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B3.DataTypes

(a)ThesetofBooleans.
(b)Thefinitesets.
(c)Atomicformulaeandthetrafficlightexample.
(d)Thedisjointunionofsets.
(e)TheΣ-set.
(f)Thesetofnaturalnumbers.
(g)Lists.
(h)Universes.
(i)Algebraicdatatypes.
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(a)TheSetofBooleans

FormationRule
Bool:Set

IntroductionRules

tt:Boolff:Bool

EliminationRule

C:Bool→Setic:Cttec:Cffcond:Bool
CaseBoolCiceccond:Ccond
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TheSetofBooleans(Cont.)

EqualityRules
C:Bool→Setic:Cttec:Cff

CaseBoolCicectt=ic:Ctt

C:Bool→Setic:Cttec:Cff
CaseBoolCicecff=ec:Cff
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Remarks

•Intheabove

–tt:::standsfortrue,ff::standsforfalse.

–ic:::standsfor“if-case”,ec::::for“else-case”.

–con ::::::for“condition”.

•Wecanwritetheeliminationruleinamorecompactbutlessreadableway:

–CaseBool:(C:Bool→Set)
→(ic:Ctt)

→(ec:Cff)
→(cond:Bool)

→Ccond

.

•tt,ffaretheconstructorsofBool.
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Remarks(Cont.)

•NoticethatwethengetforC:Bool→Set,ic:Ctt,ec:Cff

–f:=CaseBoolCicec

:(cond:Bool)→Ccond

,

–ftt=CaseBoolCicectt=ic:Ctt,
–fff=CaseBoolCicecff=ec:Cff.

•SoweobtainfunctionsfromBoolintoothersetswithouthavingtowrite
λ(b:Bool).···.

•That’swhywechoosetheargumenttoeliminatefromasthelastone.

CriticalSystems,CS411,Lentterm2003,Sec.B3B3-5



(C)AntonSetzer2003(exceptforpictures)

Remarks(Cont.)

•Thisissimilartothedefinitionofforinstance(+)incurriedforminHaskell

–(+):int→int→int.
–(+)3isthefunctionwhichtakesanintegerandaddstoit3.
∗Shorterthanwritingλx.3+x.
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Remarks(Cont.)

•NotethatwehavethefollowingorderoftheargumentsofCaseBool:

–Firstwehavethesetintowhichweeliminate.
–Thenfollowthecases,oneforeachconstructor.
–Finallyweputtheelementwhichweareeliminating.

•InsomesenseCaseBoolisa“thenelseif”–thecondition(if...)isthe
lastone.
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Example

AND :::::::::::::=λ(b,c:Bool).CaseBool(λ(b
′
:Bool).Bool)cffb

:Bool→Bool→Bool

•ANDistheconjunction:

–ANDttc=c.
Correctsincett∧c=c.

–ANDffc=ff.
Correctsinceff∧c=ff.

•InthefollowingwewriteBool,ifit

–isatypeinboldfacered,
–andifitisaterm,initalicblue.
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Example(Cont.)

•DerivationofAND:Bool→Bool→Bool:

–Firstwederiveb:Bool,c:Bool⇒λ(b
′
:Bool).Bool:Bool→Set:

Bool:Set
Bool:Type

b:Bool⇒Context
b:Bool⇒Bool:Set

b:Bool⇒Bool:Type
b:Bool,c:Bool⇒Context

b:Bool,c:Bool⇒Bool:Set
b:Bool,c:Bool⇒Bool:Type

b:Bool,c:Bool,b
′
:Bool⇒Context

b:Bool,c:Bool,b
′
:Bool⇒Bool:Set

b:Bool,c:Bool⇒λ(b
′
:Bool).Bool:Bool→Set
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Example(Cont.)

•Wederive

b:Bool,c:Bool⇒Bool=(λ(b
′
:Bool).Bool)tt:Type

(usingpartofthederivationabove):

···
b:Bool,c:Bool,b

′
:Bool⇒Context

b:Bool,c:Bool,b
′
:Bool⇒Bool:Set

···
b:Bool,c:Bool⇒Context
b:Bool,c:Bool⇒tt:Bool

b:Bool,c:Bool⇒(λ(b
′
:Bool).Bool)tt=Bool:Set

b:Bool,c:Bool⇒Bool=(λ(b
′
:Bool).Bool)tt:Set

b:Bool,c:Bool⇒Bool=(λ(b
′
:Bool).Bool)tt:Type
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Example(Cont.)

