρn η W (X), then, since ρn ≺ DI0 ≺ I η X, X v W (X),
ρn η X, ρSn η W (X) by lemma 8.30 (b), therefore a η W (X).
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Case y = y′ + 1:
If x 6= I, then, since y′ η Y follows ρ0 = Dxy

′ η W (X), and by induction ρn η W (X),
a η W (X).
If x = I, then ρ0 η W (X) since y′ η Y , and by induction on n : N , since ρn ≺ a ≺ I
and, if ρ0 η W (X) then ρ0 + 1 η W (X), follows by lemma 8.30 ρn η W (X) and therefore
a η W (X).
Case y η Lim, τ(y) ≺ x:
Since y[z] η Y for z η τ(y)X = τ(a)X follows a[z] η W (X) for these z and therefore
a η W (X).
Case y η Lim, x � τ(y):
In this case we always show ∀n ∈ N.ζn η W (X). Since ζn ≺ y η X, ζn η τ(y)

≺, follows
ζn η τ(y)

X , y[ζn] η Y , a[1 · n] = Dx(y[ζn]) η W (X)
If τ(y) 6= I or x ≺ DIy or x = I, follows, since by y η W (X) we conclude by 8.15 (d)
τ(y) η W (X), t := τ(y) η X, and, since y η X, if ζn η W (X), then ζn η X, x[ζn] η Y ,
ζSn = Dt(a[ζn]) η W (X), by induction therefore ∀n ∈ N.ζn η W (X).
If τ(y) = I ∧ DIy � x ≺ I we have Dicom(x) = DIa for some y � a η OT , such
that NFD(I, a). Since DI(a + 1)[0] = DIa � x ≺ DI(a + 1), follows by lemma 8.15 (c)
ζ0 = Dicom(x) η W (X), and because ζn ≺ I, by an immediate induction ζn η W (X).

Now we want to exhaust the full power of MLi1WR, by forming the classes Wi, that are
syntactically increasing objects (so we can not define them internal in Martin-Löf’s type
theory, but only by external meta induction), and where WSi allows to prove transfinite
induction up to DΩ1(ΩI+1·i).

Definition 8.32 W0 :=W ∩ I, WSi := W (Wi) ∩ ΩI+1·Si.

Lemma 8.33 For all i ≺ ω Ag(Wi) ∧ ΩI+1·i η WSi ∧Wi
∼=WSi ∩ ΩI+1·i.

Proof:
Meta Induction on i : N :
i = 0: By lemma 8.27 W0

∼= W (W) ∩ I, and since W ∩ I ∼= W0 ∩ I follows W0
∼=

W (W0) ∩ I ∼=W1 ∩ I. Therefore Ag(W0) ∧W0
∼= W1 ∩ ΩI . Further I− = 0 η W0 ∧ ∀x η

τ(I)W0 .I[x] = x η W0 ⊂ W (W0), therefore ΩI = I η W (W0) ∩ ΩI+1
∼=W1.

i = Sj: Wj
∼= WSj ∩ ΩI+1·j . Therefore WSj

∼= W (Wj) ∩ ΩI+1·(Sj)
∼= W (WSj) ∩

ΩI+1·(Sj)
∼= WSSj ∩ ΩI+1·(Sj), therefore Ag(Wi). Further Ω−

I+1·(Sj) = ΩI+1·j η WSj ∧ ∀x η

τ(ΩI+1·(Sj))
WSj .ΩI+1·(Sj)[x] = ΩI+1·j + x η WSj ⊂ W (WSj), and we have ΩI+1·(Sj) η

W (WSj) ∩ ΩI+1·(SSj)
∼=WSSj.

Theorem 8.34 For all n ∈ IN we have:
MLi1WR ` ∀X ∈ P(N).(∀y ∈ N.(∀x ∈ N.x ≺ y → x η X) → y η X) → ∀y ∈ N.y ≺
DΩ1ΩI+1·n → y η X.

Proof:
Assume the premise of the assertion. Then X : P(N) and Prog(X), therefore by lemma
8.17 (e) and 8.33 WSn ∩ Ω1 ⊂ X. By lemma 8.33 ΩI+1·n η WSn and Ω1 η W ∩ R ∩ I ⊂
WSn ∩ R, therefore by lemma 8.31 DΩ1ΩI+1·n η WSn. Since WSn ∩ Ω1 v OT follows
∀y ∈ N.y ≺ DΩ1ΩI+1·n → y η X.



Chapter 9

Properties of the ordinals

In this chapter will now do all the technical work for the introduction of the ordinal
denotation system OT . All the work done in this chapter could be carried out as well in
HA, that is, we define primitive recursive functions and relations and only need induction
over natural numbers in the proofs.
To get unique terms, we will use in this chapter fix point-free versions for the Veblen-
function and the enumeration of the infinite cardinals.
The analysis follows well known proof theoretical techniques, which can be found in
[BS88], [Buc86], and on which the author did a lot of work in his Diplomarbeit [Set90].
Old versions of this system where studied for instance in [Buc75b] ,[BS76] We start to
introduce sets T ′′, T ′ and OT (definitions 9.2, 9.7 and 9.10). We use for introducing
sums of additive terms a construction +̃, which is the sum of an ordinal with an additive
principal number, to avoid the introduction of lists. We define the ordering (definition 9.4)
and introduce its properties (9.5). Further we define the set of coefficients Gπa needed
for the definition of OT . Now we introduce functions like +, Ω·, and the set of critical
numbers (definition 9.11), show some properties for the lists P l(a) (in some sense here we
switch back to the ordinary introduction of T ′ — 9.12). We show some easy properties
on T ′′ (9.13, 9.16), closure properties of T ′ and OT (9.14), some ordering properties of
the introduced functions (9.15, 9.17, 9.20), properties of the critical numbers (9.18) and
Gamma numbers (9.19). Now we define the fundamental sequences, first a version which
we will afterwards modify a little bit for the well-ordering proof (definition 9.21; essentially
the difference is that in 9.21 for regular cardinals a[z] := z, later we will replace this by
a[z] = a− + z to avoid fixed points of Ω·). We show some easy properties (9.22 and 9.23).
In definition 9.24 we introduce a∗, some predecessor relation, having the property that
for a modified length lh′ we have lh′(a∗) < lh′(a) (9.25), that s∗ � s[[τ(s)−]] (9.26)
s∗ ≺ t � s → s∗ � t∗ (9.28). We get no new critical numbers, Gamma numbers,
regular cardinals or fixed points of Ω̂ between s∗ and s (9.27). If we introduce t � s ⇔

∃n ∈ N.0 <N n ∧ s

∗ · · · ∗︸ ︷︷ ︸
ntimes =N t (definition 9.29), we can show that it exchanges with

many functions (9.30), and that, if ξ � ρ, then s[[ξ]] � s[[ρ]] (9.31), and conclude the
Bachmann property (lemma 9.32).
To show that OT is closed under forming the fundamental sequences and that a =
sup{a[[ξ]]|ξ ≺ τ(a) ∧ ξ η OT} for a η OT , we motivate on page 109 and introduce in
definition 9.33 the relation < ξ, which exchanges with many functions (9.35), allows to
deduce properties of Gπa (9.36). In lemma 9.37, we show that s∗ < 0 s, and in lemma
9.38, that a[[z]] < z a. With these properties we can show that we have real fundamental
sequences (theorem 9.39) and that OT is closed under fundamental sequences (lemma

89
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9.40).
At the end we modify the fundamental sequences, as stated before. (definition 9.43),
prove that essentially we have a[b[z]] = a[b][z] (lemma 9.44) and prove all other properties
(lemma 9.45).

Remark 9.1 We define some Gödel-numbering for the terms: +̃ := λx, y. < d+̃e, <
x, y >>, +̃N → N → N written as a+̃b for +̃ab, which corresponds to the sum of an
ordinal with an additive principal number in normal-form,
φ̂ := λx, y. < dφ̂e, < x, y >>, φ̂ : N → N → N , written as φ̂ab for φ̂ab, which corresponds
to the fixed point free version of the Veblen-function
Ω̂ := λx. < dΩ̂e, x >, Ω̂ : N → N , written as Ω̂a for Ω̂a, which corresponds to the version
of the enumeration of the infinite cardinals, which is free of fixed points
D := λx, y. < dDe, < x, y >>, D : N → N → N , written Dab for Dab, which

corresponds to the collapsing function
I :=< dIe, 0 >, (which corresponds to the first weakly inaccessible cardinal)
0OT :=< d0e, 0 >, (for 0),

where dDe, dΩ̂e, dφ̂e, d+̃e, dIe, d0e are different natural numbers, and < ·, · > is some
primitive recursive pairing operation on N .

We will introduce three different sets of terms, T ′′, T ′, and OT . T ′′ will be essentially
all objects, we can construct by the operations 9.1, demanding only very small normality
properties of the terms, without reference to the ordering. T ′ will be a subset of T ′′, by
restricting the terms to those, which have better properties with respect to ≺, which was
introduced on T ′′. OT demands some more conditions for the Dxy. It is quite difficult,
to prove, that the for a, b η OT a[b] η OT (b ≺ τ(a)), one of the technically difficult tasks
of this chapter, at first hand we only get this closure property for T ′.
Besides T ′′ we define sets Suc′′, A′′, G′′, R′′, Fi′′, the restriction of them to T ′ are Suc′,
A′, G′, R′, Fi′, and, restricted to OT , we get Suc, A, G, R, Fi where (where Lim will be
the limit ordinals, A the additive principal numbers, G Gamma ordinals, Fi will be the
fixed points of λx.Ωx, that is I and the ordinals DIa, R the regular cardinals).

Definition 9.2 We give an inductive definition of sets T ′′, Suc′′, A′′, G′′, R′′ of terms
together with length(a) for a η T ′′ ∪ Suc′′ ∪ A′′ ∪G′′ ∪ R′′ ∪ Fi′′, such that we can in
an immediate way define T ′′, Suc′′, A′′, G′′, R′′, F i′′ as elements of Pdec(N) and length as
an element of N → N .
(T ′′ is the set of terms, Suc′′ the set of successor numbers, A′′ the additive principal
numbers (except 0OT ), G

′′ the Gamma numbers, R′′ the regular cardinals, Fi′′ the set of
fixed points of the function Ω·.)

(T”1) 0OT η T
′′, length(0OT ) := 0.

(T”2) If a η T ′′ \ {0OT}, b η A
′′, then a+̃b η T ′′, a+̃1OT η Suc

′′,
length(a+̃b) := maxN{length(a), length(b)}+N 1.

(T”3) If a, b η T ′′, then φ̂ab η A
′′, φ̂0OT

0OT η Suc
′′,

length(φ̂ab) := maxN{length(a), length(b)} +N 1.

and we define 1OT := φ̂0OT
0OT .

(T”4) If b η T ′′, then DIb η F i
′′,

and if π η R′′ and b η T ′′, then Dπb η G
′′,

length(Dπb) := maxN{length(π), length(b)}+N 1.

(T”5) If a η F i′′ ∪ Suc′′ ∪ {0OT}, then Ω̂a η R
′′,

if a η T ′′, then Ω̂a η G
′′,

length(Ω̂a) := length(a) +N 1,
(T”6) I η F i′′ ∪R′′, length(I) := 0.
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(T”7) R′′ ⊂ G′′ ⊂ A′′ ⊂ T ′′, Fi′′ ⊂ G′′, Suc′′ ⊂ T ′′.
Lim′′ := T ′′ \ ({0OT} ∪ Suc

′′).
We will write 0, 1 for 0OT , 1OT .

Definition 9.3 We define first, last, Alength : N → N , where first will be the first,
last the last additive principal number of the sequence of principal numbers, the ordinal
term is built of, and Alength be the length of the sequence.
If a 6η T ′′ last(a) := first(a) := Alength(a) := 0, last(0OT ) := first(0OT ) := 0OT ,
Alength(0OT ) := 0, if a η T ′′ ∧ b η A′′, last(a+̃b) := b, first(a+̃b) := first(a),
Alength(a+̃b) := S(Alength(a)) and for a η A′′ last(a) := first(a) := a, Alength(a) :=
1.

Definition 9.4 Definition of a ≺B c for a, c η T ′′. The definition will be in such a way,
that we can define it as an infix written function ≺B: N → N → bool.
We define a ≺B b by recursion on length(a) +N length(b), using in the definition a �B b
as an abbreviation for a ≺B b ∨B a =N,B b.
a ≺B b := ff, if a 6η T ′′ ∨ b 6η T ′′.

(≺ 1) (0OT ≺B c) := ¬B(0OT =N,B c).
c ≺B 0OT := ff.

(≺ 2) a, c η T ′′, b, d η A′′, then (a+̃b ≺B c+̃d) :=
((Alength(a) <N,B Alength(c)) ∧B (a+̃b �B c))∨B
((Alength(a) =N,B Alength(c)) ∧B (a ≺B c) ∨B (a =N,B c ∧B b ≺B d))∨B
((Alength(c) ≺B Alength(a)) ∧B (a ≺B c+̃d))

(≺ 3) a, b η T ′′, c η A′′ \ {0OT}, then
(a+̃b ≺B c) := a ≺B c and
(c ≺B a+̃b) := c �B a

(≺ 4) If a, b, c, d η T ′′, then

(φ̂ab ≺B φ̂cd) :=

((a ≺B c ∧B b ≺B φ̂cd) ∨B (a =N,B c ∧B b ≺B d)∨B
(c ≺B a ∧B φ̂ab �B d)).

(≺ 5) If a, b η T ′′, c η G′′, then

(φ̂ab ≺B c) := (a ≺B c ∧B b ≺B c) and

(c ≺B φ̂ab) := (c �B a ∨B c �B b)
(≺ 6) π, ρ η R′′,b, d η T ′′, then

(Dπb ≺B Dρd) :=
(π =N,B ρ ∧B b ≺B d) ∨B (ρ 6=N,B I ∧ π 6=N,B I ∧ π ≺ ρ)∨B
(I =N π ∧ π 6=N I ∧Dπb ≺ ρ)∨B
(π 6=N,B ρ ∧B ρ =N,B I ∧B π ≺B Dρd)

(≺ 7) If π η R′′, ρ =N Ω̂c or ρ =N I, π 6=N I, b η T ′′, then
(Dπb ≺B ρ) := π �B ρ and
(ρ ≺B Dπb) := ρ ≺B π.

(≺ 8) b, c η T ′′, then

(DIb ≺B Ω̂c) := DIb �B c and

Ω̂c ≺B DIb := c ≺B DIb.
(≺ 9) b η T ′′, then

DIb ≺B I := tt
I ≺B DIb := ff

(≺ 8) If a, c η T ′′, then

(Ω̂a ≺B Ω̂c) := (a ≺B c)
(≺ 9) If a η T ′′, then
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(Ω̂a ≺B I) := (a ≺B I) and

(I ≺B Ω̂a) := (I �B a).
Let �B:= λx, y.x ≺B y ∨B x =N,B y,
≺:= λx, y.atom(x ≺B y),
�:= λx, y.atom(x �B y), all written infix.

Lemma 9.5 (≺) is a linear ordering on T ′′, that is:
Assume a, b, c η T ′′. Then:

(a) ¬(a ≺ a).

(b) a ≺ b ∨ b ≺ a ∨ a =N b.

(c) a ≺ b→ b ≺ c→ a ≺ c.

Proof: (a) and (b) are easily checked by induction on length(a) and length(a) +N

length(b).
(c): Long and tedious induction on length(a) +N length(b) +N length(c):
Case a =N 0OT . Then c 6=N 0OT , a ≺ c.
Case b =N 0OT or c =N 0OT are not possible.
Case a = d+̃e, b = f+̃g, c = h+̃k:
(the case distinction is in the ordering Alength(f), Alength(h), Alength(d):
If Alength(d), Alength(f) <N Alength(h) follows a ≺ b � h, therefore a ≺ h, the
assertion.
If Alength(f) <N Alength(h) =N Alength(d) follows d ≺ b ≺ h, therefore a ≺ c.
If Alength(f) <N Alength(h) <N Alength(d) follows d ≺ b ≺ c, therefore a ≺ c.
If Alength(d) <N Alength(f) =N Alength(h) follows a � f � h, therefore a � h, the
assertion.
If Alength(d) =N Alength(f) =N Alength(h) follows d � f � h, therefore d ≺ h or
d =N f =N h, e ≺ g ≺ k and by IH e ≺ k.
If Alength(h) =N Alength(f) ≺ Alength(d) follows d ≺ b � c.
If Alength(d), Alength(h) <N Alength(f) follows a � f ≺ c.
If Alength(h) <N Alength(f) =N Alength(d) follows d � f ≺ c.
If Alength(h) <N Alength(f) <N Alength(d) follows d � b ≺ c.
Case ¬(a η A′′ ∧ b η A′′ ∧ c η A′′) ∧ (a η A′′ ∨ b η A′′ ∨ c η A′′):
If a η A′′, b =N f+̃g, c =N h+̃k follows a ≺ f � h or a ≺ f ≺ c or a ≺ b ≺ h, and the
assertion.
If a =N d+̃e, b η A′′, c =N g+̃h, follows d ≺ b ≺ c or d ≺ b � g or a ≺ b ≺ g and the
assertion.
If a =N d+̃e, b =N f+̃g, c η A′′, follows a � f ≺ c or d � f ≺ c or d ≺ b ≺ c and the
assertion.
If a, b η A′′, c = h+̃k follows a ≺ b ≺ h and the assertion.
If a, c η A′′, b = f+̃g follows a � f ≺ c and the assertion.
If b, c η A′′, a = d+̃e follows d ≺ b ≺ c and the assertion.
Case a =N φ̂de, b =N φ̂fg, c =N φ̂hk:
As [BS88], theorem 14.2.
Case a, b, c η A′′ \ {0OT}, ¬(a, b, c η G′′), a η G′ ∨ b η G′′ ∨ c η G′′:
If a =N φ̂de, b =N φ̂fg, c η G

′′, follows, if we had c � d, f ≺ c � d, φ̂de ≺ g ≺ c by IH,

φ̂de ≺ c, d ≺ c. If d ≺ c � e follows in case of d ≺ f e ≺ φ̂fg ≺ c, e ≺ c a contradiction,

in case of d =N f , e ≺ g ≺ c, e ≺ c a contradiction, and in case of f ≺ d, φ̂de � g ≺ c,
φ̂de ≺ c, e ≺ c, again a contradiction. Therefore d ≺ c, e ≺ c and the assertion.
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If a =N φ̂de, b η G
′′, c =N φ̂fg follows, if b � f , d ≺ f , e ≺ b ≺ c, therefore e ≺ c and the

assertion. If f ≺ b � g, follows, if d ≺ f , e ≺ b ≺ c, therefore e ≺ c and the assertion, if
d =N f , e ≺ b � g, e ≺ g and a ≺ c, and if f ≺ d, a ≺ b � g, a ≺ g, a ≺ c.
If a η G′′, b =N φ̂de, c =N φ̂fg, follows, if d ≺ f , e ≺ c, therefore, if a ≺ d, a ≺ f and
if a ≺ e, a ≺ c. If d =N f follows e ≺ g, maxT {d, e} � maxT {f, g}. If f ≺ d, follows
a ≺ b � g, a ≺ g.
If a =N φ̂de, b, c η G

′′, follows maxT {d, e} ≺ b ≺ c, maxT {d, e} ≺ c.
If a, c η G′′, b =N φ̂de, follows a � maxT {d, e} ≺ c.
If a, b η G′′, c =N φ̂de, follows a ≺ b � maxT {d, e}.
Case a =N Dde, b =N Dfg, c =N Dhk:
If d, f, h 6=N I or d =N f =N h =N I follows d � f � h, d ≺ h or e ≺ g ≺ k and the
assertion.
If d =N I, f, h 6=N I follows a ≺ f � h.
If f =N I, d, h 6=N I follows d ≺ b ≺ h.
If h =N I, d, f 6=N I follows d � f ≺ c, d ≺ c.
If d =N h =N I, f 6=N I, follows a ≺ f ≺ c.
If f =N h =N I, d 6=N I, follows d ≺ b � c.
If d =N f =N I, h 6=N I, follows a ≺ b ≺ h.
Case a =N Dde, b =N Ω̂f or b =N I, c =N Dhk:
If d, h 6=N I follows d � b ≺ h, if d =N I, h 6=N I follows a ≺ b ≺ h, If d 6=N I, h =N I
follows d � b ≺ c, and if d =N h =N I follows b 6=N I, a � f ≺ b.
Case a =N Dde, b =N Def c =N Ω̂k or c =N I:
If d, e 6=N I follows d � e � c, if d 6=N I, e =N I follows d � b ≺ c, d ≺ c, if d =N I,
e 6=N I follows a ≺ e � c, and if d =N e =N I, follows k 6=N I, a ≺ b ≺ k.
Case a =N Ω̂d, b =N Def , c =N Dgh:
If e, g 6=N I follows a ≺ e � g, if e =N I ∧ g 6=N I follows a ≺ b ≺ g, if e 6=N I ∧ g =N I
follows a ≺ e ≺ c, and if a =N g =N I follows a =N Ω̂d, d ≺ b ≺ c, d ≺ c.
Case a =N Ω̂d or a =N I, b =N Ω̂e or b =N I, c =N Dgh:
If g 6=N I follows a ≺ b ≺ g, and if g =N I follows b =N Ω̂e, e ≺ I therefore a 6=N I,
otherwise I ≺ I, d ≺ e ≺ c, d ≺ c.
Case a =N Ω̂d or a =N I, b =N Def , c =N Ω̂g or c =N I:
If e 6=N I follows a ≺ e � c, if e =N I follows a =N Ω̂d, a ≺ c =N I or a ≺ b � g.
Case a =N Dde, b =N Ω̂e or b =N I, c =N Ω̂g or c =N I:
If e 6=N I follows d � b ≺ c, if d =N I follows, if c =N I, a ≺ c, if c =N Ω̂g with I � g
a ≺ c, and if c =N Ω̂g with g ≺ I, b =N Ω̂e, a ≺ e ≺ g.
Case a =N Ω̂d, b =N Ω̂f , c =N Ω̂h: d ≺ f ≺ h.
Case a =N I, b =N Ω̂f , c =N Ω̂h: a � f ≺ h.
Case a =N Ω̂d, b =N I, c =N Ω̂h: d ≺ b � h.
Case a =N Ω̂d, b =N Ω̂f , c =N I: d ≺ f ≺ c.
The Cases a =N I =N b or b =N I =N c are not possible.
Case a =N I, b =N Ω̂f , c =N I: a � f ≺ c.
Definition 9.6 Let a η T ′′, M,M ′ : Pfin(N):

M �B M
′ := ∀Bx η M∃By η M

′(x �B y),

M ≺B M
′ := ∀Bx η M∃By η M

′(x ≺B y),

M ≺B a := M ≺B {a}fin,

a �B M := {a}fin �B M.
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M �M ′ := atom(M �B M
′), similarly for ≺.