•Similarlyfollows

b:Bool,c:Bool⇒Bool=(λ(b
′
:Bool).Bool)ff:Type
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Example(Cont.)

–Usingpartoftheproofabove,wederive

b:Bool,c:Bool⇒c:(λ(b
′
:Bool).Bool)tt:

···
b:Bool,c:Bool⇒Context
b:Bool,c:Bool⇒c:Bool

···
b:Bool,c:Bool⇒Bool=(λ(b

′
:Bool).Bool)tt:Type

b:Bool,c:Bool⇒c:(λ(b
′
:Bool).Bool)tt

–Wederive

b:Bool,c:Bool⇒ff:(λ(b
′
:Bool).Bool)ff:

···
b:Bool,c:Bool⇒Context
b:Bool,c:Bool⇒ff:Bool

···
b:Bool,c:Bool⇒Bool=(λ(b

′
:Bool).Bool)ff:Type

b:Bool,c:Bool⇒ff:(λ(b
′
:Bool).Bool)ff
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Example(Cont.)

•Wederiveb:Bool,c:Bool⇒b:Boolusingpartoftheproofabove:

···
b:Bool,c:Bool⇒Context
b:Bool,c:Bool⇒b:Bool
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Example(Cont.)

–Finallyweobtainourjudgement(westackthepremisesoftherulebecause
oflackofspace):

b:Bool,c:Bool⇒λ(b
′
:Bool).Bool:Bool→Set

b:Bool,c:Bool⇒c:(λ(b
′
:Bool).Bool)tt

b:Bool,c:Bool⇒ff:(λ(b
′
:Bool).Bool)ff

b:Bool,c:Bool⇒b:Bool

b:Bool,c:Bool⇒CaseBool(λ(b
′
:Bool).Bool)cffb:Bool

b:Bool⇒λ(c:Bool).CaseBool(λ(b
′
:Bool).Bool)cffb:Bool→Bool

λ(b,c:Bool).CaseBool(λ(b
′
:Bool).Bool)cffb:Bool→Bool→Bool
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EliminationintoType

Wecanextendaddeliminationandequalityrules,havingasresultType:
EliminationRuleintoType

C:Bool→Typeic:Cttec:Cffcond:Bool
CaseBoolCiceccond:Ccond

EqualityRulesintoType

C:Bool→Typeic:Cttec:Cff
CaseBoolCicectt=ic:Ctt

C:Bool→Typeic:Cttec:Cff
CaseBoolCicecff=ec:Cff
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EliminationintoType(Cont.)

WecanextendthisintoaneliminationruleintoKindorotherhighertypes.
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BoolinAgda

•WeintroduceBoolbysimplylistingitsconstructors(similarlytoHaskell
syntax):

dataBool=tt|ff

•Thisintroducesaswellconstants

–tt::Bool
–ff::Bool

•Withthissyntax,eachconstructorcanoccuratmostonceinadatatype,

–i.e.wecannotdefineasecondtypehavingconstructortt,
e.g.fordefiningTrue(whichisusedlater):

dataTrue=tt

CriticalSystems,CS411,Lentterm2003,Sec.B3B3-13



(C)AntonSetzer2003(exceptforpictures)

BoolinAgda(Cont.)

•ThedefinitionofBoolaboveistreatedinAgdaasanabbreviationforthe
followingthreemorefundamentalAgdadefinitions:

Bool::Set
=datatt|ff

tt:Bool
=tt@Bool

ff:Bool
=ff@Bool
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BoolinAgda(Cont.)

•ThedefinitionofBoolas

Bool::Set
=datatt|ff

introducesBoolasasethavingconstructorstt@Boolandff@Bool.

–Sott,andffhavetobedefinedseparately.
–IfitisclearthattheelementinquestionisoftypeBool,thenonecan

replacett@Boolbytt@:::::::::.