Definition 9.7 We define a set T ′ ⊂ T ′′ of restricted terms, and define:
Suc′ := Suc′′∩T ′, A′ := A′′ ∩T ′, G′ := G′′ ∩T ′, R′ := R′′ ∩T ′. Lim′ := Lim′′ ∩T ′,

Fi′ := Fi′′ ∩ T ′.

(T’1) 0OT η T
′.

(T’2) If a η T ′ \ {0OT}, b η A
′′ ∩ T ′, b � last(a), then a+̃b η T ′.

(T’3) If a, b η T ′, then φ̂ab η T
′.

(T’4) If π η R′′ ∩ T ′ and b η T ′, then Dπb η T
′.

(T’5) If a η T ′, then Ω̂a η T
′.

(T’6) I η T ′.

We want to construct a system, which has precisely one term for each α ≺ ψΩ1(ΩI+ω).
In the set theoretical ordinals it happens, that for regular cardinals κ and certain β ′ < β,
ψκβ

′ = ψκβ. Only if β ′ ∈ Cκ(β
′), β ∈ Cκ(β) we have ψκβ

′ = ψκβ → β = β ′. Since
we want to assign (and will do this in chapter 10) for every ordinal term t a unique
ordinal o(t) by o(Dab) = ψo(a)o(b), we need to select those ordinal terms Dab, such that
o(b) ∈ Co(a)(o(b)). We will introduce therefore finite sets of ordinals Gba for b η R′′, a η T ′′

such that for a, b, c η T ′ we have o(c) ∈ Co(b)(o(a)) ↔ Gbc ≺ a, and define OT as the
subset of T ′, where only subterms Dbc with Gbc ≺ c occur.
Gbc will be the set of the e such that Dde occurs as a problematic subterm in c. Prob-
lematic is Dde, if to conclude o(c) ∈ Co(b)(α) for an arbitrary α, we need to know
o(Dde) ∈ Co(b)(α), and additionally Co(b)(α) is only closed under ρ 7→ ψo(d)ρ for ρ ≺ α.

Definition 9.8 Inductive Definition of Gπa : Pfin(N), Gπa ⊂ T ′′, such that for a η T ′,
π η R′, Gπa ⊂ T ′, and we can define it as a function G : N → N → Pfin(N). The
definition is by recursion on length(a).
Gπa := ∅fin, if π 6η R′ ∨ a 6η T ′′.

(G1) Gπ0OT := ∅.

(G2) If a, b η T ′′, then Gπ(a+̃b) := Gπ(φ̂ab) := Gπa ∪Gπb.
(G3) If ξ η R′′, b η T ′′, then

GπDξb :=





{b} ∪Gπξ ∪Gπb, if π � ξ 6=N I∨
ξ =N I ∧ (π � DIb ∨ π =N I),

Gπξ if ξ ≺ π =N I
∅, if ξ ≺ π 6=N I or

ξ =N I ∧DIb ≺ π ≺ I.
(G4) If a η T ′′, then Gπ(Ω̂a) := Gπa.
(G1) GπI := ∅.

G0
πa := Gπa ∪ {0OT}.

Lemma 9.9 (a) a η Gπb→ Gπa ⊂ Gπb.

(b) a η Gπb⇒ length(a) <N length(b).

Proof: Easy Induction on length(a).

Definition 9.10 (a) Inductive Definition of a set of terms OT (OT ⊂ T ′), such that OT can be
defined (in an obvious way) as an element Pdec(N):

(OT1) 0OT η OT .
(OT2) If a η OT \ {0OT}, b η OT ∩ A

′, b � last(a),
then a+̃b η OT

(OT3) If π η R′ ∩OT , b η OT , Gπb ≺ b, then Dπb η OT .
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(OT4) If a, b η OT , then φ̂ab η OT

(OT5) If a η OT , then Ω̂a η OT
(OT6) I η OT .

The elements of OT are called ordinal terms.

(b) R := R′ ∩ OT (∼= R′′ ∩ OT ),
Fi := Fi′ ∩ OT (∼= Fi′′ ∩ OT ),
G := G′ ∩OT (∼= G′′ ∩ OT ),
A := A′ ∩ OT (∼= A′′ ∩OT ),
Suc := Suc′ ∩OT (∼= Suc′′ ∩ OT ).

We will now introduce further functions on T ′′:

Definition 9.11 (a) ω := φ̂0OT
1OT , ω η OT .

(b) Definition of +̂ : N → N → N , written infix. We define a+̂b by recursion on length(b):
If a 6η T ′′ or b 6η T ′′, a+̂b := 0OT .
a+̂0OT := a, a+̂b := a+̃b for b η A′′, and a+̂(b+̃c) := (a+̂b)+̃c.
We have ∀x, y η T ′′.x+̂y η T ′′.

(c) Definition of + : N → N → N , written infix. We define a + b by recursion on length(a),
side recursion on length(b):
If a 6η T ′′ or b 6η T ′′, a+ b := 0OT .
If b =N 0OT , then a + b := a.
If a =N 0OT , then a+ b := b.
Let a, b 6=N 0OT .
If b η A′′, b � last(a), then a+ b := a+̃b.
If b η A′′, last(a) ≺ b, then, if a η A′′, then a+ b := b, and if a =N e+̃f , then a+ b := e+ b.
If b =N e+̃f , e η T ′′, f η A′′, then a+ b := (a+ e)+̃f .
We have ∀x, y η T ′′.x + y η T ′′.

(d) Definition of · : N → N → N , the multiplication of an ordinal with a natural number,
written infix. We define a · n by recursion on n : N :
a · 0 := 0OT , a · Sb := (a · b) + a. We have ∀x η T ′′.z ∈ N.x · y η T ′′.

(e) Definition of · − ω,Rest(·,−ω), pred : N → N ,

where we write a− ω for (· − ω)a (the largest limes-number below a)
Rest(a,−ω) for Rest(·,−ω)a, (the difference between a and a− ω)
pred(a) for pred a (the predecessor of a successor ordinal).

We define a− ω Rest(a,−ω) pred(a) by recursion on length(a):

If a 6η T ′′, then a− ω := pred(a) := 0OT , Rest(a,−ω) := 0,
1OT − ω := 0OT , Rest(1OT ,−ω) := 1, pred(1OT ) := 0OT ,
for a η T ′′, (a+̃1OT )−ω := a−ω, Rest(a+̃1OT ,−ω) := S(Rest(a,−ω)), pred(a+̃1OT ) := a,
and if a η A′′ ∪ {0OT} or a =N b+̃c with c 6=N 1OT , then a − ω := a, Rest(a,−ω) := 0OT ,
pred(a) := a.

We prove easily

∀x η T ′′. x− ω η T ′′ ∧ pred(x) η T ′′ ∧ x =N a− ω+̂(1OT ·Rest(x,−ω)) ∧

x− ω η Lim′′ ∪ {0OT} ∧ (x η Suc′′ → x =N pred(x)+̃1OT )).
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(f) Definition of ·− : N → N , written as a−, by recursion on
length(a) (the cardinal-predecessor of a cardinal):
a− := 0OT for a 6η R′′ ∪ {0OT , 1OT , ω}, 0OT

− := 0OT , 1OT
− := 0OT , ω

− := 0OT , Ω̂−
0OT

:= ω,

if a η Suc′′, then Ω̂−
a := Ω̂Pred(a), if a η F i′′, then Ω̂−

a := a, and I− := 0OT . We have
∀x η T ′′.x− η T ′′.

(g) Definition of Ω· : N → N , written as Ωa for Ω·a.

Ωa :=





a if a η F i′′

Ω̂pred(a) if a− ω η F i′′ and a 6η F i′′

0OT if a 6η T ′′

Ω̂a otherwise.
We have ∀x η T ′′.Ωx η T

′′.

(h) maxT := λx, y. if x ≺ y then y else x,
minT := λx, y. if x ≺ y then x else x,
maxT , minT : N → N → N , and we write maxT {a, b}, minT {a, b} for maxTab, minTab.
We have ∀x, y η T ′′.maxT {x, y}, minT{x, y} η T

′′.

(i) Definition of NF+,B : N → N → B:
NF+,B := λx, y.x =N,B 0OT ∨B first(y) �B last(x), NF+ := λx, y.atom(NF+,B(x, y)),
NF+ : N → N → U
We write NF+,B(a, b), for NF+,Bab, similarly of NF+.

(j) Definition of P l : N → Nlist, which is the list of the additive principal numbers, an ordinal
is sum of:

We define P l(a) by recursion on length(a):

P l(a) := nil, if a 6η T ′′ or a =N 0OT , P l(a+̃b) := append(P l(a), P l(b)), and for a η A′′

P l(a) := cons(a, nil).

(k) Definition of Cr : N → Pdec(N), where Cr(a) should be the set of a-critical ordinals. We
define Cr ab by recursion on length(a) +N length(b):

Cr ab:= false if a 6η T ′′ ∨ b 6η T ′′, and for a, b, c η T ′′, Cr a0OT := ff, Cr a(b+̃c) := ff,
Cr aφ̂bc := a ≺B b, and for b η G′′, Cr ab := a ≺B b.

We write Cr(a) for Cr a.

(l) Definition of Dicom : N → N such that Dicom(a) η T ′ for a η T ′, Dicom(a) := 0OT
otherwise. Dicom(a) should be the largest component DIc contained in a
Dicom(a) := 0OT if a 6η T ′′,
Dicom(0OT ) := 0OT , Dicom(a+̃b) := Dicom(φ̂ab) :=

maxT {Dicom(a), Dicom(b)}.

Dicom(Dab) := Dicom(a) for a 6=N I, Dicom(DIa) := DIa, Dicom(Ω̂a) := Dicom(a),
Dicom(I) := I.

(m) Definition of NFD,B : N → N → B written as NFD,B(a, b):
NFD,B(a, b) := a η R′′ ∧ b η T ′′ ∧Gab ≺B b.

We will now characterize the ordering of ordinals, which are not principal additive numbers
by the lexicographic ordering of P list.

Lemma 9.12 (a) ∀x η T ′′.Alength(x) =N lh(P l(x)) ∧ (x 6=N 0OT → (first(x) =N (P l(a))0 ∧
last(x) =N (P l(x))Alength(x)−̇1)) ∧ ∀i <N lh(P l(x)).(P l(x))i ∈ A

′′.
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(b) ∀x η T ′′.x η T ′ ↔
((∀i ∈ N.Si <N Alength(x)→ (x)Si � (x)i) ∧ ∀i <N Alength(x).(x)i η T

′.

(c) ∀x, y η T ′′.P l(x+̂y) ∼=Nlist append(P l(x), P l(y)).

(d) ∀x η T ′.x η OT ↔ ∀i ≺ Alength(x).(P l(x))i η OT .

(e) If a, b η T ′′, la := P l(a), lb := P l(b), then
a ≺ b↔ (∃i ≤N minN{lh(la), lh(lb)}.(la)i ≺ (lb)i∧

∀j <N i.(la)j =N (lb)j) ∨ (lh(la) <N lh(lb) ∧ ∀i <N lh(la).(la)i =N (lb)i).

(f) If a, b η T ′′, la ∼=Nlist P l(a), lb ∼=Nlist P l(b), then
a =N b↔ (lh(la) =N lh(lb) ∧ ∀i <N lh(la).(la)i =N (lb)i).

(g) Let

Q(a, b, i) := i ≤N Alength(a) ∧ (∀j <N Alength(a).i ≤N j → (P l(a))0 ≺ (P l(b))i) ∧

(i 6= 0OT → (P l(b))i−̇1 � (P l(a))0)

Then ∀a, b η T ′′.b 6= 0OT → (∃i ∈ N.Q(a, b, i))∧
(∀i, j ∈ N.Q(a, b, i) ∧Q(a, b, j)→ i =N j)∧
∀i.Q(a, b, i)→ P l(a+ b) ∼= append(Sublist(P l(a), i), P l(b))

(h) ∀x ∈ T ′′.Gπx =
⋃Alength(x)
i=1 GπP l((x)i).

(or the formalization of this theorem).

Proof:
(a) follows by an easy induction on Alength(x)
(b) Induction on Alength(x):
If x =N 0OT , then x η T ′ and P l(x) ∼=Nlist nil.
If x η A′′, then P l(x) ∼=Nlist cons(x, nil), x η T ′ ↔ (P l(x))0 η T ′ and we have the
assertion.
If x =N b+̃c, then x η T ′ ↔ (b η T ′ ∧ c η A′ ∧ c � last(a) =N (a)Alength(a)−̇1) ↔ (((∀i ∈
N.Si <N Alength(b) → (b)Si � (b)i) ∧ ∀i <N Alength(b).(b)i η T ′) ∧ c η A′ ∧ c �
(b)Alength(b)−̇1) ↔ ((∀i ∈ N.Si <N Alength(a) → (a)Si � (a)i) ∧ ∀i <N Alength(a).(a)i η
T ′).
(d) follows in a similar way.
(c) follows by an easy induction on Alength(y)
(e), (f): Let
Less(a, b) := (∃i <N minN{lh(P l(a)), lh(P l(b))}.(P l(a))i ≺ (P l(b))i∧
∀j <N i.(P l(a))j =N (P l(b))j)∨
(lh(P l(a)) <N lh(P l(b)) ∧ ∀i <N lh(P l(a)).(P l(a))i =N (P l(b))i),

Eq(a, b) := (lh(P l(a)) =N lh(P l(b)) ∧ ∀i <N lh(P l(a)).(P l(a))i =N (P l(b))i),
and m := maxN{lh(la), lh(lb)}.
We show ∀a, b η T ′′.(a ≺ b ↔ Less(a, b)) ∧ (a = b ↔ Eq(a, b)) by induction on
Alength(a) + Alength(b). Assume a, b η T ′′, and let la := P l(a), lb := P l(b).
If b =N 0OT , follows ¬(a ≺ b), ¬Less(a, b), a =N b↔ b =N 0OT ↔ lh(lb) = 0↔ Eq(a, b).
If a =N 0OT , b 6=N 0OT follows a ≺ b, and lh(la) <N lh(lb) ∧ ∀i <N lh(la).(la)i =N (lb)i,
Less(a, b), further a 6=N b, lh(la) 6=N lh(lb), ¬(Eq(a, b)).
Case a =N c+̃d, b =N e+̃f . If Alength(c) <N Alength(e) follows m =N Alength(a) =N

minN{Alength(a), Alength(e)}, a ≺ b ↔ a � e ↔ (Less(a, e) ∨ Eq(a, e)) ↔ Less(a, b),
and a 6=N b, ¬(Eq(a, b). If Alength(c) =N Alength(e) follows m =N Alength(a) =N
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S min{Alength(c), Alength(e)}, a ≺ b ↔ (c ≺ e ∨ (c =N e ∧ d ≺ f)) ↔ (Less(c, e) ∨
(Eq(c, e)∧d ≺ f)))↔ Less(a, b). Further a =N b↔ (c =N e∧d =N f)↔ (Eq(c, e)∧d =N

f) ↔ Eq(a, b). If Alength(e) <N Alength(c) follows the assertion symmetrically to the
case Alength(c) <N Alength(e).
Case a =N c+̃d, b η A′. Then lh(lb) = 1 <N lh(la), m = 1, a ≺ b↔ c ≺ b↔ Less(c, b)↔
Less(a, b), a 6=N b, ¬(Eq(a, b)).
Case a η A′, b =N c+̃d. Then lh(la) = 1 <N lh(lb), m = 1, a ≺ b ↔ a � c ↔
(Less(a, c) ∨ Eq(a, c))↔ Less(a, b), a 6=N b, ¬(Eq(a, b)).
Case a, b η A′. Then a ≺ b↔ Less(a, b), a =N b↔ Eq(a, b).
(g): The existence and uniqueness of i is easy. We show Q(a, b, i) ∧ b 6=N 0OT → P l(a +
b) ∼=Nlist append(Sublist(a, i), b) by main induction on Alength(a), side induction on
Alength(b):
Case a =N 0OT . Then i =N 0 and we have the assertion.
Case a 6=N 0OT :
Case b η A′′:
If b � last(a), then i =N Alength(a), a+ b =N a+̃b, P l(a+ b) = append(P l(a), P l(b)).
If a η A′′, a ≺ b, then i =N 0, Sublist(a, i) ∼=Nlist nil, a+ b =N b.
If a =N c+̃d, d ≺ b, then Q(c, b, i), a + b =N c+ b and we have the assertion.
Case b =N e+̃f . Then Q(a, e, i), P l(a+ b) ∼=Nlist P l((a+ e)+̃f) ∼=Nlist

append(append(Sublist(P l(a), i), P l(e)), P l(f)) ∼=Nlist

append(Sublist(P l(a), i), P l(b))

(h): Easy induction on Alength(x).

Lemma 9.13 Let a, b, c, d η T ′.

(a) a =N 0OT ∨ (∃a′ η T ′.a =N a′+̃1OT ) ∨ a η Lim′

(b) a =N 0OT → ¬(a η Suc′ ∨ a η Lim′) and
a η Suc′ → a 6η Lim′.

(c) a =N a′+̃1OT ↔ (a η Suc′ ∧ a′ =N pred(a))

(d) a, b η T ′′, then
b 6=N 0OT → last(a+̂b) =N last(b),
a 6=N 0OT → first(a+̂b) =N first(a),
Alength(a+̂b) =N Alength(a) +N Alength(b).

(e) ∀x, y, z η T ′′.(x+̂y)+̂z =N x+̂(y+̂z)

(f) ∀x, y, z η T ′.(x + y) + z =N x + (y + z).

(g) ∀x, y η T ′.x+̂y η T ′ ↔ (x =N 0OT ∧ first(y) � last(x)) (↔ NF+(x, y)).
∀x, y η T ′.NF+(x, y)→ x+ y =N x+̂y.

(h) (a, b, c η T ′ ∧ c ≺ b)→ (NF+(a, b)→ NF+(a, c)) ∧ a + b ≺ a+ c.

Proof: (a) - (e) are easy.
(f) as usual using 9.12 (b) and (g).
(g): Use 9.12 (b) and (c).
(h): first(c) � first(b), the second assertion follows as usually.
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Lemma 9.14 (a) ∀x, y η T ′.∀z ∈ N.x + y, x · z, x− ω, pred(x), x−,Ωx, maxT {x, },
minT {x, y}, Dicom(x) η T ′ ∧ (y η R′ → Gyx ⊂ T ′) ∧ (NF+(x, y)→ x+̂y η T ′).

(b) ∀x, y η OT .∀z ∈ N.x + y, x · z, x− ω, pred(x), x−,Ωx, maxT{x, }, minT {x, y},
Dicom(x) η OT ∧ (y η R→ Gyx ⊂ R) ∧ (NF+(x, y)→ x+̂y η OT ).

Proof:
(a): for + and +̂ the assertion follows by 9.12 (b), (c) and (g). The other assertions are
easy.
(b) Use 9.12 (d), 9.12 (c), 9.12 (g), (a) for +, +̂. For the other functions the assertion is
easy.

Lemma 9.15 (a) If a, a′, b, b′ η T ′′, Alength(a) =N Alength(a′), then a+̂b ≺ a′+̂b′ ↔ (a ≺
a′ ∨ (a =N a′ ∧ b ≺ b′), and a+̂b =N a′+̂b′ ↔ (a =N a′ ∧ b =N b′).

(b) If a, b, b′, c η T ′′, a+̂b � c � a+̂b′, then c =N a+̂c′ for some c′ η T ′′ such that b � c′ � b′.

(c) a+̂b η T ′ → a � a+̂b ∧ b � a+̂b.

(d) ∀x, y ∈ T ′′, π ∈ R′′.Gπy ⊂ Gπ(x+ y) ⊂ Gπx ∪Gπy ∧Gπ(x+̂y) = Gπx ∪Gπy

(e) ∀π η R′.π 6=N I → length(π−) <N length(π).

(f) ∀a, b η T ′.a ≺ φ̂ab ∧ b ≺ φ̂ab.

(g) ∀a η T ′.a ≺ Ω̂a.

(h) ∀π η R′, a η T ′.a ≺ π → a ≺ Dπa.

Proof:
(a), (b), (c): Use 9.12, and the common known properties of the lexicographic ordering.
(d) follows by 9.12 (c), (g) and (h).
(e) Trivial. (f) (i) We prove b ≺ φ̂ab by induction on length(b):
If b =N 0OT this is trivial, if b =N c+̃d follows c ≺ φ̂ac ≺ φ̂ab by IH and (c).
Case b =N φ̂cd: If c ≺ a follows d ≺ φ̂ad ≺ φ̂a(φ̂cd), therefore the assertion. If c =N a
follows d ≺ φ̂cd =N b and the assertion. If a ≺ c follows φ̂cd � b, φ̂cd ≺ φ̂ab.
If b η G′ follows the assertion by definition.
(ii) Now we prove a ≺ φ̂ab by induction on length(a):
If a =N 0OT this follows by definition, if a =N c+̃d follows c ≺ φ̂cb ≺ φ̂ab by IH, therefore
a ≺ φ̂ab. If a =N φ̂cd follows by IH c ≺ a, and since d ≺ a, b ≺ φ̂ab by (i), d ≺ φ̂db ≺ φ̂ab.
If a η G′ follows the assertion by definition.
(g) By Induction on length(a):
The cases a =N 0OT , a =N I follow by definition.
If a =N b+̃c, follows by IH b ≺ Ω̂b, therefore a ≺ Ω̂b ≺ Ω̂a.
If a =N φ̂bc, follows b ≺ Ω̂b ≺ Ω̂

φ̂bc
, c ≺ Ω̂c ≺ Ω̂

φ̂bc
, therefore φ̂bc ≺ Ω̂a.

If a =N D
Ω̂

b+̃1OT

c, follows Ω̂b ≺ Ω̂
Ω̂b

, Ω̂b+̃1OT
≺ Ω̂

Ω̂b
, a ≺ Ω̂b+̃1OT

≺ Ω̂
Ω̂b
≺ Ω̂a.

If a =N D
Ω̂b
c, b =N DId or b =N I, follows D

Ω̂b
c ≺ Ω̂b ≺ Ω̂D

Ω̂b
c.

If a =N D
Ω̂0OT

c, follows D
Ω̂0OT

c ≺ Ω̂0OT
≺ Ω̂D

Ω̂0OT

c.

If a =N DIb, follows a ≺ Ω̂a by definition.
If a =N Ω̂b follows by IH b ≺ Ω̂b, therefore a ≺ Ω̂a.
(h) If a =N 0OT this is trivial, if a =N I follows a � π− � Dπa.
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If a =N b+̃c follows b ≺ Dπb � Dπa, therefore a � Dπa, if a =N φ̂bc follows b, c ≺
DπmaxT {b, c} � Dπa. If a =N Dρb follows if ρ ≺ π and π 6=N I, a ≺ π− � Dπa, if
ρ ≺ π =N I follows by IH, since length(ρ−) <N length(ρ), ρ− ≺ Dπρ

− � Dπa, therefore
a ≺ ρ ≺ Dπa, further if π ≺ I =N ρ follows from a ≺ π a � π− ≺ Dπa, and if ρ =N π
follows by IH b ≺ Dπb, a =N Dπb ≺ Dπa.
If a =N Ω̂b follows, in case of π =N I b ≺ Dπb � Dπa, a ≺ Dπa, and if π 6=N I,
a � π− ≺ Dπa.

Lemma 9.16 (a) ∀x η T ′′.¬(x ≺ 0OT ).

(b) ∀x η T ′′.x ≺ 1OT ↔ x =N 0OT .

(c) ∀x η T ′.x ≺ ω → ∃n ∈ N.x =N 1OT · n.

(d) a 6=N 0OT , a η T
′ → 1OT � a.

Proof: All by 9.12 (b) and (e) and ∀x η A′.x =N 0OT ∨ x =N 1OT ∨ x =N ω ∨ ω ≺ x.

Lemma 9.17 (a) ∀x η R′ \ {I}.∀y η (R′ ∪ Fi′).y ≺ x→ y � x−.

(b) ∀x η R′ \ {I}.∀y η (R′ ∪ Fi′).x− � y � x→ y η {x−, x}.

(c) ∀x η R′.∀y η A′.y ≺ x→ x− + y ≺ x.

Proof:
(a) x =N Ω̂0OT

is not possible. If x =N Ω̂a+̃1OT
, y =N Ω̂e follows e ≺ a+̃1OT therefore

e � a, y � Ω̂a =N x−. If in the same case y =N I, follows I � a+̃1OT , I � a, I ≺ Ω̂a, and
if y =N DId follows y ≺ a+̃1OT , y � a ≺ Ω̂a. If x =N Ω̂a x

− =N a, x =N DIf or x =N I,
y =N Ω̂e, follows by e ≺ a, Ω̂e ≺ a, and if y =N I or y =N DId, follows y � a.
(b) by (a).
(c) If y η A′, y � x− this follows by x− ≺ x, if x− ≺ y η A′ this is trivial, and if y = y1+̃y2

follows x− + y1 ≺ x and the assertion.

Lemma 9.18 Assume a, b, c η T ′.

(a) a η Cr(b)→ b ≺ a.

(b) a η Cr(b)→ ((a ≺ φ̂bc↔ a � c) ∧ (φ̂bc � a↔ c ≺ a)).

(c) b η Cr(a)→ φ̂a+̃1OT
0OT � b.

(d) φ̂ab ≺ c � φ̂a(b+̃1OT )→ c 6η Cr(a) ∪G′.

(e) (b η Cr(a) ∧ b ≺ c � φ̂ab)→ c 6η Cr(a) ∪G′.

(f) a ≺ φ̂b0OT → a 6η Cr(b).

Proof:
(a) If a =N φ̂cd with b ≺ c follows b ≺ c ≺ a, and if a η G′ we have b ≺ a.
(b) If a =N φ̂fg with b ≺ f follows the assertion by definition, and if b ≺ a =N G′ follows

in the first part of the assertion a ≺ φ̂bc ↔ a � maxT {b, c} ↔ a � c and in the second
part φ̂bc � a↔ maxT {b, c} ≺ a↔ c ≺ a.
(c) If a =N φ̂cd with a ≺ c, follows a+̃1OT � c, φ̂a+̃1OT

0OT � a, and if a ≺ b η G′ follows

maxT {a+̃1OT , 0OT} ≺ b, φ̂a+̃1OT
0OT ≺ b.

(d) Assume c η Cr(a). By (b) follows b ≺ c � b+̃1OT , c =N b+̃1OT a contradiction. If
c η G′ follows c η Cr(a).
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(e) Assume c η Cr(a). By (b) follows b ≺ c � b+̃1OT , c =N b+̃1OT a contradiction. If
c η G′ follows c η Cr(a).
(f) Assume a η Cr(b). By (b) follows a � 0OT .

Lemma 9.19 (a) ∀x η R′ \ {I}.∀z η T ′.x− ≺ z ≺ Dx0OT → z 6η G′.

(b) ∀x η R′ \ {I}.∀y, z η T ′.Dxy ≺ z ≺ Dx(y+̃1OT )→ z 6η G′.

Proof: (a), (b): Assume z η G′. If z =N DId follows x− ≺ z ≺ z, which yields a
contradiction.
If z =N Dde with d 6=N I follows in (a) x− ≺ d � x, in (b) x � d � x, in both cases
therefore d =N x, further in (a) e ≺ 0OT and in (b) y ≺ e ≺ y+̃1OT , both a contradiction.
If z =N Ω̂d follows in (a) x− ≺ z ≺ x, in (b) x � z ≺ x, both yields a contradiction.

Here follow some properties of Dicom(a):

Lemma 9.20 (a) Let a η T ′, ζ0 := Dicom(a), ζSn := Ω̂ζn .
Then Dicom(a) =N 0OT and a ≺ ζn ≺ DI0OT for some n : N , or

Dicom(a) =N DIb for some b and DIb � a ≺ ζn ≺ DI(b+̃1OT ) for some n : N ,
or Dicom(a) =N I and I � a,

especially we habe ∀a η T ′.Dicom(a) � a.

(b) If π η R′ and a η T ′, then GπDicom(a) ⊂ Gπa.

Proof:
(a) By induction on length(a): If a =N 0OT , b+̃c, φ̂bc,DIc, Ω̂b, I this follows trivially or
by IH, if a =N Dbc with I ≺ b follows Dicom(a) =N I ≺ a, and if a =N Dbc with b ≺ I
follows Dicom(a) =N DId with DId � b ≺ ζn ≺ DI(d+̃1OT ), DId ≺ b since b η R′, and
DId ≺ Dbc ≺ ζn ≺ DI(d+̃1OT ).
(b) By induction on length(a): If a =N 0OT , b+̃c, φ̂bc,DIc, Ω̂b, I follows the assertion
trivially or by IH, if a =N Dbc with I ≺ b follows GπDicom(a) =Pfin(N) GπI =Pfin(N) ∅
and if a =N Dbc with b ≺ I follows, if π � Dicom(a) � a or π =N I, GπDicom(a) ⊂
Gπb ⊂ GπDbc by IH, and if Dicom(a) ≺ π 6=N I follows Gπ(Dicom(a)) =Pfin(N) ∅.

Now we are ready to define the fundamental sequences in OT . We will start with a
version, where a[[z]] =N z for a η R′′, where the ordinals only behave well as long as
τ(a)− ≺ z (in fact they behave well as long as Dicom(a) ≺ z, the problem occurs only
when we have fixed points of Ω·, but the approach starting with τ(a)− seems to be a
little bit more uniform). In the well-ordering proof we use a[z] := a[[τ(a)− + z]]. For the
analysis of the sequences, it seems to be easier to introduce and analyze first ·[[·]], where
we do not have problems with the sum and in a second step to define later ·[·] and transfer
the properties proven.
Definition 9.21 Definition of τ(a) und a[[ξ]] for a η T ′′, ξ η T ′′, ξ ≺ τ(a), such that we
can define it as primitive recursive functions, have
τ : N → N ·[[·]] : N → N → N , and we have
∀x η T ′′.τ(x) η {0OT , 1OT , ω} ∪ R

′′ and ∀x η T ′′.∀ξ η T ′′.ξ ≺ τ(x)→ x[[ξ]] η T ′′.
If τ(a) =N ω we define only a[[1OT · n]], a[[x]] := a[[1OT · length(x)]] for arbitrary x ≺ ω
which is for x =N 1OT · n consistent with the first definition.
For x 6η T ′′ τ(x) := 0OT , and for x 6η T ′′ ∨ ξ 6η T ′′ ∨ ¬(ξ ≺ τ(x)) x[[ξ]] := 0OT .

([[ ]].0) τ(0OT ) := ∅.
([[ ]].1) If a =N b+̃c, b η T ′′, c η A′′, then

τ(a) := τ(c), (b+̃c)[[ξ]] := b+̂(c[[ξ]])

([[ ]].2) Case a =N φ̂bc:
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([[ ]].2.1) Case b =N 0OT :
([[ ]].2.1.1) c =N 0OT ⇒ τ(a) := 1OT , a[[ξ]] := 0OT
([[ ]].2.1.2) c =N c′+̃1OT ⇒ τ(a) := ω,

a[[n]] := φ̂0OT
(c′) · SSn.

([[ ]].2.1.3) (c η Cr(b))⇒ τ(a) := ω,
a[[n]] := c · Sn.

([[ ]].2.1.4) (c η Lim′′ ∧ c 6η Cr(b))⇒ τ(a) := τ(c),

a[[ξ]] := φ̂0OT
(c[[ξ]])

([[ ]].2.2) Case b =N b′+̃1OT :
([[ ]].2.2.1) c =N 0OT ⇒ τ(a) := ω,

a[[1OT · n]] := ρSSSn where ρ0 := 0OT , ρSn := φ̂b′ρn
([[ ]].2.2.2) c =N c′+̃1OT ⇒ τ(a) := ω,

a[[1OT · n]] := ρn where ρ0 := φ̂bc
′, ρSn := φ̂b′ρn

([[ ]].2.2.3) (c η Cr(b))⇒ τ(a) := ω,

a[[1OT · n]] := ρSn, where ρ0 := c, ρSn := φ̂b′ρn
([[ ]].2.2.4) (c η Lim′′ ∧ (c 6η Cr(b))⇒ τ(a) := τ(c),

a[[ξ]] := φ̂b(c[[ξ]])
([[ ]].2.3) Case b η Lim′′:
([[ ]].2.3.1) (c =N 0OT ∧ b η T

′′ \G′′)⇒ τ(a) := τ(b),

a[[ξ]] := φ̂
b[[ξ]]0OT

([[ ]].2.3.2) (c =N 0OT ∧ b η G
′′)⇒ τ(a) := τ(b),

a[[ξ]] := φ̂
b[[ξ]]b

([[ ]].2.3.3) c =N c′+̃1OT ⇒ τ(a) := τ(b),

a[[ξ]] := φ̂
b[[ξ]](φ̂bc

′)

([[ ]].2.3.4) (c η Cr(b))⇒ τ(a) := τ(b),

a[[ξ]] := φ̂
b[[ξ]]c

([[ ]].2.3.5) (c η Lim′′ ∧ c 6η Cr(b))⇒ τ(a) := τ(c),

a[[ξ]] := φ̂b(c[[ξ]])
([[ ]].3) Case a =N Dbc:
([[ ]].3.1) Case c =N 0OT :
([[ ]].3.1.1) (b 6=N I ⇒ τ(a) := ω,

a[[1OT · n]] := ρSn, where ρ0 := b−, ρSn := φ̂ρn0OT .
([[ ]].3.1.2) b =N I ⇒ τ(a) := ω,

a[[1OT · n]] := ρSSn, where ρ0 := 0OT , ρSn := Ω̂ρn .
([[ ]].3.2) Case c =N c′+̃1OT :
([[ ]].3.2.1) (b 6=N I ⇒ τ(a) := ω,

a[[1OT · n]] := ρn, where ρ0 := Dbc
′, ρSn := φ̂ρn0OT .

([[ ]].3.2.2) b =N I ⇒ τ(a) := ω,

a[[1OT · n]] := ρn, where ρ0 := DIc
′, ρSn := Ω̂ρn .

([[ ]].3.3) Case c η Lim′′, τ(c) ≺ b:
τ(a) := τ(c), a[[ξ]] := Dbc[[ξ]].

([[ ]].3.4) Case c η Lim′′, b � τ(c):
Then τ(a) := ω, a[[n]] := Dbc[[ζn]], where ζn is defined by:

([[ ]].3.4.1) (τ(c) 6=N I ∨ b ≺ DIc ∨ b =N I ⇒
ζ0 := π−, ζSn := Dπ(c[[ζn]]), π := τ(c).

([[ ]].3.4.2) (τ(c) =N I ∧DIc � b ≺ I)⇒

ζ0 := Dicom(b), ζSn := Ω̂ζn .
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([[ ]].4) Case a =N Ω̂b:
([[ ]].4.1) Case a η R′′:

τ(a) := a, a[[ξ]] := ξ
([[ ]].4.2) Case a 6η R′′:

τ(a) := τ(b), a[[ξ]] := Ω̂
b[[ξ]]

([[ ]].5) Case a =N I:
τ(a) := I, a[[ξ]] := ξ

We define τ̂(:) = λy.λξ.ξ η T ′′ ∧ ξ ≺ τ(y) ∧ τ(y)− � ξ, and have τ̂(:)N → Pdec(N),

∀x η T ′′.τ̂(x) ⊂ T ′′.

Lemma 9.22 (a) ∀x, ξ η T ′.ξ ≺ τ(x)→ x[[ξ]] η T ′ ∧ x[[ξ]] ≺ x ∧ τ(x) � x.

(b) In the situation of [[ ]].3.4 we have ∀n ∈ N.ζn ≺ τ(c), and if b, c ∈ T ′ then ∀n ∈ N.ζn ∈ T
′.

(c) ∀x, y η T ′.y 6=N 0OT → NF+(x, y)→

(τ(x+̂y) =N τ(y) ∧ ∀ξ η τ̂(y).(x+̂y)[[ξ]] =N x+̂(y[[ξ]])).

Proof: (a), (b): (a) follows by an easy induction on length(x), using in ([[]].1) c[[ξ]] ≺
c → a+̃c η T ′ → a+̂c[[ξ]] η T ′ by 9.13 (h) and proving in the situation of [[ ]].3.4 (b) by
side induction on N .
(c) Easy induction on Alength(y).

Lemma 9.23 Assume a, ξ, ρ η T ′.

(a) ξ ≺ ρ ≺ τ(a)→ a[[ξ]] ≺ a[[ρ]].

(b) (ω ≺ τ(a) ∧ ξ � τ(a))→ (ξ � a[[ξ]] ∧ ∀π η R′.(π 6= I ∨ π � τ(a))→ Gπξ � Gπa[[ξ]]) (where
a[[τ(a)]] := a).

(c) (0 6= a ∧ a 6η R′)↔ τ(a) ≺ a.

(d) (a η OT → τ(a) η OT )∧.

(e) a 6η G′ → a η Lim′ → 1 ≺ x[[τ(a)−]].

Proof:
(a) By an induction on length(a) in an easy way, where in the cases τ(a) = ω we show
first by induction n := length(ξ) length(ρ) = Sn→ a[[ξ]] ≺ a[[ρ]] and the assertion follows
by side induction on length(ρ)− length(ξ).
(b) Case a = b+̃c: ξ � c[[ξ]] � b+̂c[[ξ]]
Case a = φ̂bc: If c η Lim′ \Cr(b) follows ξ � c[[ξ]] � φ̂bc[[ξ]] by IH and Gπ(ξ) � Gπc[[ξ]] �
Gπa[[ξ]]. If b η Lim′ ∧ ((c 6η Lim′ ∨ c η Cr(b)) follows ξ � b[[ξ]] � φ̂

b[[ξ]]e = a[[ξ]] for some

e and Gπ(ξ) � Gπb[[ξ]] � Gπa[[ξ]].
If a = Dbc c η Lim

′, τ(c) ≺ b follows ξ ≺ Db(ξ) � Dbc[[ξ]] by lemma 9.15 (h) and ξ � c[[ξ]].
Further, if π � b 6= I or b = Ianddπ ≺ DIc[[ξ]] follows Gπξ � Gπc[[ξ]] � Gπ(Dbc[[ξ]]).
If b ≺ π 6= I ∨ (I = b ∧ DIc[[ξ]] ≺ π ≺ I) follows, since ξ � τ(c) ≺ b ≺ π 6= I or
ξ ≺ DIξ � DIc[[ξ]] ≺ π 6= I Gπ(ξ) ∼= ∅. b � π = I is not possible by assumption.
If a = Ω̂b, and if a[[ξ]] = a− + ξ, follows the assertion immediately and if a[[ξ]] = Ω̂

b[[ξ]]

follows ξ � b[[ξ]] ≺ Ω̂
b[[ξ]], Gπ(ξ) � Gπb[[ξ]] ∼= Gπa[[ξ]].

(c) Trivial.
(d): Induction on length(c): The cases τ(a) = 0, 1, ω or τ(a) = a are trivial, otherwise
the assertion follows by IH.
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(e) If x = b+̃c, then ω � c � b � x[[τ(x)−]].
If x = φ̂bc, follows, if b = 0, c = c′+̃1, 1 ≺ φ̂0c

′ · SSn, if c η Lim′ \ Cr(b) ∧ b = 0 follows
¬(c η G), 1 ≺ c[[τ(c)−]], 1 ≺ x[[τ(x)−]], and if c η Lim′ \ Cr(b) ∧ 0 ≺ b, 1 ≺ φ̂bc[[τ(b)

−]] =
x[[τ(x)−]].
If b = 0, c η G′ follows 1 ≺ c · Sn.
If b = b′+̃1, c 6η Lim′ \ C(b), follows x[[n]] = φ̂b′d for some d 6= 0 or x[[n]] = φ̂bc

′ and we
have the assertion.
If b η Lim′ \G′, c = 0 follows 1 ≺ b[[τ(b)−]] ≺ x[[τ(x)−]].
If b η G′, c = 0 follows 1 ≺ φ̂

b[[τ(b)−]]b.

If β η Lim′, c = c′+̃1, follows 1 ≺ φ̂
b[[τ(b)−]]φ̂bc

′, since 0 ≺ φ̂bc
′.

If c η Cr(b), b η Lim′, follows 1 ≺ φ̂
b[[τ(b)−]]c = x[[τ(x)−]].

We will now introduce a∗ for a η T ′, which will be some sort of predecessor of a. a∗

has the property, that lh′(a∗) <N lh′(a), so, we have ∀a η T ′.∃n ∈ N.s

∗ · · · ∗︸ ︷︷ ︸
ntimes = 0, and we

can use induction over the length of the descending sequences. We will use ·∗ to prove
the property a[[x]] ≺ b � a[[x+̃1]]→ a[[x]] � b[[τ(b)−]].

Definition 9.24 (a) Definition of ·∗ : N → N such that s∗ η T ′ for s η T ′, s∗ η T ′′ for s η T ′′

(s∗ := 0 for s 6η T ′′).
0∗ := I∗ := 0.
(a+̃b)∗ := a+̂(b∗).

(φ̂ab)
∗ :=





φ̂a(b
∗) if b 6η Cr(a) ∪ {0},

b if a = 0 ∧ b η Cr(a) ∪ {0}
a if b = 0 ∧ a η G′

φ̂00 if b = 0 ∧ a = 1
φ̂a∗b if (b η Cr(a) ∧ a 6= 0) ∨ (b = 0∧

a 6η G′ ∪ {0, 1})

.

Ω̂∗
0 := ω, Ω̂∗

a := a for a η F i′, Ω̂∗
a := Ω̂a∗ for a 6η F i′ ∪ {0}

(Dπb)
∗ :=





Dπ(b
∗) if b 6= 0

π− if b = 0 ∧ π 6= I.
Ω̂0 if b = 0 ∧ π = I

.

(b) Definition of lh′ : N → N . lh′(n) := 0 for n 6η T ′.
lh′(0) := 0, lh′(I) := 1, lh′(a+̃b) := lh′(a) +N lh′(b) +N 1, lh′(φ̂ab) := lh′(a) +N lh′(a) +N

lh′(b) +N 1, lh′(Dab) := lh′(a) +N lh
′(b) +N 3, lh′(Ω̂a) := lh′(a) +N 3.

Lemma 9.25 Let a, b, c η T ′.

(a) (c+̃1)∗ = c, ω∗ = 1, φ̂a(b+̃1)∗ = φ̂ab.

(b) c 6= 0→ lh′(c∗) <N lh′(c).