–ThedefinitionofBoolasabovedoesn’tpreventthedefinitionof
anothersetwithconstructorsttorff.

–Thissyntaxistheonlyoneallowed,ifonedefinesasetusingthedata
keyworddependingonarguments.
Moreaboutthislater.
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BoolinAgda(Cont.)

•Internally,ttwillalwaysberepresentedastt@Bool,similarlyforff.

–SoAgdaevaluatestttott@Bool.
–Thiscanbeseenwhenusingforinstance“agda-compute-WHNF”,

computeweakheadnormalform.
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CaseDistinction

•EliminationinAgdaisbasedoncasedistinction.

–Assumewewanttodefine
∗f:Bool→Bool,s.t.
∗ftt=ff,
∗fff=tt.

–Sowehavethegoal:
f(x::Bool)

::Bool
={!!}
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CaseDistinction(Cont.)

•Wecanthentypeintothegoalxandchoosethemenuitem“agda-case”.

–Thisintroducesacasedistinctionbytheconstructorusedforintroducing
x:
xcouldhavebeenintroducedasttorff.

•Thegoalexpandsto:

f(x::Bool)
::Bool
=casexof

{(tt)→{!!};
(ff)→{!!};}
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CaseDistinction(Cont.)

•Thevalueofxinthefirstgoalcanbetestedasfollows:

–Positionthecursorinthefirstgoalandchoose(goal-)menuitem
“agda-compute-WHNF”
∗::::::::::::::::::::: “Compute:::::::::::: weak:::::::::::: head::::::::::::::: normal:::::::::::::: form”meansessentially

“computetheresultofreducingthatterm”.
·Morepreciselythismeansthatatermisreduceduntilitstartswitha

constructor(orisavariable).
–Thentypeintothemini-bufferx.
–Onegetstheanswer

tt@.
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CaseDistinction(Cont.)

•Alternatively,check,thecursorbeinginthatgoal,thecontext

–(usegoal-menu“agda-context”):

Itcontains

x::Bool=tt@.

•Similarlyonefindsthatinthesecondgoalxisff@.
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CaseDistinction(Cont.)

•Nowwecansolvethenewgoalsbyinserting

–ffintothefirstone,
–ttintothesecondone.

•Weobtainafunction:

f(x::Bool)
::Bool
=casexof

{(tt)→ff;
(ff)→tt;}

•fxisthenegationofx.
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TestingtheDefinedFunction

•Wecantestourfunctionbyusing
“agda-compute-WHNF”.

•Wehavetocreateagoalforthis.

–Thereductionmachineryiscontextdependent.
–Thecontextdependsonwhereinthebufferweare.
∗Seetheaboveexamplewherexwasdependingonthegoalttorff.

–Noteveryplaceinthebufferisagoodplace.
–Goodplacesforcontextaregoals,andthat’stheonlyplacewhere

Agdaallowsustocomputetheweakheadnormalformofexpressions.

CriticalSystems,CS411,Lentterm2003,Sec.B3B3-22



(C)AntonSetzer2003(exceptforpictures)

TestingtheDefinedFunction

•Sowe

–typeinadummygoal:
test::Set

={!!}

–movetothenewgoal
–choose“agda-compute-WHNF”,
–andtypeintothemini-bufferftt.

•Theresultshownisff@.
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(b)TheFiniteSets

Boolcanbegeneralizedtosetshavingnelements(nafixednaturalnumber):
FormationRule

Finn:Set

IntroductionRules
A

n
k:Finn

(fork=0,...,n−1)
EliminationRule

C:Finn→Set
s0:CA

n
0

s1:CA
n
1

···
sn−1:CA

n
n−1

a:Finn

CasenCs0...sn−1a:Ca
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TheFiniteSets(Cont)

EqualityRules

C:Finn→Set
s0:CA

n
0

s1:CA
n
1

···
sn−1:CA

n
n−1

CasenCs0...sn−1A
n
k=sk:CA

n
k

(fork=0,...,n−1).
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OmittingPremisesinEqualityRules