(c) If n : N , follows (1 · (Sn))∗ = 1 · n.

(d) If b 6= 0, then (a+̂b)∗ = a+̂(b∗).

(e) a 6= 0→ a∗ ≺ a.

(f) b∗ � (φ̂ab)
∗.
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Proof:
(a) By definition.
(b) Easy induction on length(c), using that for a η R′ a− = a∗.
(c) By induction on n′ : N .
(d) By induction on Alength(b).
(e) Immediate by induction on length(a).
(f) Immediate, using b∗ � b.

Lemma 9.26 s η T ′ → s∗ � s[[τ(s)−]].

Proof:
Induction on length(s).
If s = 0, the assertion is trivial.
If s η R′ follows s∗ = s[[τ(s)−]].
If s = a+̃b follows b∗ � b[[τ(b)−]], a+̂(b∗) � a+̂b[[τ(b)−]].
Case s = φ̂ab: If (a = 0∨a = a′+̃1) and (b = 0∨b = b′+̂1∨b η Cr(a)) follows immediately
s∗ � s[[τ(s)−]].
If b η Lim′ \ Cr(a) follows b∗ � b[[τ(b)−]] by IH therefore φ̂a(b

∗) � φ̂a(b[[τ(b)
−]].

If a η Lim′ \G′, b = 0 follows s∗ = φ̂a∗0 � φ̂
a[[τ(a)−]]0 = s[[τ(s)−]] since a∗ � a[[τ(a)−]] by

IH and 0 � φ̂
a[[τ(a)−]]0.

If a η G′, b = 0 follows s∗ = a � φ̂
a[[τ(a)−]]a = s[[τ(s)−]].

If a η Lim′, b = b′+̃1 follows s∗ = φ̂ab
′ � φ̂

a[[τ(a)−]](φ̂ab
′) = s[[τ(s)−]].

If a η Lim′, b η Cr(a), follows s∗ = φ̂a∗b � φ̂
a[[τ(a)−]]b = s[[τ(s)−]].

Case s = Dab:
If b 6η Lim′ follows s[[τ(s)−]] � s∗ immediately.
If b η Lim′, τ(b) ≺ a or a � τ(b) 6= I or a � τ(b) = I ∧ (a ≺ DIb ∨ a = I) follows
s∗ = Da(b

∗) � Da(b[[τ(b)
−]]) = s[[τ(s)−]].

If b η Lim′, a � τ(b) = I, DIb � a ≺ I follows s∗ = Dab
∗ � Da(b[[τ(b)

−]]) �
Da(b[[Dicom(b)]]) = s[[τ(s)−]].
Case s = Ω̂a, s 6η R

′: a∗ � a[[τ(a)−]], Ω̂∗
a � Ω̂

a[[τ(a)−]].

Lemma 9.27 Assume a, b, c η T ′′.

(a) (a 6η Cr(c) ∧ a∗ ≺ b � a)→ b 6η Cr(c).

(b) (a 6η G′ ∧ a∗ ≺ b � a)→ b 6η G′.

(c) (a 6η F i′ ∪R′ ∧ a∗ ≺ b � a)→ b 6η F i′ ∪ R′.

(d) (a 6η F i′ ∧ a∗ ≺ b � a)→ b 6η F i′.

(e) b η Cr(a) ∪ {0} → (b ≺ c � φ̂ab→ b � c∗)

(f) b η {1, ω, Ω̂0, } → (b ≺ a ≺ I → b � a∗).

∀a η T ′.I ≺ a→ I � a∗.

Proof:
(a) Induction on length(a), side induction on length(b). Assume a, b, c η T ′, such that
a 6η Cr(c) and a∗ ≺ b � a, b η Cr(c)
Case a = d+̃e: Then b = d+̂f such that e∗ ≺ f � e, especially f 6= 0.
Case a = φ̂de: Then d � c.
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Case e 6η Cr(d) ∪ {0}: Then φ̂de
∗ ≺ b � φ̂de, and since b η Cr(c) ⊂ Cr(d), e∗ ≺ b � e,

and, since e 6η Cr(d), e 6η Cr(c), b 6η Cr(c).
Case d = 0 and e η Cr(d) ∪ {0}. Then e ≺ b � φ̂de, and by lemma 9.18 (c) and (e)

follows b 6η Cr(d), b 6η Cr(a).
Case e = 0 ∧ d η G′: Then by lemma 9.18 (c) follows the assertion.
Case (e η Cr(d) ∧ d 6= 0) ∨ (e = 0 ∧ d η T ′ \ (G′ ∪ {0, 1}). Then φ̂d∗e ≺ b � φ̂de, and

since b η Cr(c) ⊂ Cr(d), e ≺ b � e, a contradiction.
Case d = 1 ∧ e = 0: 9.18 (c).
Case a η G′: b � a � c, b 6η Cr(c).

(b) Induction on length(a), side induction on length(b). Assume a, b η T ′, such that
a 6η G′ and a∗ ≺ b � a, b η G′

Case a = d+̃e: Then b = d+̂f such that e∗ ≺ f � e, especially f 6= 0.
Case a = φ̂de:
If e 6η Cr(d) ∪ {0} or d = 0 or e = 0 ∧ d η G′ follows d � (φ̂de)

∗ ≺ b, and if we had b η G′

we had b η Cr(d) contradicting (a). If e η Cr(d) ∧ d 6= 0 follows d � e � φ̂d∗e ≺ b and
by the same argument the assertion, and if e = 0 ∧ d 6η G′ ∪ {0, 1} follows from b η G′,
d∗ = maxT {d

∗, e} ≺ b � maxT {d, e} = d, contradicting d 6η G′ and the IH. If d = 1∧e = 0
follows b ≺ φ̂10 ≺ d

Ω̂0
0, b 6η G′.

(c) Induction on length(a), side induction on length(b). Assume a, b η T ′, such that
a 6η F i′ ∪ R′ and a∗ ≺ b � a, b η G′

Case a = 0, a = d+̃e, φ̂de: Then b 6η G′ by (b).
Case a = Dde, d 6= I: Then d− � a∗ ≺ b ≺ d which is not possible.
(d) Induction on length(a), side induction on length(b). Assume a, b η T ′, such that
a 6η F i′ and a∗ ≺ b � a, b η F i′

Case a = 0, a = d+̃e, φ̂de : Then b 6η G′ by (b).
Case a = Dde, d 6= I: Then b 6η F i′ by (c).
Case a = Ω̂d. If d η F i′ follows d = a∗ ≺ b � a, d ≺ b � d, not possible, and if d 6η F i′∪{0}
follows a∗ = Ω̂d∗, d

∗ ≺ b � d and the assertion by IH. If d = 0 follows a ≺ DI0, a 6η F i′.
(e) The case b = 0 is trivial. Let b η Cr(a). Induction on length(c): By lemma 9.18 (e)
c 6η Cr(a) ∪G′, therefore c = d+̃e or c = φ̂de with d � a.
If c = d+̃e follows b � d � c∗.
Case c = φ̂de.
Subcase d ≺ a: Then b � e � φ̂ab. If b = e η Cr(d) follows c∗ = e or c∗ = φ̂d∗e, b � c∗. If
b ≺ e follows by IH b � e∗, c∗ = φ̂de

∗ or c∗ = e or c∗ = φ̂d∗e, b � c∗.
Subcase d = a: Then b � e � b, c = φ̂ab, c

∗ = b or c∗ = φ̂a∗b or c∗ = φ̂01∧d = 1∧e = 0 = b.
(f) Immediate.

Lemma 9.28 ∀s, t η T ′.s∗ ≺ t � s→ s∗ � t∗.

Proof: Induction on length(s) +N length(t).
Case s = a+̃b: a+̂b∗ ≺ t ≺ a+̃b, therefore t = a+̂c for some b∗ ≺ c � b, b∗ � c∗,
s∗ = a+̂b∗ � t∗.
Case s = φ̂ab: Then by lemma 9.27 (a), (b) t 6η Cr(a) ∪ G′, therefore t = a+̃b (in which
case, since s∗ η A, s∗ � a � t∗), or t = φ̂cd with c � a. Let t = φ̂cd.
Subcase b 6= 0, b η T ′ \ Cr(a): φ̂ab

∗ ≺ t � φ̂ab.
If c ≺ a φ̂ab

∗ � d � φ̂ab. If d = s∗, follows d η Cr(c) \G′, t∗ = s∗ or t∗ = φ̂c∗d, therefore
s∗ � t∗. If s∗ ≺ d follows by IH s∗ � d∗, d 6= 0, therefore t∗ η {d, φ̂cd

∗, φ̂c∗d}, s
∗ � t∗.

If c = a, follows b∗ ≺ d � b, by IH b∗ � d∗, and, since b 6η Cr(a), d 6η Cr(a) and d 6= 0.
Therefore s∗ � φ̂ab

∗ = t∗.
Subcase a = 0 ∧ b η Cr(a) ∪ {0}: by lemma 9.27 (e).
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Subcase b = 0 ∧ a η G′. If c ≺ a follows a η Cr(c), a � d � φ̂ab. If d = a follows t∗ = d
or t∗ = φ̂c∗d, a � t∗, and if a ≺ d, a � d∗ � t∗. If c = a follows d � b = 0, s = t.
Subcase (b η Cr(a) ∧ a 6= 0) ∨ (b = 0 ∧ a η G′ \ {0, 1}):
Then φ̂a∗b ≺ t � φ̂ab.
Subsubcase c ≺ a∗: Then s∗ � d � s. If in this case d = s∗, follows t∗ = d or t∗ = φ̂c∗d,
s∗ � t∗, and if s∗ ≺ d follows s∗ � d∗ � t∗.
Subsubcase c = a∗: b ≺ d � φ̂ab, by lemma 9.27 (e) b � d∗. If then t∗ = φ̂cd

∗, follows
s∗ � t∗. If t∗ = d, d η Cr(c)∪ {0} follows d η Cr(a∗), by b ≺ d, φ̂a∗b � d. The case t∗ = c
does not occur, because d 6= 0. The case t∗ = φ̂c∗d occurs only, in case of d η Cr(c), c 6= 0,
and by b ≺ d, follows φ̂a∗b ≺ d � φ̂c∗d. The case t = φ̂10 is not possible.
Subsubcase a∗ ≺ c � a: If b = 0 ∧ a η G′ \ {0, 1} follows a∗ � c∗, s∗ = φ̂a∗0 � φ̂cd

∗ = t∗

or s∗ = φ̂a∗0 � c = t∗ where c η G′, or s∗ � φ̂c∗d � t∗. If b η Cr(a) ∧ a 6= 0 follows
from s∗ ≺ t � s, b ≺ φ̂cd � φ̂ab, b � d � φ̂ab, b � d∗ � t∗ or b = d η Cr(c),
s∗ = φ̂a∗0 � φ̂c∗d = t∗.
Subcase a = 1 ∧ b = 0: ω ≺ s ≺ I, by 9.27 (f) follows ω � s∗.
Case s = Dab: s∗ η G′, so in case of t 6η G′ follows by lemma 9.27 (b) s∗ � t∗. Let
therefore t η G′.
Subcase b 6= 0: Then Da(b

∗) ≺ t � Dab.
Subsubcase a 6= I: Then t = Dac with b∗ ≺ c � b, b∗ � c∗, s∗ � Dac

∗ = t∗.
Subsubcase a = I: If t = Dcd with c 6= I follows Dab

∗ � c− � t∗. If c = I follows the
assertion as in the case b 6= I. If t = Ω̂c follows s∗ � c � s, if c = s∗ = DIb

∗ follows
t∗ = s∗, if s∗ ≺ c, s∗ � c∗ � t∗.
Subcase b = 0 ∧ a 6= I: a− ≺ t ≺ a, t = Dad, d � 0, therefore t = s.
Subcase b = 0 ∧ a = I: Then Ω̂0 ≺ t � DI0, and by lemma 9.27 (f) Ω̂0 � t∗. Case
s = Ω̂a: If a = 0 follows the assertion by lemma 9.27 (f). Otherwise follows s η G′ and
the assertion in case t 6η G′. Let t η G′.
Subcase s∗ = s−. Then t = Dsc, s

− � t∗.
Subcase s 6η R′, s∗ = Ω̂a∗ . If t = Dcd, with c 6= I follows Ω̂a∗ ≺ c, Ω̂a∗ � c∗ � t∗. If
t = DIc follows a∗ ≺ t � a, since t η F i′, a η F i′, contradicting t∗ = Ω̂a∗ . If t = Ω̂c follows
by IH a∗ ≺ c � a, a∗ � c∗ and the assertion.
Case s = I: Then the assertion is trivial.

Definition 9.29 t � s :⇔ ∃l ∈ Nlist.0 <N lh(l) ∧ (∀i <N lh(l).(l)i η T ′) ∧ (l)0 =
t ∧ (l)predN (lh(l)) = s ∧ ∀i ∈ N.Si <N lh(l)→ (l)Si = (l)i

∗,
that is, informally written,
t� s⇔ ∃n ∈ N, ∃s0, . . . , sSn η T

′.s0 = s ∧ sSn = t ∧ ∀i ≤ n.sSi = s∗i ,
or even more informal:

t� s⇔ ∃n ∈ N.0 <N n ∧ s

∗ · · · ∗︸ ︷︷ ︸
ntimes = t.

In the following lemmata we will refer to the informal definition, and all assertions can
easily be transformed into formal proofs, which can not be read any more.
In the situation of the second definition we define lh�(s, t) := n.

Lemma 9.30 Let r, s, t η T ′.

(a) For r η {0, I} we have r ≺ s→ r � s, and
for r η {1, ω, Ω̂0} we have r ≺ s ≺ I → r � s.

(b) r � r+̂s, and r � s→ t+̂r � t+̂s.

(c) r � s ∧ (∀x η T ′.r ≺ x � s→ (x 6η Cr(t))→ φ̂tr � φ̂ts.
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(d) (r � s ∧ (∀x η T ′.r ≺ x � s→ (x 6η G′))→ φ̂r0� φ̂s0,
(s η Cr(r)→ s� φ̂rs),
(t η Cr(s) ∧ r � s)→ φ̂rt� φ̂st.

(e) If r η G′, s η T ′, s ≺ φ̂r+̃10, then r � φ̂rs.

(f) (r � s ∧ π η R′)→ Dπr � Dπs.

(g) r− ≺ s � r, r η R′, then r− � s.

(h) (r � s ∧ ∀x η T ′.r ≺ x � s→ c 6η F i′)→ Ω̂r � Ω̂s).

Proof:
We use lh′(s∗) <N lh′(s). (a) By induction on lh′(s) since r ≺ s→ r � s∗ by lemma 9.27
(a).
(b) by induction on lh′(s) follows the first, by induction on lh�(r, c) the second assertion.
(c) Induction on lh�(r, s). (φ̂tsSi)

∗ = φ̂t(sSi)
∗ = φ̂tsi since sSi 6η Cr(t) ∧ sSi 6= 0.

(d) Induction on lh�(r, s), lh′(r), lh�(r, s).
(e) Induction on lh′(s).
(f), (h) Induction on lh�(r, s).
(g) Induction on lh′(s). If s = r follows s∗ = r−. Otherwise follows if r− = ω, by lemma
9.27 (f), if r = I trivially, and if r− η (R′ ∪ Fi′) and ∀x η T ′.r− ≺ x ≺ r → x 6η R′ ∪ Fi′

by lemma 9.27 (c) r− � s∗.
(h) Induction on lh�(r, s).

Lemma 9.31 If s, ξ, ρ η T ′, τ(s)− � ξ � ρ ≺ τ(s), then s[[ξ]]� s[[ρ]].

Proof: by Induction on length(s). In case of τ(s) = ω, it is sufficient to show
∀n ∈ N.s[[1 ·n]]� s[[1 ·Sn]]. If s[[1 ·n]] := ρSin for some i in Definition 9.21, we will prove
ρn � ρSn by side induction on n : N .
If s = 0, the premise cannot be fulfilled.
If s = a+̃b, the assertion follows by b[[ξ]]� b[[ρ]] and by lemma 9.30.
Case s = φ̂ab:
Subcase a = b = 0 is not possible.
Subcase a = 0, b = b′+̃1: s[[1 · n]] = φ̂ab

′ · SSn� φ̂ab
′ · SSSn = s[[1 · (Sn)]].

Subcase b η Lim′ \ Cr(a): b[[ξ]] � b[[ρ]], b∗ � b[[τ(b)−]] � b[[ξ]] ≺ b[[ρ]] � b, therefore by
lemma 9.27 (a) and 9.30 (c) φ̂a(b[[ξ]])� φ̂a(b[[ρ]]).
Subcase a = 0, b η Cr(a): s[[1 · n]] = b · (Sn)� b · (SSn) = s[[1 · Sn]].
Subcase a = a′+̃1, b = 0: if n = 0 we have ρ0 = 0 � φ̂a′0 = ρ1. In the step from n to
Sn we have ρn � ρSn ≺ φ̂a′+̃10, therefore ∀c η T ′.ρn ≺ c ≺ ρSn → c 6η Cr(a′), therefore

ρSn = φ̂a′ρn � φ̂a′ρSn = ρSSn.
Subcase a = a′+̃1, b = b′+̃1: ρ0 = φ̂ab

′, ∀c η T ′.s[[τ(s)−]] ≺ c � s → c 6η Cr(a). By
lemma 9.30 (d) ρ0 = φ̂ab

′ � φ̂a′ φ̂ab
′ = ρ1, and in the side induction step by lemma 9.30

(c) ρSn = φ̂a′ρn � φ̂a′ρSn = ρSSn.
Subcase a = a′+̃1, b η Cr(a). By lemma 9.30 (d) ρ0 = b � ρ1, by lemma 9.18 (e) and in
the side induction step follows, since ∀x η T ′.ρ0 � ρn ≺ x � s → x 6η Cr(a), by lemma
9.30 (c) ρSn = φ̂a′ρn � φ̂a′ρSn = ρSSn.
Subcase a η Lim′ \G′, b = 0: Then ∀c η T ′.a∗ ≺ c � a→ c 6η G′ by lemma 9.27 (b), by IH
a∗ � a[[τ(a)−]] � a[[ξ]]� a[[ρ]] ≺ a, therefore by lemma 9.30 (d) s[[ξ]] = φ̂

a[[ξ]]0� s[[ρ]].

Subcase a η G′, b = 0: a[[ξ]]� a[[ρ]], a η Cr(a[[ρ]]), therefore φ̂
a[[ξ]]a� φ̂

a[[ρ]]a.
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Subcase a η Lim′, b = b′+̃1. a[[ξ]] � a[[ρ]], φ̂ab
′ η Cr(a[[ρ]]), therefore φ̂

a[[ξ]](φ̂ab
′) �

φ̂
a[[ρ]](φ̂ab

′).

Subcase a η Lim′, b η Cr(a): a[[ξ]]� a[[ρ]], φ̂
a[[ξ]]b� φ̂

a[[ρ]]b.

Case s = Dab.
Subcase a 6= I, b = 0: By lemma 9.30 (e) ρ0 = a− � φ̂a−0 = ρ1, and in the Step from n
to Sn follows from ρn � ρSn, for a− � ρn ≺ c � ρSn ≺ Da0 by lemma 9.19 (a) c 6η G′,
φ̂ρn0� φ̂ρSn

0.
Subcase a = I, b = 0: ∀c η T ′.c ≺ s→ c 6η F i′. ρ0 = 0� Ω̂0 = ρ1 by lemma 9.30 (a) and
in the induction step follows from ρn � ρSn ≺ s, since ∀c η T ′.0 ≺ c � DI0 → c 6η F i′,
ρSn = Ω̂ρn � Ω̂ρSn

= ρSSn.
Subcase a 6= I, b = b′+̃1: By lemma 9.19 (a) ∀c η T ′.ρ0 = Dab

′ ≺ c ≺ s → c 6η G′.
By lemma 9.30 (d) ρ0 � φ̂ρ00 = ρ1, and in the Step from n to Sn follows ρn � ρSn,

ρSn = φ̂ρn0� φ̂ρSn
0 = ρSSn.

Subcase a = I, b = b′+̃1: ∀c η T ′.ρ0 = DIb
′ ≺ c ≺ s→ c 6η F i′. ρ0 = DIb

′ � Ω̂DId′ = ρ1,
and in the induction step follows from ρn � ρSn ≺ s ρSn = Ω̂ρn � Ω̂ρSn

= ρSSn.
Subcase b η Lim′, τ(b) ≺ a: b[[ξ]]� b[[ρ]], therefore Dab[[ξ]]� Dab[[ρ]].
Subcase b η Lim′, a � τ(b) =: π: We show ζn � ζSn by induction on n : N . Then
b[[ζn]]� b[[ζSn]] by IH and Da(b[[ζn]])� Da(b[[ζSn]]).
Subsubcase π 6= I ∨a ≺ DIb∨a = I. By lemma 9.30 (h) ζ0 = π− � Dπ(b[[ζ0]]) and in the
induction step follows from ζn � ζSn b[[ζn]]� b[[ζSn]], ζSn = Dπb[[ζn]]� Dπb[[ζSn]] = ζSSn.
Subsubcase π = I, DIb � a ≺ I. Then by lemma 9.20 and since DIb � a ≺ I follows
Dicom(a) = DIc for some c and DIc � a ≺ DI(c+̃1), therefore (by an immediate
induction) DIc � ζn ≺ ζSn ≺ DI(c+̃1), ∀c η T ′.ζn ≺ c � ζSn → c 6η F i′. Thereforeζ0 =
Dicom(a)� Ω̂Dicom(a) = ζ1 and in the induction step follows from ζn � ζSn ζSn = Ω̂ζn �

Ω̂ζSn
= ζSSn.

Case s = Ω̂a ∨ s = I: If s[[z]] = z the assertion is trivial, and if s[[z]] = Ω̂
a[[z]] follows for

a∗ ≺ c � a c 6η F i′ since a 6η F i′ and, since a∗ � a[[ξ]]� a[[ρ]] ≺ a, follows by lemma 9.30
(h) Ω̂

a[[ξ]] � Ω̂
a[[ρ]].

Lemma 9.32 If s, t, ξ η T ′,ξ+̃1 ≺ τ(s), s[[ξ]] ≺ t � s[[ξ+̃1]], then s[[ξ]] � t[[τ(t)−]].

Proof:
s[[ξ]]� s[[ξ+̃1]], therefore exist s0, . . . , sSn such that s0 = s[[ξ]], sSn = s[[ξ+̃1]] and si = s∗Si.
Then si ≺ t � sSi for some i <N n, s[[ξ]] � si = s∗Si � t∗ � t[[τ(t)−]].

The most complicated task in this chapter is, to prove, that for a, z η OT , z η
τ(a) \ τ(a)− we have a[[z]] η OT , and that sup{a[[z]]!z η (τ(a) \ τ(a)−) ∩ OT} = a for
Limes ordinals. To prove the latter in the case of (Dab)[[1 · n]] = Da(b[[ζn]]), we will
argue, that by knowing Dab[[ζ0]] ≺ Daf ≺ Dab, and Daf η OT we know f ≺ Gaf , and
have therefore some information on the components of f , which we want to relate to the
components of b to have Daf ≺ Dab[[ζn]] for some n. The components of Dab[[ζn]] are
built by iterated applications of the collaps and building b[[z]]. Therefore we need some
relation, that interchanges in some way with the collapsing functions, allows to relate z
to a[[z]] and gives some informations on the Gπ sets. To prove a[[z]] η OT we need again
such a relation.
The relation that solves this problem is a< ξ b, which relates Gπa to the Gπc for a � c � b,
and allows to prove lemma 9.38, that relates a[[z]] to z. Lemma 9.36 allows to infer from
Dπb η OT to Dπa η OT in by < -controlled situations. The relation interchanges with
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some ordinal functions (see lemma 9.35). Theorem 9.39 and lemma 9.40 are the desired
lemmata we need.
Definition 9.33 Let s, t η T ′.
s < ξ t :⇔ s ≺ t ∧ ∀π, r η T ′.s � r � t→ Gπs � Gπr ∪G

0
πξ,

and this is equivalent to ∀πr η T ′.s ≺ r � t→ Gπs � Gπr ∪G
0
πξ.

Lemma 9.34 Let a, b, c η T ′, π η R′.

(a) ∀x η Gπb.Gπx ⊂ Gπb ∧ length(x) <N length(b).

(b) a ≺ Dπ0→ Gπa ∼= ∅.

(c) Gππ = 0

(d) (τ(b) = π η R′ ∧Gπc ≺ a ∧ c ≺ b)→ c ≺ b[[Dπa]].

(e) If a ≺ π, a η OT , then a ≺ Dπb↔ Gπa ≺ b.

(f) π � ρ 6= I ⇒ Gρa ⊂ Gπa.

(g) π ≺ DIa, Gπb ≺ a, b η OT ⇒ GIb ≺ a.

(h) If ρ η R′, Gπρ
− ∼= Gπρ.

Proof:
(a) Immediate by induction on length(a).
(b) Induction on length(a).
The cases a = b+̃c and a = φ̂bc follow by IH. If a = Dbc with (b 6= I ∨ b � π 6= I), follows
b ≺ π, Gπa ∼= ∅. If a = DIc, π ≺ I follows a ≺ π, Gπa ∼= ∅. If a = Dbc, b ≺ I = π follows
Gπa = ∅.
(d) Induction on length(b), Side induction on length(c):
Case b η R′: Then b[[Dπa]] = Dπa. If c = d+̃e, φ̂de follows the assertion by side IH for d,
e.
Subcase c = Dξe. Then ξ � π∨ξ = I. If π = ξ follows e η Gπc ≺ a, c ≺ Dπa, if ξ ≺ π 6= I
follows c ≺ Dπa, if ξ ≺ π = I follows ξ ≺ b, Gπξ ∼= Gπc ≺ a, therefore ξ ≺ Dπa, c ≺ Dπa,
and if π ≺ ξ = I follows Dξe ≺ π → Dξe ≺ Dπb.
Subcase c = Ω̂e: Then if π 6= I follows from c ≺ π, c ≺ Dπa, and if π = I follows by IH
e ≺ Dπa, c ≺ Dπa.
Subcase c = I, 0: trivial.
Case b = f +̃g: if c ≺ f the assertion is trivial, otherwise c = f +̂d with d ≺ g and by IH
follows the assertion.
Case b = φ̂fg, b[[z]] = φ̂f(g[[z]]). If c = d+̃e the assertion follows by IH for d. If c = φ̂de
follows if d ≺ f e ≺ b, by IH e ≺ b[[Dπa]], c ≺ b[[Dπa]], if f = d e ≺ g, by IH e ≺ g[[Dπa]]
and the assertion, if f ≺ d c � g, c 6= g since g 6η Cr(f), c ≺ g[[Dπa]] and the assertion.
If c η G′ follows c ≺ f or c ≺ g and therefore c ≺ g[[Dπa]], c ≺ b[[Dπa]].
Case b = φ̂fg, b[[z]] = φ̂

f[[z]]g
′, g′ = g = 0 or g′ = f η G′ and g = 0 or g′ = φ̂fg

′′ and

g = g′′+̃1 or g′ = g η Cr(f). If c = d+̃e follows the assertion by IH for d. If c = φ̂de
follows, if d ≺ f , d ≺ f [[Dπa]], further e ≺ b, e ≺ b[[Dπa]], therefore c ≺ b[[Dπa]], if d = f
follows e ≺ g, either e � g′′ ∧ g′′+̃1 = g therefore c ≺ g′, c ≺ φ̂

f[[Dπa]]g
′, or e ≺ g η Cr(f)

therefore c ≺ g′, c ≺ φ̂
f[[Dπa]]g

′, and if f ≺ d follows c � g � g′, c � b[[Dπa]]. If c η G′

follows by c ≺ b c � maxT {f, g}, g ≺ c = f is not possible, therefore c � g or c ≺ f , by
IH c � maxT {f [[Dπa]], g} c ≺ a[[Dπa]].
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Case b = Dρf , π = τ(f) ≺ ρ.

If c = d+̃e, φ̂de follows the assertion by side IH for d, e.
If c = Dξd with ξ ≺ ρ 6= I, the assertion is trivial.
If c = Dξd with ξ ≺ ρ = I follows ξ ≺ Dρf . If π � ξ or ξ ≺ π = I follows Gπξ ⊂ GπDξd ≺
a, if ξ ≺ π 6= I follows ξ � π−, Gπξ ∼= ∅ ≺ a, therefore by side IH ξ ≺ Dρf [[Dπa]], and
the assertion.
If c = DId, ρ ≺ I, follows c ≺ ρ, c ≺ Dρf [[Dπa]].
If c = Dξd with ξ = ρ follows Gπd ⊂ Gπc ≺ a, d ≺ f , d ≺ f [[Dπa]] by IH, c ≺ b[[Dπa]].
If c = Ω̂d follows, if ρ 6= I, c ≺ ρ, c ≺ Dρf [[Dπa]], and if ρ = I by IH d ≺ Dρf [[Dπa]],
c ≺ Dρf [[Dπa]].
If c = 0, I, the assertion is trivial.
Case b = Ω̂e, b 6η R

′.
If c = d+̃e, φ̂de follows the assertion by side IH.
If c = Dξd, ξ 6= I follows ξ � b, since b 6η R′, ξ ≺ b. If π � ξ or ξ ≺ π = I follows
Gπξ ⊂ Gπb ≺ a, and if ξ ≺ π 6= I follows Gπξ = ∅ ≺ a, by side IH ξ ≺ b[[Dπa]].
If c = DId follows c � e, c 6= e, therefore c ≺ e[[Dπb]].
If c = Ω̂d, d ≺ f follows Gπd ≺ a, by IH d ≺ f [[Dπa]], c ≺ b[[Dπa]].
If c = 0, I the assertion ist trivial.
(e) “←” follows by (d), with b := π. Proof of “→” by Induction on length(a).
If a = c+̃d, φ̂bc, Ω̂c, the assertion follows by IH, and if a = 0, I the assertion is trivial.
Case a = Dρc.
If ρ ≺ π 6= I follows Gπa ∼= ∅.
If ρ ≺ π = I follows ρ ≺ Dπb, Gπa ∼= Gπρ ≺ b by IH.
If π ≺ ρ = I follows a ≺ Dπ0, Gπa ∼= ∅.
If ρ = π follows c ≺ b, Gπa ∼= Gππ ∪Gπc ∪ {c} ≺ b, since Gπc ∼= Gρc ≺ c, Gππ ∼= ∅.
(f) Induction on length(a).
If a = b+̃c, φ̂bd, Ω̂b, the assertion follows by IH, and if a = 0, I, the assertion is trivial.
Case a = Dξb. If ρ � ξ 6= I follows Gρa ∼= {b} ∪Gρa ∪Gρξ ⊂ {b} ∪Gπa ∪Gπξ ∼= Gπa. If
ρ � DIb ∧ ξ = I follows Gρa ∼= {b} ∪ Gρa ∪ Gρξ ⊂ {b} ∪ Gπa ∪ Gπξ ∼= Gπa. Otherwise
follows Gρa ∼= ∅.
(g) Induction on length(b).
If b = c+̃d, φ̂cd, Ω̂c the assertion follows by IH, and if b = 0, I the assertion is trivial.
Case b = Dρc.
If ρ ≺ π follows b ≺ ρ � π ≺ DIa, GIb ≺ a.
If π � ρ ≺ I follows Gπρ ⊂ Gπb ≺ a, by IH GId ∼= GIρ ≺ c.
Subcase ρ = I: If b ≺ DIa follows c ≺ a and, if DIa ≺ b, by Gπb ∼= Gπc ∪GπI ∪ {c} ≺ a
again c ≺ a, therefore in both cases, since by b η OT , GIc ≺ c, GIb = GIc ∪GII ∪ {c} �
c ≺ a.
If I ≺ ρ follows GId ∼= ∅.
(h) If ρ = I this is trivial, if ρ = Ω̂c+̃1 follows Gπρ ∼= Gπ(c+̃1) ∼= Gπc ∼= Gπρ, and if

ρ = Ω̂c with ρ− = c follows Gπρ ∼= Gπc.

Lemma 9.35 Let a, b, c, ξ, ρ η T ′, b < ξ c.

(a) a η {0, 1, ω, Ω̂0, I}, a ≺ b→ a < 0 b.

(b) If a < ξ c, a � b ≺ d ≺ c, ∀π η R′.Gπb � Gπa ∪Gπξ
0, then b < ξ d.

(c) If a ≺ c, then a < a c.

(d) If a < ξ b, ∀π η R
′.Gπξ � Gπρ (e.g. ξ = 0), then a < ρ b.
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(e) If c 6= 0, then a < ξ a+̂c.

(f) NF+(a, c)→ a+̂b < ξ a+̂c.

(g) ∀d η T ′.b ≺ d � c→ d 6η Cr(a))→ φ̂ab < ξ φ̂ac.

(h) b η Cr(a) ∪ {0}, then b < 0 φ̂ab.

(i) If b = 0 ∨ b η Cr(a) and a′ < ξ a, then φ̂a′b < ξ φ̂ab.

(j) If a η G′, a < 0 φ̂a0.

(k) If a η G′, a′ < ξ a, then φ̂a′a < ξ φ̂a0.

(l) a′ < ξ a→ φ̂a′ φ̂ab < ξ φ̂a(b+̃1).

(m) φ̂01< 0 φ̂10.

(n) Dab < ξ Dac.

(o) Ω̂b < ξ Ω̂c.

(p) If s η R′, then s− < 0 s.

(q) a− < 0 Dab.

Proof:
(a) Trivial, since Gπa ∼= ∅.
(b) b � r � d, then Gπb � Gπa ∪G

0
πξ � Gπr ∪G

0
πξ.

(c), (d): trivial.
(e) If a � d � a+̂c follows d = a+̂e for some e and we have the assertion.
(f) a+̂b � d � a+̂c, then d = a+̂e with b � e � c, Gπb � Gπe ∪ G

0
πξ, Gπ(a+̂b) �

Gπa ∪Gπe ∪G
0
πξ
∼= Gπ(a+̂e) ∪G

0
πξ.

(g) s := φ̂ab � d � φ̂ac := t. Then d 6η Cr(a) since otherwise b ≺ d � c. We show
Gπs � Gπd ∪G

0
πξ by induction on length(d). If d = e+̃f follows s � maxT {e, f} � φ̂ac,

Gπs � GπmaxT {e, f} ∪ G
0
πξ. If d = φ̂ef with e ≺ a follows s � f � t and again the

assertion by IH. If d = φ̂af follows b � f � c and by b < ξ c the assertion. d η G′ is not

possible, otherwise a ≺ φ̂ab ≺ d, d η Cr(a).
(h) The case b = 0 is trivial. Let therefore b η Cr(a), b ≺ d � φ̂ab. Then d 6η Cr(a)
since otherwise b ≺ d � b. We show Gπb � G0

πd by induction on length(d). If d = e+̃f
follows b � e � φ̂ab, Gπb � G0

πe. If d = φ̂ef with e ≺ a follows b � f � φ̂ab and again the
assertion by IH. If d = φ̂af follows b � f � b, b = f and the assertion trivially. d η G′ is
not possible, otherwise a ≺ b ≺ d, d η Cr(a).
(i) Let φ̂a′b ≺ d � φ̂ab. Then d 6η Cr(a) since otherwise b ≺ d � b. We show Gπφ̂a′b �
Gπd ∪ G

0
πξ by induction on length(d). If d = e+̃f this follows by IH. Case d = φ̂ef .

If e ≺ a′ follows φ̂ab
′ � f � φ̂ab and by IH the assertion. If a′ � e � a follows

b ≺ φ̂a′b ≺ φ̂ef � φ̂ab and by(h) Gπb � Gπφ̂ef ∪G
0
πξ, and with a′< ξ a, Gπa

′ � G0
πe∪Gπξ,

therefore Gπφ̂a′b � Gπφ̂ef ∪G
0
πξ. d η G

′ ∪ {0} is not possible.
(j) Let a ≺ d � φ̂a0. Then d 6η Cr(a). We show Gπa � Gπd by induction on length(d).
If d = e+̃f this follows by IH. Case d = φ̂ef . If e ≺ a follows a � f � φ̂a0 and by IH the
assertion. If e = a follows Gπa � G0

πe. d η G
′ is not possible.

(k) Let s := φ̂a′a ≺ d � φ̂a0 =: t. Then d 6η Cr(a). We show Gπφ̂a′a � G0
πd by induction

on length(d). If d = e+̃f this follows by IH. Case d = φ̂ef . If e ≺ a′ follows s � f � t and
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by IH the assertion. If a′ � e � a follows a ≺ φ̂a′a ≺ φ̂ef � t and by (j) Gπa � G0
πφ̂ef ,

and with a′ < ξ a, Gπa
′ � Gπe ∪ G

0
πξ, therefore Gπφ̂a′b � Gπφ̂ef ∪ G

0
πξ. d η G

′ ∪ {0} is
not possible.
(l) Let s := φ̂a′ φ̂ab ≺ d � φ̂a(b+̃1) =: t. Then φ̂ab ≺ d � t, therefore d 6η Cr(a). We
show Gπs � Gπd ∪ G

0
πξ by induction on length(d). If d = e+̃f this follows by IH. Case

d = φ̂ef . If e ≺ a′ follows s � f � t and by IH the assertion. If a′ � e � a follows
φ̂ab ≺ φ̂a′ φ̂ab ≺ φ̂ef � t and by (g), since b < 0 b+̃1 Gπφ̂ab � G0

πφ̂ef , and with a′ < ξ a,

Gπa
′ � Gπe ∪G

0
πξ, therefore Gπφ̂a′ φ̂ab � Gπφ̂ef ∪G

0
πξ. d η G

′ ∪ {0} is not possible.
(n) Let s := Dab ≺ d � Dac =: t. We show Gπs � Gπd ∪G

0
πξ by induction on length(d).

If d = e+̃f or d = φ̂ef follows s � maxT {e, f} � t, Gπb � GπmaxT {e, f} ∪ G
0
πξ. Case

d = Def : If a 6= I ∨ e = I, follows e = a, b � f � c, and in all cases the assertion by
b < ξ c, b � f . If a = I ∧ e 6= I follows e ≺ I and s � e � t, Gπs = ∅ or π � DIb � e or
π = I and Gπs � Gπe ∪G

0
πξ ⊂ Gπ(Def) ∪G0

πξ.
Case d = Ω̂e. This is only possible, if a = I, s � e � t. Then by IH Gπs � Gπe ∪G

0
πξ
∼=

Gπd ∪G
0
πξ.

Cases d = 0, I: not possible.
(m) Gπφ̂01 ∼= ∅.
(o) Let s := Ω̂b ≺ d � Ω̂c =: t. We show Gπs � Gπd ∪G

0
πξ by induction on length(d). If

d = e+̃f , φ̂ef follows s � maxT {e, f} � t, Gπb � GπmaxT {e, f} ∪G
0
πξ by IH or trivially

(if s = maxT {e, f}).
Case d = Def : If e = I, follows b ≺ d � c, Gπs ∼= Gπb � Gπd∪G

0
πξ. Otherwise s ≺ e � t.

If in this case π � s ≺ e or e � π = I follows Gπs � Gπe ∪ G
0
πξ ⊂ GπDef ∪ G

0
πξ. If

s ≺ π 6= I follows Gπs ∼= ∅.
Case d = Ω̂e. Then the assertion follows immediately by b ≺ e � c and b < ξ c.
(p) If s = Ω̂a+̃1 this follows by a < 0 a+̃1, s− = Ω̂a and (o). If s η {Ω̂0, I, Ω̂I} follows
Gπ(s) ∼= ∅.
Case s = Ω̂DI b, let s′ := DIb ≺ d � Ω̂s′ . We show Gπs

′ � Gπd ∪ G
0
πξ by induction on

length(d). If d = e+̃f , φ̂ef follows s′ � maxT {e, f} � s, Gπs
′ � G0

πmaxT {e, f} by IH or
trivially (if s = maxT {e, f}).
Subcase d = Def : Then e 6= I, since otherwise DIb ≺ d � DIb. Therefore s′ ≺ e � s,
e = t. If now π � s = e or s ≺ π = I, follows Gπs � Gπe ∪ G

0
πξ ⊂ GπDef ∪ G

0
πξ. If

s ≺ π 6= I, follows s ≺ Dπ0, Gπs ∼= ∅.
Case d = Ω̂e. Then DIb � e � DIb.
(q) Follows by (p), (b).

Lemma 9.36 If b < z a, Gπa ≺ a, Gπz ≺ b, then Gπb ≺ b.

Proof:
Since Gπb is finite and ∀x, y η T ′.x ≺ y ∨x = y∨ y ≺ x, follows Gπb ≺ b∨∃c η Gπb.b � c.
Assume c η Gπb with minimal length(c) such that b � c. Since Gπc ⊂ Gπb and for all
d η Gπc, length(d) <N length(c) follows Gπc ≺ b. Further Gπb � Gπa∪G

0
πz ≺ a therefore

b � c ≺ a, by b < z a follows c η Gπb � Gπc ∪G
0
πz ≺ b, a contradiction.

Lemma 9.37 (a) If s 6= 0, then s∗ < 0 s.

(b) r � s⇒ r < 0 s.

Proof: (a) By Induction on length(s).
If s η R′ s− = s∗ < 0 s.
If s = a+̃b follows b∗< 0 b, therefore the assertion by lemma 9.35 (f). If s = φ̂ab follows the
assertion by IH, lemma 9.35 (g) and lemma 9.27 (a), or lemma 9.35 (h), or lemma 9.35
(j), or lemma 9.35 (i) and IH or lemma 9.35 (m). If s = Dab follows the assertion by 9.35
(n) or 9.35 (q) and 9.35 (a). If s = Ω̂a, s 6η R

′ follows by lemma 9.35 (o) the assertion.
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(b) By (a).

Lemma 9.38 Let a η T ′.

(a) If z η τ̂(a) ∩ T ′, then a[[z]] < z a.

(b) a 6= 0→ a[[τ(a)−]] < 0 a.

Proof of (a), (b) simultaneously by Induction on length(a). If τ(a) = ω we show (except
in some cases where the proof is trivial) by side induction on n : N a[[1 · n]]< 0 a, and (b)
follows by (a).
If a = 0 this is trivial.
If a η R′, follows (a) by 9.35 (c), further a[[τ(a)−]] = a− < 0 a by 9.35 (p).
Case a = b+̃c: by IH and 9.35 (f).
Case a = φ̂bc:
Subcase b = c = 0: trivial.
Subcase b = 0, c = c′+̃1: By lemma 9.35 (g) φ̂0c

′ < 0 φ̂0c, further Gπφ̂0c
′ · Sn = Gπφ̂0c

′,
by 9.35 (b) follows φ̂0c

′ · SSn < 0 φ̂0c.
Subcase c η Lim′, c 6η Cr(b). c[[z]] < z c, c[[τ(c)

−]] < 0 c by IH, c∗ � c[[τ(c)−]] � c[[z]] ≺ c,
therefore by lemma 9.27 (a) and 9.35 (g) the assertion.
Subcase b = 0, c η Cr(b): Lemma 9.35 (h) and (b).
Subcase b = b′+̃1, c = 0: By lemma 9.35 (i) ρ1 < 0 a, and Gπa[[1 · Sn]] ∼= Gπρ1, therefore
a[[1 · n]]< 0 a.
Subcase b = b′+̃1, c = c′+̃1: By lemma 9.35 (g) ρ0 < 0 a, and Gπa[[1 · Sn]] ∼= Gπρ0, since
Gπa ∼= Gπa

′ ∪Gπ0, therefore a[[1 · n]] < 0 a.
Subcase b = b′+̃1, c η Cr(b): By lemma 9.35 (i) ρ1 < 0 a, and Gπa[[1 · Sn]] ∼= Gπρ1,
therefore a[[1 · n]]< 0 a.
Subcase b η Lim′, c = 0, c′+̃1 ∨ c η Cr(b): b[[z]] < z b, b[[τ(b)

−]] < 0 b, lemma 9.35 (i), (k),
(l).
Case a = Dbc:
Subcase c = 0: By lemma 9.35 (q), (a) follows ρ0 < 0 a, and Gπa[[1 · n]] ∼= Gπρ0.
Subcase c = c′+̃1: By lemma 9.35 (n) follows a[[0]]< 0 a, and Gπa[[1 · n]] ∼= Gπa[[0]].
Subcase c η Lim′, τ(c) ≺ b: Lemma 9.35 (n) and IH.
Subcase c η Lim′, b � τ(c):
Then a[[1 · n]] = Db(c[[ζn]]). By IH we have c[[ζn]]< ζn c. Assume (Dbc)[[1 · n]] � d � Dbc,
π η R′. We show Gπ((Dbc)[[1 · n]]) � G0

πd by side induction on length(d).
If d = e+̃f follows Gπ((Dbc)[[1 · n]]) � G0

πe ⊂ G0
πd, if d = φ̂ef follows the assertion

similarly with e replaced by maxT {e, f}, and the case d = Ω̂e is only possible if b = I,
and the assertion follows by side IH for e.
Subsubcase d = Def , e 6= b: Then b = I, a[[1 · n]] ≺ e � a. If a[[1 · n]] ≺ π 6= I follows
Gπa[[1·n]] ∼= ∅, and if π � a[[1·n]]∨π = I follows by IHGπa[[1·n]] � Gπe∪G

0
πξ ⊂ Gπd∪G

0
πξ.

Subsubcase d = Dbf : If b ≺ π 6= I or Db(c[[ζn]]) ≺ π ≺ I ∧ b = I follows Gπa[[1 ·n]] ∼= ∅. If
b ≺ π = I follows Gπa[[1 · n]] ∼= Gπb ∼= Gπd. Therefore assume π � b 6= I ∨ (b = I ∧ (π �
DIc[ζn] ∨ π = I)). Then Gπa[[1 · n]] ∼= Gπb ∪ Gπc[[ζn]] ∪ {c[[ζn]]}, and, since c[[ζn]] � f ,
Gπd ∼= Gπb ∪Gπf ∪ {f}.
We show by side induction on m : N

∀m <N n.Gπc[[ζm]] � G0
πd.(+)

We have by main IH c[[ζm]] < ζm c ∧ c[[ζm]] � c[[ζn]] � f � c, therefore

Gπc[[ζm]] � Gπf ∪G
0
πζm ⊂ Gπd ∪G

0
πζm ⊂ Gπd ∪G

0
πζm(∗)
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Case m = 0: If τ(c) = I ∧ DIc � b ≺ I follows Gπζ0 = GπDicom(b) ⊂ Gπb ⊂ Gπd
by lemma 9.20 (b) and by (∗) follows the assertion, otherwise, we have ζ0 = τ(c)−,
c[[ζ0]]< 0 c ∧ c[[ζ0]] � f � c, therefore Gπc[[ζm]] � G0

πf ∪Gπb.
Case m = Sm′: If τ(c) 6= I or b ≺ DIc or b = I follows with t := τ(c):

Gπc[[ζm]] � Gπf ∪G
0
πζm

∼= Gπf ∪G
0
πDtc[[ζm′ ]]

� Gπf ∪G
0
πt ∪G

0
πc[[ζm′]] ∪ {c[[ζm′ ]]}

� Gπf ∪G
0
πd ∪G

0
πc[[ζm′ ]] ∪ {c[[ζm′]]}

� G0
πf ∪G

0
πd ∪ {f}

∼= G0
πd

since π � b � τ(c) and Gπt ∼= Gπζ0 � Gπ(c[[ζ0]]) � G0
πd by lemma 9.23 (b) or τ(c) = I

and Gπt ∼= ∅.
If DIc � b ≺ τ(c) = I follows G0

πζm
∼= G0

πζ0, Gπc[[ζm]] � Gπf ∪G
0
πζ0 � G0

πd.
Now we can conclude (+) Gπa[[1 ·n]] ∼= Gπb∪Gπc[[ζn]]∪{c[[ζn]]} � Gπb∪G

0
πd∪{f}

∼= G0
πd.

Case a = Ω̂b, a 6η R
′. Then by IH b[[z]]< z b, b[[τ(b)

−]]< 0 b and by lemma 9.35 (o) follows
the assertion.

Theorem 9.39 ∀s, t η OT .s[[τ(s)−]] � t ≺ s→ ∃ξ η OT ∩ τ̂(s).s[[ξ]] � t ≺ s[[ξ+̃1]].

Proof by Induction on length(s), side induction on length(t). If τ(s) = ω it is sufficient
to prove ∃n ∈ N.t ≺ s[[1 · n]], or (if s[[1 · n]] = ρSin to prove ∃n ∈ N.t ≺ ρn) and for the
minimal such n : N follows the assertion.
Case s = 0: trivial.
Case s η R′: Let ξ = t.
Case s = b+̃c. Then b+̂(c[[τ(c)−]]) � t ≺ b+̂c, t = b+̂d with c[[τ(c)−]] � d ≺ c, by IH

c[[ξ]] � d ≺ c[[ξ+̃1]] for some ξ η OT ∩ τ̂(c) and with this ξ we have the assertion.
Case s = φ̂bc: Then by lemma 9.27 (a) and (b) t 6η Cr(b) ∪G′

Subcase b = c = 0: Then t = 0, let ξ = 0.
Subcase b = 0, c = c′+̃1: Then φ̂0c

′ ≺ t ≺ φ̂0c. If t = φ̂de follows by t 6η Cr(0), d = 0,
c′ ≺ t ≺ c, which is not possible, therefore t = d+̃e. Then by IH or trivially we have
d ≺ s[[1 · n]] for some n : N , e � t ≺ φ̂0c, e � φ̂0c

′, t ≺ s[[1 · Sn]].
Subcase b = 0, c η Cr(b): Similar to the case c = c′+̃1.
Subcase c η Lim′ \Cr(b): If t = d+̃e follows the assertion by side IH for d. If t = φ̂de and
d ≺ b follows the assertion by side IH for e, and if d = b follows by main-IH d[[ξ]] � e ≺
d[[ξ+̃1]] and the assertion.
Subcase b = b′+̃1, c = 0: If t = d+̃e follows the assertion by side IH for d. Subsubcase
t = φ̂de: If d ≺ b′ follows the assertion by side IH for e. If d = b′ follows by side IH (or
trivially if e ≺ ρ0) e ≺ ρn, φ̂de ≺ φ̂b′ρn = ρSn. If d = b follows e ≺ 0, a contradiction.
Subcase b = b′+̃1, c = c′+̃1: If t = d+̃e follows the assertion by side IH for e. Subsubcase
t = φ̂de: If d ≺ b′ follows the assertion by side IH for e. If d = b′ follows by side IH (or
trivially if e ≺ ρ0) e ≺ ρn, φ̂de ≺ φ̂b′ρn = ρSn. If d = b follows e = c′, let ξ = 0.
Subcase b = b′+̃1, c η Cr(b): As the last subcase.
Subcase b η Lim′ \ G′, c = 0: The assertion follows by IH if t = d+̃e or t = φ̂de with
d ≺ b[[τ(b)−]]. Otherwise follows t = φ̂de with b[[τ(b)−]] � d ≺ b, b[[ξ]] � d ≺ b[[ξ+̃1]] for
some ξ η OT ∩ τ(b). By t ≺ b follows e ≺ φ̂b0. If e ≺ φ̂

b[[ξ+̃1]]0 follows s[[ξ]] � t ≺ s[[ξ+̃1]].

Otherwise, s[[τ(s)−]] � s[[ξ+̃1]] � e ≺ s, by side IH s[[ρ]] � e ≺ s[[ρ+̃1]] for some
ξ ≺ ρ ≺ τ(s)−. Since d ≺ b[[ρ+̃1]] follows s[[ρ]] � t ≺ s[[ρ+̃1]].
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Subcase b η G′, c = 0: The assertion follows by IH if t = d+̃e or t = φ̂de with d ≺
b[[τ(b)−]]. Otherwise follows t = φ̂de with b[[τ(b)−]] � d ≺ b, b[[ξ]] � d ≺ b[[ξ+̃1]] for
some ξ η OT ∩ τ(b). b � s[[τ(s)−]] � φ̂de ≺ φ̂b0, d ≺ b η G′, therefore b � e � φ̂b0. If
e ≺ φ̂

b[[ξ+̃1]]b follows s[[ξ]] � t ≺ s[[ξ+̃1]]. Otherwise, s[[τ(s)−]] � s[[ξ+̃1]] � e ≺ s, by side

IH s[[ρ]] � e ≺ s[[ρ+̃1]] for some ξ ≺ ρ. Since d ≺ b[[ρ+̃1]] follows s[[ρ]] � t ≺ s[[ρ+̃1]].
Subcase b η Lim′, c = c′+̃1: Again the only interesting case is t = φ̂de, b[[τ(b)

−]] � d ≺ b,
b[[ξ]] � d ≺ b[[ξ+̃1]] by IH. φ̂

b[[τ(b)−]]φ̂bc
′ � φ̂de ≺ φ̂bc, if b[[τ(b)−]] = d, φ̂bc

′ � e ≺ c � φ̂bc,

and if b[[τ(b)−]] ≺ d, φ̂bc
′ � φ̂de ≺ φ̂bc and, because d ≺ b, φ̂bc

′ � e ≺ φ̂bc, in any
case therefore φ̂bc

′ � e ≺ φ̂bc. If e ≺ s[[ξ+̃1]] follows s[[ξ]] � t ≺ s[[ξ+̃1]]. Otherwise,
s[[τ(s)−]] � s[[ξ+̃1]] � e ≺ s, by side IH s[[ρ]] � e ≺ s[[ρ+̃1]] for some ξ ≺ ρ. Since
d ≺ b[[ρ]] follows s[[ρ]] � t ≺ s[[ρ+̃1]].
Subcase b η Lim′, c η Cr(b): Again the only interesting case is t = φ̂de, b[[τ(b)

−]] � d ≺ b,
b[[ξ]] � d ≺ b[[ξ+̃1]] by IH. φ̂

b[[τ(b)−]]c � φ̂de ≺ φ̂bc, therefore c � e ≺ φ̂bc. If e ≺ s[[ξ+̃1]]

follows s[[ξ]] � t ≺ s[[ξ+̃1]]. Otherwise, s[[τ(s)−]] � s[[ξ+̃1]] � e ≺ s, by side IH s[[ρ]] �
e ≺ s[[ρ+̃1]] for some ξ ≺ ρ. Since d ≺ b[[ρ]] follows s[[ρ]] � t ≺ s[[ρ+̃1]].
Case s = Dbc: Then t η R′ only possible if b = I.
Subcase c = 0, b 6= I. If t = d+̃e follows from the side IH for d or trivially d ≺ ρn for some
n, t ≺ ρmaxT {n,1}. If t = φ̂cd follows c, d ≺ s, ∃n ∈ N.c, d ≺ ρn, φ̂cd ≺ φ̂ρn0. t = Dde, Ω̂e, I
is not possible.
Subcase c = 0, b = I: If t = d+̃e, φ̂de follows by side IH or trivially d, e ≺ ρn for some
n : N , t ≺ ρn. If t = Dde follows a 6= I, d ≺ ρn for some n, t ≺ ρn. If t = Ω̂e follows
e ≺ s, e ≺ ρn for some n : N , t ≺ ρSn.
Subcase c = c′+̃1, b 6= I: If t = d+̃e follows d ≺ ρn for some n, t ≺ ρn. If t = φ̂cd follows
c, d ≺ s, c, d ≺ ρn for some n : N , φ̂cd ≺ φ̂ρn0. If t = Dde follows t = ρ0, and t = Ω̂e, I is
not possible.
Subcase c = c′+̃1, b = I: If t = d+̃e, φ̂de follows by side IH or trivially d, e ≺ ρn for some
n : N , t ≺ s[[1 · n]]. If t = Dde follows d = I and t = ρ0 or d ≺ I, d ≺ ρn, d ≺ ρn for some
n, t ≺ ρn. If t = Ω̂e follows e ≺ s, e ≺ ρn for some n : N , t ≺ ρSn.
Subcase c η Lim′, τ(c) ≺ b: If t = d+̃e follows by side IH s[[ξ]] � d ≺ s[[ξ+̃1]], s[[ξ]] �
t ≺ s[[ξ+̃1]], and if t = φ̂de follows similarly the assertion by side IH for maxT {d, e}. If
t = Dde follows, if b 6= I∨d = b, first d = b, by IH c[[ξ]] � e ≺ c[[ξ+̃1]], s[[ξ]] � t ≺ s[[ξ+̃1]],
and if b = I, d 6= I, s[[ξ]] � d ≺ s[[ξ+̃1]], s[[ξ]] � t ≺ s[[ξ+̃1]]. If t = Ω̂d follows b = I,
s[[ξ]] � d ≺ s[[ξ+̃1]], and further s[[ξ]] � t ≺ s[[ξ+̃1]].
Subcase c η Lim′, b � τ(c) =: π. If t = 0, I the assertion follows in all cases trivially, if
t = d+̃e ∨ t = φ̂de ∨ (t = Dde ∧ d 6= b) ∨ (t = Ω̂d ∧ b = I) by side IH. Let t = Dbe.
Subsubcase π 6= I ∨ b ≺ DIc ∨ b = I:
We show by induction on length(f):

Gπf ≺ c→ ∃n ∈ N.Gπf ≺ c[[ζn]](∗)

If f = g+̃h, φ̂gh, Ω̂g follows (∗) by IH. Let f = Dξh.
If π � ξ 6= I ∨ (ξ = I ∧ (π = I ∨ π � DIb) follows Gπξ ∪ Gπh ∪ {h} ≺ c, by IH
Gπξ ∪Gπh ≺ c[[ζn]] for some n : N . Further Gπh ≺ c[[ζn]]∧ τ(c) = π ∧ h ≺ c, therefore by
lemma 9.34 (d) h ≺ c[[Dπc[[ζn]]]] = c[[ζSn]]. Otherwise Gπf = ∅, or Gπf = Gπξ ≺ c[[ζn]]
for some n.
Now by t η OT follows Gbe ≺ e ≺ c and since b � π 6= I ∨ π = b ∨ (π = I ∧ b ≺ DIc)
follows by lemma 9.34 (f) and (g) Gπd ≺ c, by (∗) ∃n ∈ N.Gπd ≺ c[[ζn]]. τ(c) = π∧d ≺ c,
therefore by lemma 9.34 (d) d ≺ c[[Dπc[[ζn]]]] = c[[ζSn]], t ≺ Dbc[[ζSn]] = a[[1 · Sn]].



CHAPTER 9. ORDINALS 117

Subsubcase π = I ∧ (DIc � b ≺ I): We show by Induction on length(f)

Gbf ≺ c ∧ f ≺ I → ∃n ∈ N.f ≺ ζn(∗)

If f = g+̃h, φ̂gh, Ω̂g the assertion follows by IH, if f = 0, I trivially.
Case f = Dρg, ρ 6= I: If ρ � b follows, since by lemma 9.20 (a) b ≺ ζn for some n, ρ ≺ ζn.
If b ≺ ρ ≺ I follows Gbρ ⊂ Gbf ≺ c ∧ ρ ≺ I, therefore f ≺ ρ ≺ ζn for some n.
Case f = DIg. If b � f , follows Gbf ∼= GbI ∪Gbg∪{g} ≺ c, f ≺ DIc � b a contradiction.
Therefore f ≺ b ≺ ζn for some n by lemma 9.20 (a).

Now we have c[[0]] = c[[Ω̂0]] � c[[ζ0]] � e ≺ c, by IH we have c[[ξ]] � e ≺ c[[ξ+̃1]]. By
lemma 9.31 and 9.37 (b) follows c[[ξ]] < 0 c[[ξ+̃1]], therefore by lemma 9.23 (b) Gbξ �
Gbc[[ξ]] � G0

be � e ≺ c, ξ ≺ I, therefore by (∗) ξ ≺ ζn for some n, t = DId ≺ DId[[ξ+̃1]] ≺
DId[[ζSn]] = s[[1 · Sn]].

Lemma 9.40 If a η OT , z η OT ∩ τ̂(a), then a[[z]] η OT .

Proof: Induction on length(a).
Case a = 0: Obvious.
Case a = b+̃c. By IH c[[z]] η OT , c[[z]] ≺ c, b+̂c η OT , therefore by lemma 9.13 (h)
b+̂c[[z]] η OT .
Case a = φ̂bc: The assertion follows in all cases by IH, in some cases by induction on
length(z) (if τ(a) = ω).
Case a = Dπc:
Subcase c = 0: Obvious, since π− η OT .
Subcase c = c′+̃1: Since Dπ(c

′+̃1) η T ′ follows Gπ(c
′+̃1) ≺ (c′+̃1), c′ < 0 c

′+̃1, by lemma
9.36 thereforeGπc

′ ≺ c′, therefore a[[0]] η OT (since c′, π η OT ). We conclude a[[1·n]] η OT
by induction on n : N .
Subcase ω � τ(c) ≺ π: c[[z]] η OT , c[[z]] < z c, Gπc ≺ c. z ≺ τ(c) ≺ π, by lemma 9.15 (h)
z ≺ Dπz � Dπc[[z]], by lemma 9.34 (e), since z η OT Gπz ≺ c[[z]], therefore by lemma
9.36 Gπc[[z]] ≺ c[[z]], a[[z]] η OT .
Subcase π � τ(c) =: t, t 6= I ∨ π ≺ DIc ∨ π = I: We show by induction on m

∀m ≤N n.Gπc[[ζm]] ≺ c[[ζm]] ∧Gtc[[ζm]] ≺ c[[ζm]] ∧ c[[ζm]] η OT(∗)

If m = 0 follows c[[ζ0]] = c[[τ(c)−]]< 0 c, Gπc ≺ c, by lemma 9.34 (f) and (g) Gtc ≺ c and
therefore therefore by lemma 9.36 Gπc[[ζ0]] ≺ c[[ζ0]] and Gtc[[ζ0]] ≺ c[[ζ0]].
If m = Sm′, follows by IH c[[ζ ′m]] η OT , Gπc[[ζm′]] ≺ c[[ζm′ ]] and Gtc[[ζm′]] ≺ c[[ζm′]] and
therefore ζSm′ η OT , c[[ζm]] η OT . Further c[[ζSm′]] < ζSm′

c, GπζSm′ ∼= GπDtc[[ζm′ ]] ⊂
Gπt∪Gπc[[ζm′]]∪{c[[ζm′]]}. Gπt ∼= Gπτ(c) ∼= Gπτ(c)

− � Gπc[[τ(c)
−]] ∼= Gπc[[ζ0]] ≺ c[[ζ0]] �

c[[ζm′]], therefore GπζSm′ � c[[ζm′ ]] ≺ c[[ζSm′]], Gπc ≺ c, therefore Gπc[[ζSm′]] ≺ c[[ζSm′ ]].
GtζSm′ ∼= GtDtc[[ζm′ ]] ⊂ Gtt ∪Gtc[[ζm′ ]] ∪ {c[[ζm′]]} � c[[ζm′ ]] ≺ c[[ζm]], and we have (∗).
From (∗) follows Dπc[[ζn]] η OT .
Subcase DIc � π ≺ I = τ(c): Gπζn ∼= Gπζ0 ∼= GπDicom(c), Dicom(c) = Dcd for some d,
DId � c ≺ DI(d+̃1), DId < 0 DI(d+̃1), therefore Dicom(c) < 0 c, by Gπc ≺ c and lemma
9.36, GπDicom(c) ≺ Dicom(c). Since c[[ζn]] < ζn c, Gπc ≺ c, Gπζn = Gπζ0 ≺ ζ0 � c[[ζn]],
follows Gπc[[ζn]] � c[[ζn]] by lemma 9.36. From c η OT follows Dicom(c) η OT , therefore
ζn η OT and it follows Dπc[[ζn]] η OT .

Now we prove the property (F5), first the corresponding property for ·[[·]]:

Lemma 9.41 If a, b η Lim, b η τ̂(a) follows

τ(a[[b]]) = τ(b) ∧ ∀ξ η τ̂(b).a[[b]][[ξ]] = a[[b[[ξ]]]]

(Note that Lim ∼= Lim′ ∩ OT .



CHAPTER 9. ORDINALS 118

Proof:
Induction on length(a). Since b η Lim, ω ≺ τ(a). Note that, if a η Lim ↔ τ(a) η Lim,
therefore in the situation of this lemma follows, if τ(z[[b]]) = τ(b), z[[b]] η Lim.
If a η R′ the assertion is trivial.
If a = c+̃d follows by IH

∀ξ η τ̂(b).a[[b[[ξ]]]] = c+̂(d[[b[[ξ]]]]) = c+̂(d[[b]][[ξ]]) = (c+̂d[[b]])[[ξ]] = a[[b]][[ξ]].
If a = φ̂cd, d η Lim \ Cr(c) follows, since d∗ � d[[τ(d)−]] ≺ d[[b]] ≺ d by lemma 9.27 (a)
d[[b]] 6η Cr(c), by IH d[[b]] η Lim, therefore by IH τ(a[[b]]) = τ(φ̂c(d[[b]])) = τ(d[[b]]) = τ(b),

and ∀ξ η τ̂(b).a[[b[[ξ]]]] = φ̂c(d[[b[[y]]]]) = φ̂c(d[[b]][[ξ]]) = (φ̂cd[[b]])[[ξ]] = a[[b]][[ξ]].
If a = φ̂c0, c η Lim \ G′ follows, since c∗ � c[[τ(c)−]] ≺ c[[b]] ≺ c by lemma 9.27 (b)
c[[b]] 6η G′, by IH c[[b]] η Lim, therefore by IH τ(a[[b]]) = τ(φ̂

c[[b]]0) = τ(c[[b]]) = τ(b), and

∀ξ η τ̂(b).a[[b[[ξ]]]] = φ̂
c[[b[[y]]]]0 = φ̂

c[[b]][[ξ]]0 = (φ̂
c[[b]]0)[[ξ]] = a[[b]][[ξ]].

If a = φ̂c0, c η G′ follows c η Cr(c[[b]]), by IH c[[b]] η Lim, therefore by IH τ(a[[b]]) =

τ(φ̂
c[[b]]c) = τ(c[[b]]) = τ(b), and ∀ξ η τ̂(b).a[[b[[ξ]]]] = φ̂

c[[b[[y]]]]c = φ̂
c[[b]][[ξ]]c =

φ̂
c[[b]]c)[[ξ]] = a[[b]][[ξ]].

If a = φ̂c(d
′+̃1), c η Lim follows φ̂cd

′ η Cr(c[[b]]), by IH c[[b]] η Lim, therefore by

IH τ(a[[b]]) = τ(φ̂
c[[b]]φ̂cd

′) = τ(c[[b]]) = τ(b), and ∀ξ η τ̂(b).a[[b[[ξ]]]] = φ̂
c[[b[[y]]]]φ̂cd

′ =

φ̂
c[[b]][[ξ]]φ̂cd

′ = (φ̂
c[[b]]φ̂cd

′)[[ξ]] = a[[b]][[ξ]].

If a = φ̂cd, c η Lim, d η Cr(c) follows d η Cr(c[[b]]), by IH c[[b]] η Lim, therefore by IH

τ(a[[b]]) = τ(φ̂
c[[b]]d) = τ(c[[b]]) = τ(b), and ∀ξ η τ̂(b).a[[b[[ξ]]]] = φ̂

c[[b[[y]]]]d = φ̂
c[[b]][[ξ]]d =

(φ̂
c[[b]]d)[[ξ]] = a[[b]][[ξ]].

If a = Dπc, τ(c) ≺ π, follows by IH τ(c[[b]]) = τ(b) � b ≺ τ(c) ≺ π, τ(a[[b]]) =

τ(Dπ(c[[b]])) = τ(c[[b]]) = τ(b), and ∀ξ η τ̂(b).a[[b[[ξ]]]] = Dπ(c[[b[[y]]]]) = Dπ(c[[b]][[ξ]]) =
(Dπ(c[[b]]))[[ξ]] = a[[b]][[ξ]].
If a = Ω̂c, a 6η R

′, follows by IH c[[b]] η Lim, since c∗ � c[[τ(c)−]] ≺ c[[b]] ≺ c by 9.27 (d)

c[[b]] 6η F i′, therefore by IH τ(a[[b]]) = τ(Ω̂
c[[b]]) = τ(c[[b]]) = τ(b) and ∀ξ η τ̂(b).a[[b[[ξ]]]] =

Ω̂
c[[b[[y]]]] = Ω̂

c[[b]][[ξ]] = Ω̂
c[[b]][[ξ]] = a[[b]][[ξ]].

No we change from ·[[·]] to ·[·]. For the last property, we need to know something about
(π + a)[[ξ]]:

Lemma 9.42 If z η Lim′ ∩ T ′, z ≺ π η R′ ∪ {ω, 1} follows

τ(π− + z) = τ(z)

∧( ( ∀ξ η τ̂(z).(π− + z)[[ξ]] = π− + (z[[ξ]])) ∨

( τ(z) = ω ∧ ∀ξ ≺ τ(z).(π− + z)[[ξ+̃1]] = π− + (z[[ξ]])).

Proof:
Induction on length(z).
If z = a+̃b follows π− + z = (π− + a)+̃b, τ(π− + z) = τ(b) = τ(z), (π− + z)[[ξ]] =
(π− + a)+̂b[[ξ]] = π− + (a+̂b[[ξ]]) = π− + z[[ξ]].
If z η A, z � π− follows (π− + z)[[ξ]] = (π−+̂z)[[ξ]] = π−+̂(z[[ξ]]) = π− + (z[[ξ]]) by lemma
9.22 (c) and 9.13 (h).
If π− = 0, the assertion is trivial, let therefore π− 6= 0.
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Case π− ≺ z η A: Then π− + z = z. If in this case z[[ξ]] η A and π− ≺ z[[τ(c)−]] follows
(π− + z)[[ξ]] = z[[ξ]] = π− + (z[[ξ]]) and we have the assertion.
Subcase z = φ̂ab: If π 6= Ω̂0 follows π− η G′, π− � maxT {a, b}, and if π = Ω̂0 follows
a = 0→ 1 ≺ b.
a = b = 0 is not possible.
Subsubcase a = 0, b = b′+̃1: If π 6= Ω̂0 follows π− � b, π− � b′, (π− + z)[[1 · n]] =
φ̂0b

′ ·SSn = π−+(φ̂0b
′ ·SSn) = π−+(z[[1 ·n]]). If π = Ω̂0 follows, if 1 ≺ b′ π− ≺ φ̂0b

′ and
the assertion as before, and if b′ = 1, (π− + z)[[n+̂1]] = φ̂0b

′ ·SSSn = π− + (φ̂0b
′ · SSn) =

π− + (z[[1 · n]]).
Subsubcase a = 0, b η Cr(a): If π 6= Ω̂0 follows π− � b, and if π = Ω̂0, we get π− � b
directly. If now π− = b follows (π−+z)[[1 ·n+̂1]] = b ·SSn = π−+(b ·Sn) = π−+(z[[1 ·n]]),
and if π− ≺ b follows (π− + z)[[1 · n]] = b · Sn = π− + (b · Sn) = π− + (z[[1 · n]]).
In the cases a 6= 0 ∨ b η (Lim \ Cr(a)) we have z[[ξ]] η A and we show π− ≺ z[[τ(z)−]].
Subsubcase b η Lim \ Cr(a): If π 6= Ω̂0 follows, if π− � a, π− ≺ φ̂a(b[[τ(b)

−]]), and if
a ≺ π−, π− � b, since b 6η Cr(a) π− ≺ b, therefore by lemma 9.27 (a), since π− η Cr(a),
π− � b∗ � b[[τ(b)−]] ≺ z[[τ(z)−]]. If π = Ω̂0 follows if 0 ≺ a, π− ≺ z[[τ(z)−]], and if a = 0,
b η Lim, therefore by lemma 9.23 (e) 1 ≺ b[[τ(b)−]], π− ≺ z[[τ(z)−]].
Subsubcase a = a′+̃1, b = 0: If π 6= Ω̂0 follows π− � maxT {a, b} = a, π− � a′ ≺ z[[0]]. If
π = Ω̂0 follows π− = ω ≺ z[[0]].
Subsubcase a = a′+̃1, b = b′+̃1: If π 6= Ω̂0 follows π− � maxT {a, b}, π

− � maxT {a, b
′},

π− ≺ z[[0]]. If π = Ω̂0 follows π− = ω ≺ z[[0]].
Subsubcase a = a′+̃1, b η Cr(a): If π 6= Ω̂0 follows π− � maxT {a, b}, π

− � maxT {a
′, b},

π− ≺ z[[0]]. If π = Ω̂0 follows, since 1 ≺ b, π− = ω ≺ z[[0]].
Subsubcase a η Lim \ G′, b = 0: If π 6= Ω̂0 follows π− � maxT {a, b} = a, π− 6= a,
since a 6η G′, π− ≺ a, π− � a[[τ(a)−]] ≺ z[[τ(z)−]]. If π = Ω̂0 follows, by lemma 9.23 (e)
1 ≺ a[[τ(a)−]], π− = ω ≺ z[[τ(z)−]].
Subsubcase a η G′, b = 0: If π = Ω̂0 follows π− � maxT {a, b} = a ≺ z[[τ(z)−]]. If π = Ω̂0

follows, by lemma 9.23 (e) 1 ≺ a[[τ(z)−]], π− = ω ≺ z[[τ(z)−]].
Subsubcase a η Lim, b = b′+̃1: If π 6= Ω̂0 follows π− � maxT {a, b}, π

− � maxT {a, b
′},

π− ≺ φ̂ab
′ ≺ z[[τ(z)−]]. If π = Ω̂0 follows the assertion immediately.

Subsubcase a =η Lim, b η Cr(a): If π 6= Ω̂0 follows π− � maxT {a, b} = b ≺ z[[τ(z)−]],
and if π = Ω̂0 follows the assertion by 1 ≺ b.
Subcase z = Dρb. Then, since I− = 0, ρ = π 6= I, π− ≺ z[[τ(z)−]] and z[[ξ]] η A.
Subcase z = Ω̂a: Since π− ≺ z ≺ π follows π = I, π− = 0, (π− + z)[[ξ]] = π− + (z[[ξ]])
Subcases z = 0, I: not possible.

Definition 9.43 Now we define the fundamental sequences, as we needed them in chapter
8:
·[·] := λx, y.x[[τ(x)− + y]].
We write r[s] for (·[·])rs.

Lemma 9.44 ∀x, y η Lim.y ≺ τ(x)→ τ(x[y]) = τ(y)∧
(∀ξ ≺ τ(y).x[y][ξ] = x[y[ξ]])∨
τ(x) = ω ∧ ∀n η ω.x[y][n+̃1] = x[y[n]].

Proof:
τ(x[y]) = τ(x[[τ(x)−+y]]) = τ(τ(x)−+y) = τ(y) and for all z ≺ τ(y) x[y][z] = x[[τ(x)−+
y]][[τ(y)− + z]] = x[[(τ(x)− + y)[[τ(y)− + z]]]] = x[[τ(x)− + (y[[τ(y)− + z]])]] = x[y[z]], or
τ(y) = ω and x[y][z+̃1] = x[[(τ(x)− + y)[[τ(y)− + z+̃1]]]] = x[[τ(x)− + (y[[τ(y)− + z]])]] =
x[y[z]].
Lemma 9.45 OT fulfills all the properties of General Assumption 8.10 and 8.28
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Proof: This is all proven in this chapter or easy, only most properties of ·[·] are not
immediately proven, but similar results are proven for ·[[·]] and can be easily transferred
by using

∀x, z, z′ η OT .τ(x)− η OT ∧ τ(x)− + z η OT ∧ (z ≺ z′ → τ(a)− + z ≺ τ(a)− + z′)



Chapter 10

Comparison of OT with the ordinals
in [Buc92b]

In this chapter we prove that the ordinal denotation system OT is in accordance with
the functions we used in 7.8, which correspond to the system of [Buc92b]. We follow the
lines of [Buc86]and [BS88]. In this chapter we will use T , OT ≺ etc. for the sets, functions
and relations, which are defined in HA and correspond to the definitions used in chapter
9.
We introduce the ordinal functions as used in [Buc92b](definition 10.1, 10.2), and cite some
lemmata (10.3, 10.4). Next we introduce φ̂ and Ω̂ as ordinal functions (definition 10.5),
the interpretation of the ordinal denotations (definition 10.6). To prove the equivalence,
we show that C(α, β) can be defined in a more restricted way (definition 10.8 and lemma
10.9), that we can invert functions like + and Ω· (lemma 10.10), and that the ordinals
are ordered as the denotations (lemma 10.12). Now we prove, that we can define C(α, β)
in a way such that we allow ψπα only for α ∈ Cπ(α). Now we can define Gπ on ordinals
(definition 10.19), and conclude, that the interpretation of ordinal denotation is correct
(lemmata10.21, 10.22 and 10.7).

We first repeat the definitions of [Buc92b]:
Definition 10.1 (variant of definition 4.1 of [Buc92b]) Let # be the direct sum on ordi-
nals. Ω0 := 0, Ωσ := ℵσ for σ > 0.
We assume the existence of a weakly inaccessible cardinal, e. g. a regular fixed point of
σ 7→ Ωσ and define

I := min{σ|σregular Cardinal ∧ Ωσ = σ}

I+ := sup{ζn|n < Ω}, where ζ0 := ΩI+1, ζn+1 := Ωζn ,

On := {α|α ordinal , α < I+}

R := {σ ∈ On|ω < σ ∧ σregular} = {I} ∪ {Ωσ+1|σ < I+}

Let κ, π, τ denote elements of R, α, β, γ, δ elements of On.
Let φ be the usual Veblen-function.

Definition 10.2 (variant on definition 4.1 of [Buc92b]) By transfinite recursion on α,
we define ordinals ψκα and sets C(α, β) ⊂ On (κ ∈ R) as follows:

ψκα := min{β|κ ∈ C(α, β) ∧ C(α, β) ∩ κ ⊂ β}

121
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C(α, β) :=
{

the closure of β ∪ {0, I} under the functions
+, φ, σ 7→ Ωσ, (ξ, π) 7→ ψπξ (ξ < σ, π ∈ R)

(Note that by I.H. ψπξ is already defined for all ξ < α, π ∈ R.)
We define ψκ : On→ On, ψκ(α) := ψκα, Cκ(α) := C(α, ψκα).

Lemma 10.3 (Lemma 4.4 of [Buc92b])

(a) β < π ⇒ cardinality(C(α, β)) < π

(b) C(α, β) =
⋃
η<β C(α, η), for each limit ordinal β.

(c) κ ∈ C(α, κ).

(d) Cκ(α) ∩ κ = ψκα.

Proof:
All statements are immediate consequences of definition 10.2.

Lemma 10.4 (Lemma 4.5 of [Buc92b])

(a) ψκα < κ ∧ ψκα 6∈ Cκ(α)

(b) (α0 < α ∧ α0 ∈ Cκ(α))→ ψκα0 < ψκα

(c) (α0 < α ∧ α0 ∈ Cκ(α)⇒ ψκα0 < ψκα

(d) Ωσ ∈ C(α, β)⇒ σ ∈ C(α, β)

(e) Ωξ0# · · ·#Ωξn ∈ C(α, β)⇒ {ξ0, . . . , ξn} ⊂ C(α, β)

(f) κ = Ωσ+1 ⇒ Ωσ < ψκα < Ωσ+1

(g) ΩψIα = ψIα

(h) (Ωσ ≤ γ ≤ Ωσ+1 ∧ γ ∈ C(α, β))⇒ σ ∈ C(α, β).

(i) α0 ≤ α⇒ (ψκα0 ≤ ψκα ∧ Cκ(α0) ⊂ Cκ(α))

Proof: See [Buc92b]

Definition 10.5 A := {α ∈ On|α principal additive number} =
{α ∈ On|∀β, γ < α.β + γ < α},
Lim := {α ∈ On|αLimes ordinal},
Suc := {α + 1|α ∈ On},
G := {α ∈ On|αGamma ordinal} = {α ∈ On|α = φα0},
Fi := {α ∈ On|αfixed point of σ 7→ Ωσ} = {α ∈ On|α = Ωα}.
Cr(α) := {γ ∈ On|γ = φαγ} For α = ωα1+, . . . ,+ωαn, α1 ≥ · · ·αn, we define:

last(α) := ωαn, first(α) := ωα1 , length(α) := n.
last(0) := first(0) := 0, length(0) := 0.

φ̂αβ :=





φα(β + 1) if ∃n < ω, γ.β = γ + n∧
(γ = 0 ∧ α ∈ G) ∨ γ ∈ Cr(α)

φαβ otherwise
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Ω̂α :=
{

Ωα+1 if ∃n < ω, β.α = β + n ∧ β ∈ Fi ∪ {0},
Ωα otherwise.

Ω−
σ+1 := Ωσ, I

− := 0.

NF+(α, β) :⇔ α 6= 0 ∧ β ∈ A ∧ β ≤ last(α).
(Note, that this definition differs from definition 9.11 (i).

Definition 10.6 For a ∈ OT we define an ordinal o(a) ∈ On:
o(0) := 0,
o(I) := I,
o(a+̃b) := o(a) + o(b),
o(φ̂ab) := φ̂o(a)o(b),

o(Ω̂a) := Ωo(a),
o(Dab) := ψo(a)o(b).

We will prove the following lemma:

Lemma 10.7 (a) CΩ1(I
+) = {o(x) | x ∈ OT}.

(b) ∀a ∈ OT such that a ≺ Ω̂0:
o(a) = ordertype({x ∈ OT | x ≺ a},≺).

(c) ψΩ1I
+ = ordertype{x ∈ OT | x ≺ Ω̂0},≺).

Proof: At the end of this chapter.

Definition 10.8 Let α, β ∈ On.

C0(α, β) := β ∪ {0, I}

Cn+1(α, β) := Cn(α, β) ∪ {φ̂γδ, Ω̂γ |γ, δ ∈ C
n(α, β)}

∪ {γ + δ|γ, δ ∈ Cn(α, β), NF+(γ, δ)}
∪ {ψπξ|π, ξ ∈ C

n(α, β), π ∈ R, δ < α}

Cn
τ (α) := Cn(α, ψτα).

Lemma 10.9
⋃
n<ω C

n(α, β) = C(α, β).

Proof: “⊃”: If δ ∈ C(α, β), then δ + 1 ∈ C(α, β), therefore C0(α, β) ⊂ C(α, β), if
γ, δ ∈ C(α, β), then φ̂γδ ∈ {φγδ, φγ(δ + 1)} ⊂ C(α, β), and Ω̂γ ∈ {Ωγ,Ωγ+1} ⊂ C(α, β),
therefore Cn(α, β) ⊂ C(α, β).
“⊃”: By induction on n follows easily, if ωγ1 + · · ·+ ωγn ∈ Cn(α, β), γ1 ≥ · · · ≥ γn, then
ωγi ∈ Cn(α, β), especially γ + 1 ∈ Cnα, β)→ γ ∈ Cn(α, β).
Therefore we have, if γ, δ ∈ Cn(α, β), then φγδ ∈ {φ̂γδ, γ, δ} ⊂ Cn+1(α, β) or δ = δ′ + 1

and φγδ = φ̂γδ
′ ∈ Cn+1(α, β), in a similar way follows γ ∈ Cn(α, β)→ Ωγ ∈ C

n+1(α, β).
If γ, δ ∈ Cn(α, β),

γ = ωγ1 + · · ·+ ωγn, γ1 ≥ · · · ≥ γn,

δ = ωδ1 + · · ·+ ωδm, δ1 ≥ · · · ≥ δm,

next
γ + δ = ωγ1 + · · ·+ ωγi + ωδ1 + · · ·+ ωδm ∈ Cn+i(α, β)

for some i.
Therefore we have “⊂”.

Lemma 10.10 (a) If γ + δ ∈ C(α, β), NF+(γ, δ), then γ, δ ∈ C(α, β).

(b) φ̂γδ ∈ C(α, β)→ γ, δ ∈ C(α, β).
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(c) Ωγ ∈ C(α, β)→ γ ∈ C(α, β).

(d) ψτγ ∈ C(α, β)→ τ ∈ C(α, β).

Proof: (a) - (c):
We have:
If NF+(γ, δ), NF+(γ′, δ′), γ+ δ = γ′ + δ′, then γ = γ′, δ = δ′. Further follows in this case
γ + δ 6∈ A, 0, I, φ̂αβ, Ω̂α, ψπρ ∈ A.
If φ̂γδ = φ̂γ′δ

′, then γ = γ′, δ = δ′, further φ̂γδ 6∈ G ∪ {0}, I, Ω̂α, ψπρ ∈ G.
If Ω̂γ = Ω̂γ′ , then γ = γ′, further Ω̂γ ∈ R \ {I}, ψπρ 6∈ R.
Now we prove by induction on n, that if γ + δ ∈ Cn(α, β) γ, δ as before, then γ, δ ∈
Cn(α, β): If γ + δ ∈ C0(α, β), then γ, δ < γ + δ < β, γ, δ < β, and in the induction step
follows the assertion by the uniqueness above. Similarly follow assertions (b) and (c).

(d): If τ = I this is trivial. Otherwise let τ = Ω̂δ. If ψτγ < β, follows δ < β, δ ∈ C(α, β),
τ ∈ C(α, β). Otherwise, if ψτγ ∈ C

n+1(α, β)\Cn(α, β), ψτγ = ψτγ
′ with τ, γ′ ∈ Cn(α, β).

Lemma 10.11 (a) (ρ, π ∈ R ∧ ρ < π 6= I)→ ρ ≤ π−,

(b) ρ < I+ → ρ− < ψρα < ρ,

(c) ψIα < ρ 6= I → ψIα ≤ ρ−.

Proof:
(a) trivial.
(b) 10.4 (f) and (a).
(c) If ρ = Ωσ+1, ψIα = ΩψIα < Ωσ+1, then ψIα ≤ σ.

Lemma 10.12 (a) 0 6= α→ 0 < α.

(b) If NF+(α, γ), NF+(β, δ), then

α + γ < β + δ ↔
((Alength(α) < Alength(β) ∧ α+ γ ≤ β) ∨(Alength(α) = Alength(β) ∧ α < β∨

(α = β ∧ γ < δ))
∨(Alength(β) < Alength(α) ∧ α < β + δ)

(c) If NF+(α, β), γ ∈ A \ {0}, then
α + β < γ ↔ α < γ,
γ < α+ β ↔ γ ≤ α.

(d)

φ̂αβ < φ̂γδ ↔ (α < γ ∧ β < φ̂γδ) ∨ (α = γ ∧ β < δ)

∨(γ < α ∧ φ̂αβ ≤ δ)

(e) If δ ∈ G, then:
φ̂αβ < δ ↔ max{α, β} < δ.
δ < φ̂αβ ↔ δ ≤ max{α, β}.

(f) If π, ρ ∈ R, π 6= ρ, then
ψπα < ψρβ ↔

(I 6= π < ρ 6= I) ∨ (I 6= ρ ∧ π = I ∧ ψπα < ρ) ∨ (ρ = I ∧ π < ψρβ)
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(g) If π, ρ ∈ R, α ∈ Cπ(α), β ∈ Cρ(β), then
ψπα < ψρβ ↔

(π = ρ ∧ α < β) ∨ (I 6= π < ρ 6= I) ∨ (I 6= ρ ∧ π = I ∧ ψπα < ρ) ∨ (ρ = I ∧ π < ψρβ)

Further if α ∈ Cρ(α), α < β follows ψρ(α) < ψρ(β).

(h) If ρ, π ∈ R, π 6= I, then

ρ < ψπβ ↔ (ρ < π)
ψπβ < ρ↔ (π ≤ ρ)

(i) ψIα < Ω̂β ↔ ψIα ≤ β,
Ω̂β < ψIα↔ β < ψIα.

(j) ψIα < I.

(k) Ω̂α < Ω̂β ↔ α < β.

(l) Ω̂α < I ↔ α < I.
I < Ω̂α ↔ I ≤ α.

Proof:
(a): trivial.
(b):Let α = ωα0 + · · ·+ ωαn, α0 ≥ · · · ≥ αn, n = Alength(α)n,
β = ωβ0 + · · ·+ ωβm, β0 ≥ · · · ≥ βm, m = Alength(β).
Then

α + γ < β + δ ↔ ((n < m ∧ (∀i ≤ n.αi = βi) ∧ γ = ωβn+1)

∨ (∃i ≤ min{n,m}.(∀j < i.αj = βj) ∧ αi < βi)

∨ (n < m ∧ (∀j ≤ n.αj = βj) ∧ γ < ωβn+1)

∨ (n = m ∧ (∀j ≤ n.αj = βj) ∧ γ < δ)

∨ (m < n ∧ (∀j ≤ m.αj = βj) ∧ ω
αm+1 < δ))

If n < m we have

α + γ ≤ β ↔ (∀i ≤ n.αi = βi) ∧ γ ≤ ωβn+1)

∨ (∃i ≤ n.(∀j < i.αj = βj) ∧ αi < βi)

↔ α + γ < β + δ

and the assertion for Alength(α) < Alength(β). The caseAlength(α) = Alength(β)
is obvious and the case Alength(β) < Alength(α) follows as the case Alength(α) <
Alength(β).

(c) Let α = ωα0 + · · ·+ ωαn, α0 ≥ · · · ≥ αn. Then
α + β = ωα0 + · · ·+ ωαn + β < γ ↔ ωα0 < γ ↔ α < γ, and
γ < α+ β ↔ γ ≤ ωα0 ↔ γ ≤ α.
(d) Let

β̃ :=





β + 1 if ∃n < ω, β ′.β = β ′ + n∧
(β ′ ∈ Cr(α) ∨ (β ′ = 0 ∧ α ∈ G))

β otherwise



CHAPTER 10. COMPARISON OF ORDINALS 126

Analogously we define δ̃.
Then

φ̂α β < φ̂γδ

↔ φαβ̃ < φγ δ̃

↔ (α < γ ∧ β̃ < φγ δ̃) ∨ (α = γ ∧ β̃ < δ̃) ∨ (α > γ ∧ φαβ̃ < δ̃)

Further, if α = γ, then β̃ < δ̃ ↔ β < δ, if α < γ, then β̃ < φγ δ̃ ↔ β < φγ δ̃, and if γ < α,

then φαβ̃ < δ̃ ↔ φαβ̃ ≤ δ (since if δ = φαβ̃ → δ̃ = δ + 1), and we have the assertion.
(e) We have first φαβ < δ = φδ0 ↔ ((α < δ ∧ β < φδ0 = δ) ∨ (α = δ ∧ β < 0) ∨ (δ <
α ∧ φαβ < 0))↔ max{α, β} < δ,
Therefore (β̃ being defined as before) φ̂αβ < δ ↔ max{α, β̃} < δ ↔ max{α, β} < δ, and
δ < φ̂αβ ↔ ¬(φ̂αβ < δ)↔ δ ≤ max{α, β}.
(f) Case π, ρ 6= I: Then π− < ψπα < π, ρ− < ψρβ < ρ. Therefore if π < ρ, then π ≤ ρ−,
ψπα < ψρβ. If ρ < π, then ρ ≤ π−, ¬(ψπα < ψρβ) and therefore the assertion in this
case.
Case ρ < π = I: Then ρ− < ψρβ < ρ. If now ρ ≤ ψπα, follows ψρβ < ψπα, and if ψπα < ρ
follows ψπα ≤ ρ− < ψρβ.
Case I = π < ρ: Then ψπα < ρ, ψρβ.
Case π < ρ = I: Then if π < ψρβ follows ψπα < π < ψρβ and if ψρβ ≤ π follows
ψρβ ≤ π− < ψπα.
Case ρ < π = I: Then ψρβ, ρ < ψπα.

(g) If π 6= ρ the assertion follows by (f).
Case π = ρ. If α < β, α ∈ Cπ(α) ⊂ Cπ(β) follows by 10.4 (b) ψπα < ψρβ, and if β ≤ α,
ψρβ ≤ ψπα.

(h) π− < ψπα, and ρ < π ∧ ρ ≤ π− or π ≤ ρ.

(i) Let Ω̂β = Ω
β̃
. Then ψIα = ΩψIα < Ω̂β = Ω

β̃
↔ ψIα < β̃ ↔ ψIα ≤ β.

Ω̂β < ψIα↔ ¬(ψIα < Ω̂β)↔ β < ψIα.

(j) trivial.
(k), (l) easy.

Lemma 10.13 (Lemma 2.7 of [BS88]) If α < β and for all α ≤ δ < β we have δ 6∈ Cσ(α),
then Cσ(β) = Cσ(α) and ψσβ = ψσα.

Proof: “⊃” is trivial, for “⊂” we prove by induction on n for γ ∈ Cn
σ (β), that γ ∈ Cn

σ (α).
The only difficult case is γ = ψτ δ, δ < α, τ, δ ∈ Cn−1

σ (β). But in this case δ < β, and we
are done.

Lemma 10.14 (Lemma 2.8 of [BS88]) If β = min{ξ|α ≤ ξ ∈ Cσ(α)}, then Cσ(α) =
Cσ(β), ψσα = ψσβ, and β ∈ Cσ(β).

Proof: 10.13

Lemma 10.15 (Corresponds to lemma [BS88]2.11.)
Let τ, γ, γ0 ∈ C

n
σ (α), σ ≤ τ ∧ β ≤ α. Then

δ := min{ξ|γ ≤ ξ ∈ Cτ (β)} ∈ Cn
σ (α),

δ′ := min{ξ|γ ≤ φ̂γ0ξ ∈ Cτ(β)} ∈ Cn
σ (α),

Proof: Induction on n.
Case n = 0, γ < ψσα: If γ < ψτβ follows δ = γ, δ′ ≤ γ < ψτβ.
If ψτβ ≤ γ, follows ψτβ ≤ γ < ψσα ≤ σ ≤ τ . Since Cτ (β) ∩ τ = ψτβ, τ ∈ Cτ (β) follows
δ = τ , τ ∈ Cn

σ (α). δ′ < ψτβ or δ′ = τ , δ′ ∈ Cn
σ (α), similarly for δ′′.
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Case n = 0, γ = 0, I: δ = γ, δ′ ∈ {0, I} ⊂ Cτ (β).
Case n = n′ + 1, γ = γ1 + γ2, NF+(γ1, γ2), γi ∈ C

n′

τ (β): Let δi be chosen for γi. If γ ≤ δ1
follows δ = δ1. Otherwise γ1 ≤ δ1 < γ1 + γ2, δ1 = γ1 + ρ ∈ Cτ (β), 0 < ρ < γ2 and by
NF+(γ1, γ2) γ1 ∈ Cτ (β). Therefore γ1 + γ2 ≤ δ ≤ γ1 + δ2, δ = δ1 + ρ with γ2 ≤ ρ ≤ δ2,
ρ ∈ Cτ (β), ρ = δ2, we see that δ2 ∈ A, therefore δ = δ1 + δ2 ∈ Cn

τ (β). δ′ = δ′1, where
δ′1 ∈ Cσ(α) by the second IH for γ1.
Case n = n′ + 1, γ = φ̂γ1γ2, γi ∈ Cn′

τ (β): Let δi be determined for γi. If γ ≤ δi
follows δ = δi. Let δi < γ (i = 1, 2). Then δi ≤ δ ≤ φ̂δ1δ2, therefore δ 6∈ G, otherwise
δ = max{δ1, δ2}.
If δ = δ3 + δ4, NF+(δ3, δ4), we had γ ≤ δ3 < δ, δ3 ∈ Cτ (β), a contradiction. Therefore
δ = φ̂δ3δ4, γ ≤ δ ≤ φ̂δ1δ2. If δ3 < γ1, we had γ ≤ δ4 < δ, δ4 ∈ Cτ (β), a contradiction.
Therefore γ1 ≤ δ3 ∈ Cτ (β), δ1 ≤ δ3. If δ1 < δ3, we had γ ≤ δ ≤ δ2, a contradiction,
therefore δ1 = δ3, δ4 = δ′2 ∈ C

n
σ (α) by the second IH for γ2.

Second part in this Case: If γ0 < γ1 follows δ′ = δ, if γ0 = γ1, δ
′ = δ2, and if γ0 > γ1

chose δ′2 for γ0, γ. If γ2 < φ̂γ0δ
′
2, δ = δ′2, otherwise δ = δ′2 + 1.

In all cases, where γ ∈ G, for the second assertion we have δ ′ = 0, if γ ≤ γ0, δ
′ = δ

otherwise.
Case γ = ψγ1γ2, γi ∈ C

n
σ (α). γ2 < α. Let δi be chosen for γi.

If δ = δ3 + δ4 with NF+(δ3, δ4) or δ = φ̂δ3δ4, follows γ ≤ δ3 < δ or γ ≤ δ4 < δ. Therefore
we have δ ∈ G. If γ1 < δ1 follows γ1 6= I δ = δ1. If γ1 = δ1 = δ or γ = δ, we are finished,
too. Therefore let γ1 = δ1, γ < δ < γ1:
Subcase γ1 6= I: Then δ = ψγ1δ3 γ2 < δ3 < β ≤ α δ−3 , δ3 ∈ Cτ (β), therefore δ2 ≤ δ3, and
by minimality and since ψτδ2 ≤ ψτδ3, δ = ψτδ2 ∈ C

n
σ (α).

Subcase γ1 = I. If δ = Ω̂δ3 follows γ ≤ δ3 ∈ Cτ (β), a contradiction, and if δ = ψδ3δ4 with
δ3 6= I follows γ ≤ δ−3 < δ, δ3 ∈ Cτ (β), therefore δ = ψIδ4, and as in the Subcase before
follows the assertion.
Case γ = I: δ = I.
Case γ = 0: δ = 0, δ′ = 0.
Case γ = Ω̂γ1 : Let δ1 be chosen for γ1. If γ ≤ δ1, we have δ = δ1. Otherwise follows
δ ∈ G, δ 6= ψδ3δ4 with δ3 6= I (otherwise γ ≤ δ−3 ). Therefore δ = I or = Ω̂δ3 (therefore
δ3 = δ1) or δ = ψIδ3 (but in this case γ ≤ Ω̂δ1 < δ, a contradiction).

Lemma 10.16 Let

C ′0(α, β) := β ∪ {0, I}

C ′n+1
(α, β) := C ′n(α, β) ∪ {φ̂γδ, Ω̂γ|γ, δ ∈ C

′n(α, β)}

∪{γ + δ|γ, δ ∈ C ′n(α, β), NF+(γ, δ)}

∪{ψπξ|π, ξ ∈ C
′n(α, β), π ∈ R, δ < α, ξ ∈ Cπ(ξ)}

C ′(α, β) :=
⋃
n<ω C

′n(α, β), C ′n
τ (α) := C ′(α, ψτα)).

Then C ′(α, ψσ(α)) = C(α, ψσ(α)) = Cσ(α).

Proof: C ′n(α, β) ⊂ Cn(α, β), the only difficulty is, to show: Cn
σ (α) ⊂ C ′n

σ(α), and here
the only difficulty is the case γ = ψτβ ∈ Cn+1

σ (α), τ, β ∈ Cn
σ (α), β < α. If τ ≤ σ or

τ = I and ψIβ < σ follows γ ≤ ψσ(α), otherwise follows by 10.15 β0 := min{ξ|β � ξ ∈
Cτ (β)} ∈ Cn

σ (α) ⊂ C ′n(α), by 10.14 ψτβ = ψτβ0, β0 ∈ Cτ (β0). If β = β0 follows β0 < α.
Otherwise β 6∈ Cτ (β0) = Cτ (β), if τ 6= I follows by σ < τ β /∈ Cσ(β0), since β ∈ Cσ(α),
β0 < α, and if τ = I we have σ < ψIβ, and from β 6∈ Cτ (β0) follows by ψσβ0 < ψτβ0,
β 6∈ Cσ(β0) and again β0 < α. Therefore γ ∈ Cn+1

σ (α).
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Lemma 10.17 If (γ ∈ Cπ(β) ∧ ((π− ≤ γ ∈ G ∧ π 6= I) ∨ π = I ≤ γ)), then

∃δ ∈ Cπ(β).γ = Ω̂δ) ∨

(∃ρ, δ ∈ Cπ(β).γ = ψρδ ∧ δ < β ∧ (π ≤ ρ ∨ ρ = I) ∧ δ ∈ Cρ(δ)).

Proof:
Case γ < ψπβ: Then, since π− ≤ γ < ψπβ follows ∃ρ ≤ β.ψπρ ≤ γ < ψπ(ρ+ 1), therefore
γ = ψπρ, ρ < β, and by 10.13 ρ ∈ Cπ(ρ).
Case π ≤ γ: 10.16.
Lemma 10.18 (a) I 6= κ ∈ R ∪ I+ → Cκ(α) = C ′(α, κ− + 1).

(b) CΩ1(I
+) = C ′(I+, 0)

Proof:
(a) “⊃” is obvious. For “⊂” we prove by induction on α:
ρ ∈ ψκα → ρ ∈ C ′(α, κ− + 1) (⇒ ψκα ⊂ C ′(α, κ− + 1) and further C ′(α, κ− + 1) =
C ′(α, ψκα) = Cκ(α)).
If ρ ≤ κ−, this is obvious, and if ρ = ρ1 + ρ2, NF+(ρ1, ρ2), or ρ = φ̂ρ1ρ2 or ρ = Ω̂ρ1 this
follows by IH. Otherwise follows ∃δ.δ ∈ Cκ(δ) ∧ δ < α ∧ ρ = ψκδ. Then δ ∈ Cκ(δ) =
C ′(δ, κ− + 1) ⊂ C ′(α, κ− + 1) by IH, ψκδ ∈ C

′(α, κ− + 1).
(b): CΩ1(I

+) = C ′(I+, ω + 1) = C ′(I+, 0).

Definition 10.19 Definition of Gπ(α) for α ∈ CΩ1(I
+) = C ′(I+, 0) by recursion on the

minimal n such that α ∈ C ′n(I+, 0).

(G1) Gπ0 := ∅.
(G2) NF+(α, β)→ Gπ(α + β) := Gπα ∪Gπβ.
(G3) If ρ η R, β ∈ Gρ(β), then

Gπψρβ :=





{β} ∪Gπρ ∪Gπβ, if π ≤ ρ 6= I∨
ρ = I ∧ (π ≤ ψIβ ∨ π = I),

Gπρ if ρ < π = I
∅, if ρ < π 6= I or

ρ = I ∧ ψIβ < π < I.
(G4) Gπ(Ω̂α) := Gπα.
(G1) GπI := ∅.

Lemma 10.20 If α ∈ CΩ1(I
+), then α ∈ Cπ(β)↔ Gπ(α) < β.

Proof:
Induction on n, such that α ∈ C ′(I+, 0).
If α = γ+δ and NF+(γ, δ) or α = φ̂γδ, Ω̂γ , I, 0 the assertion follows by IH or immediately.
Let α = ψρξ, ξ ∈ Cρ(ξ), ξ, ρ ∈ C

′(I+, 0).
If π = ρ follows α ∈ Cπ(β) ↔ α < ψπβ ↔ ξ ∈ Cπ(β) ∧ ξ < β (using ξ ∈ Cπ(ξ))
↔ ξ, π ∈ Cπ(β) ∧ ξ < β ↔ Gπ(α) < β.
If ρ < π 6= I follows Gπ(α) = ∅, α ∈ Cπ(β).
If π < ρ 6= I follows α ∈ Cπ(β)↔ ρ, ξ ∈ Cπ(β) ∧ ξ < β.
If π < ρ = I follows, if ψρξ < π ψρξ ∈ Cπ(β), Gπ(α) = ∅, and if π ≤ ψρξ, ψρξ ∈ Cπ(α)↔
ρ, ξ ∈ Cπ(β) ∧ ξ < β ↔ Gπ(α) < β.
If ρ < π = I follows α ∈ Cπ(β) ↔ ψρξ < ψπβ ↔ ρ < ψπβ ↔ ρ ∈ Cπ(β) ↔ Gπρ < β ↔
Gπ(α) < β.

Lemma 10.21 Let a, u, c ∈ OT . Then follows:

(a) o(a) ∈ CΩ1(I
+).

(b) a ∈ G→ o(a) ∈ G, similarly for Lim, Suc, A,R, F i.
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(c) Go(u)(o(a)) = {o(x) | x ∈ Gua}.

(d) a ≺ d⇒ o(a) < o(d).

Proof by induction on length(a) + length(u), simultaneously for (a) - (d):
1. a = Dbc: Then Gbc ≺ c and b, c ∈ OT .
(a) By IH o(b), o(c) ∈ CΩ1(I

+) und Go(b)o(c)
= {o(x) | x ∈ Gbc} < o(c). By lemmata 10.20 follows
o(b) ∈ I+ ∩ Co(b)(o(c)) and therefore o(a) = ψo(b)o(a) ∈ CΩ1(I

+).
(b) trivial.
(c) Immediate by IH and definition of Gua.
(d) follows by side induction on length(d) using 10.12. The only difficulty is the case
d = Def . If e 6= b we use 10.12 (f), and if b = e we have a ≺ d↔ c ≺ f → o(c) < o(f)→
o(a) ≺ o(d) by 10.12 (g).
2. All other cases follow immediately, using in (c) again side induction on length(d) and
10.12.
Lemma 10.22 For all α ∈ C ′n(I+, 0) exists a ∈ OT α = o(a).
Proof:
If α = 0, I this is immediate, and if α = γ + δ with NF+(γ, δ) or α = φ̂γδ, Ω̂γ this follows
by IH for γ, δ and if α = ψρδ, δ ∈ Cρ(δ), that is Gρ(δ) < δ follows ρ = o(r) for some
r ∈ R, δ = o(d) for some d ∈ OT , Gr(d) < d by 10.21, α = o(Drd) with Drd ∈ OT .

Proof of lemma 10.7: (a) is proven. Further {o(x)|x ≺ Ω̂0 ∧ x ∈ OT} = CΩ1(I
+) ∩ Ω1 =

ψΩ1I
+, and o(·) is an order preserving map {x|x ≺ Ω̂0 ∧ x ∈ OT} → ψΩ1I

+,
and for a ≺ Ω̂1, {o(x)|x ≺ a ∧ x ∈ OT} = CΩ1(I

+) ∩ o(a) = o(a), again o(·) is an order
preserving isomorphism.
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PA in MLe1WT

correctness, 58
PA in KPi+

correctness, 58
LPA in MLe1WT , 56

correctness, 57
LPA in KPi+, 56

correctness, 57
dependent types, 32
motivation, 31
types of ML in KPi+, 37

judgements
interpretation, 44

Klasse
ausgezeichnete, 63, 74, 77

Kripke-Platek set theory, 27
axioms, 28

label, 78
language

Kripke-Platek, 27
Martin-Löf, 10
Peano Arithmetic, 56

list, 66
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properties, 66

Menge
ausgezeichnete, 63, 73, 77, 81

monotonicity of functions, 99

natural numbers, 65
properties, 66

On, 121
ordinal

A, 74
Lim, 74
OT , 94
A, 95, 122
A′, 94
A′′, 90
Fi, 84, 95, 122
Fi′, 94
G, 84, 95, 122
G′, 94
G′′, 90
Lim, 122
Lim′, 94
Lim′′, 91
R, 74, 95, 121
R′, 94
R′′, 90
Suc, 95, 122
Suc′, 94
Suc′′, 90
T ′′, 90
≺, 91
critical, 84, 96, 122

and s∗, 105
properties, 100

fundamental sequences, 101
Gamma

properties, 101
segment, 81

Peano Arithmetic, 56

r-context, 13
r-context-piece, 13
r-judgement, 13
r-statement, 13
r-term, 12
r-type, 12
rules for Martin-Löf

definition, 13

derived, 23
weak inferences, 24

Russel-version, 9, 13
compared with Tarski, 22, 25

segment, 81
separation axiom, 28
set, 68

motivation, 67
substitution, 11

allowed, 11
substitution lemma, 44

Tarski-version, 9, 13
compared with Russel, 22, 25

term
closed, 34
interpretation, 34
normal-form, 35

term constructor, 10
introductory, 34

term constructors
extended, 34

tree
subtree, 71

properties, 72
truth values, 64

properties, 66
type

interpretation
F lex, 46
Stable, 46
closed under α-equality, 46
closed under →red, 46
symmetric and transitive, 44

type constructor, 10
types

dependent, 32

Veblen-function, 84, 121

well-ordering proof
motivation, 73
result, 88
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1973 - 82 Gymnasium (Herrenberg, Kreis Böblingen)
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