Sincethepremisesoftheequalityrulecaninmostcasesbedeterminedfrom
theintroductionandeliminationrules,wewillusuallyomitthem,andwrite
forinstanceforthepreviousrule:

CasenCs0...sn−1A
n
k=sk:CA

n
k

Wesometimesevenomitthetype:

CasenCs0...sn−1A
n
k=sk
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Morecompacteliminationrules

•Casen:(C:Finn→Set)
→(s0:CA

n
0)

→···
→(sn−1:CA

n
n−1)

→(a:Finn)
→Ca

.
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EliminationintoType

•SimilarlyasforBoolwecanwritedowneliminationrules,where
C:Finn→Type(insteadofC:Finn→Set).

•Thiscanbedoneforallsetsdefinedlateraswell.
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RulesforTrue

TrueisthespecialcaseFinnforn=1:
FormationRule

True:Set

IntroductionRules
true:True

EliminationRule

C:True→Setc:Ctruet:True
CaseTruect:Ct

EqualityRule
C:True→Setc:Ctrue
CaseTruectrue=c:Ctrue
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RulesforTrue(Cont.)

•CaseTrueiscomputationallynotveryinteresting.

–CaseTruecistheuntypedfunctionλx.c.
–However,inAgdawemightnotbeabletoderive

λ(t:True).c:(t:True)→Ct

•Fromalogicpointofview,itexpresses:
FromanelementofCtrueweobtainanelementofCtforeveryt:True.

–SothereisnoC:True→Sets.t.Ctrueisinhabited,butCxisnot
inhabitedforsomeotherx:True.

–ThismeansthatallelementsofxoftypeTrueareindistinguishablefrom
true,i.e.theyareidenticaltotrue.

–Thisequalityiscalled::::::::::::::::: Leibnitz::::::::::::::::: equality).
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RulesforFalse

FalseisthespecialcaseFinnforn=0:

FormationRule
False:Set

ThereisnoIntroductionRule

EliminationRule
C:False→Setf:False

CaseFalsef:Cf

ThereisnoEqualityRule

CriticalSystems,CS411,Lentterm2003,Sec.B3B3-31
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False

•Falsehasnoelements.

•Itisformulawhichisalwaysfalse.

–Aswellcalledabsurdity.

•CaseFalseexpresses:fromanelementfofFalseweobtainanelement
ofanyset(whichmightdependonf).

–Fromalogicpointofviewthisis::::::: “Ex:::::::::::::::: falsum::::::::::::::::::::::::: quodlibet”(fromthe
absurdityfollowsanything).
E.g.Afalseformulalike“0=1”or“SwansealiesinGermany”implies
everything.
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False(Cont.)

•CaseFalsehasnocomputationalmeaning,sincethereisnoelementitcan
beappliedto.

–Appliesofcourseonlyifweareworkinginaterminatingtypetheory.
–Ifwehadfullrecursion,wecoulddefinef:Falsebyf=f.

Howeverthatfdoesn’treducetocanonicalform.
–That’swhyit’simportanttocarryouttheterminationcheckinAgda,

otherwiseoneobtainsforinstanceelementsofFalse
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FiniteSetsinAgda

•Finitesetscanbeintroducedbygivingoneconstructorforeachelement.
E.g.

dataColour=blue|red|green

–Withthisweobtainred::Colour
–Andwecandefineforinstance

isred(c::Colour)
::Bool
=casecof

{(red)→tt;
(green)→ff;
(blue)→ff;}
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FalseinAgda

•InAgdawecandefinetheemptysetasa“data”-setwithnoconstructors:

dataFalse=

•Ifwewanttosolve
g(x::False)

::Bool
={!!}

wecaninsertintothegoalxandchoosemenu-item“agda-case”.
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FalseinAgda(Cont.)

•Theresultis
g(x::False)

::Bool
=casexof{}

•Ifwemakecasedistinctiononxthereisnocasetochoosefrom,sowe
don’thavetodefineanything.
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ExamplefortheUseofFalse

•Assumethetypeoftrees:

dataTree=pine|oak

•Belowwewillshow,howtointroduceafunction

IsOak::Tree→Set

s.t.
IsOakpine=False
IsOakoak=True
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ExamplefortheUseofFalse(Cont.)

•Ifwewanttodefineafunctionfromtrees,whichareoaktrees,intoanother
set,wecandosobyrequiringanadditionalargument“IsOak”:

f(t::Tree)
(p::IsOakt)
::A

=casetof
{pine→casepof{};

oak→···;}

CriticalSystems,CS411,Lentterm2003,Sec.B3B3-36b



(C)AntonSetzer2003(exceptforpictures)

ExamplefortheUseofFalse(Cont.)

•Inordertousefwehavetoknowthattisanoaktree,

–i.e.wehavetoprovideanargumentpwhichexpressesthefactthatwe
knowthis.

•Notethatwedon’thavetoinventaresultoffincasetisapinetree.
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Example2fortheUseofFalse

•Similarlywecanintroduceastack,togetherwithapredicate

NotEmpty::Stack→Set

s.t.
NotEmptys=False

ifsistheemptystack.

•Nowwecandefine
pop(s::Stack)

(p::NotEmptys)
::Stack
=···

•Againwedon’thavetoprovidearesult,incasesisempty.
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TrueinAgda

•ThedefinitionofTrueinAgdaisstraightforward:

dataFalse=true

•Casedistinctionwillrequiretosolvethecasetrue:

g(x::True)
::Bool
=casexof{(true)→{!!};}

CriticalSystems,CS411,Lentterm2003,Sec.B3B3-37
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(c)AtomicFormulaeand

theTrafficLightExample

AtomicFormulae

•Wehavealreadyintroducedtwoformulae:

–True.
∗Trueisinhabited.

·Thereisaproofofit(true).
·Trueisthereforetype-theoreticallytrue:

Aformulais::::::::::::::::::::::::::::::::::: type-theoretically:::::::::: true,ifitisprovable,i.e.

Truthintypetheorymeansprovability.
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AtomicFormulae(Cont.)

–False.
∗Falseisnotinhabited.

·ThereisnoproofofFalse.
Furthermore,fromanyproofofFalsewecanderiveeverything
(eliminationrulesforFalse).

·Falseisthereforetype-theoreticallyfalse:
Aformulais:::::::::::::::::::::::::::::::::::: type-theoretically:::::::::::: false,iffromitwecanderive
everything.

·SincethisimpliesthatwecanderiveFalseandfromFalsewecan
deriveeverything,thisisequivalenttothefollowing:

·Aformulais:::::::::::::::::::::::::::::::::::: type-theoretically:::::::::::: false,iffromaproofofitwecan
deriveFalse(i.e.acontradiction).
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AtomicFormulae(Cont.)

•Thereareformulaeintypetheory,whichareneithertype-theoreticallytrue
nortype-theoreticallyfalse.

–Thismeansthatwecanneitherprovethem,norderivefromaproofa
contradiction.

–Truthintypetheorymeansthatweknowthatitistrue.
–Falsityintypetheorymeansthatweknowthatitcannotbetrue.
–Thereareformulaeintypetheoryforwhichneitherofthesetwoholds.

•TrueandFalseasaboveareformulaecorrespondingtothetruthvalues
trueandfalse.
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atom

•Wecanmaptruthvaluestotheircorrespondingformula:

atom:Bool→Set

atomtt=True

atomff=False

•Thiscanbedefinedusingcasedistinction.
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atom(Cont.)

•Thiscorrespondstothefollowingrules(whicharenotneeded)

b:Bool
atomb:Set

atomtt=True

atomff=False
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atominAgda

atom(b::Bool)
::Set
=casebof

{(tt)→True;
(ff)→False;}
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DecidablePredicates

•Usingatomwecannowdefinedecidablepredicatesonsets.

•AssumewehaveasetofstatesofasystemA.

–E.g.thesetofstatesarailwaycontrollercanchoose.

•Assumewehaveafunctionf:A→Bool.

–E.g.fameans:stateaissafe.
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DecidablePredicates(Cont.)

•Letnowg:A→Set,ga=atom(fa).

–Iffaistrue(e.g.aissafe),gaisinhabited.
–Iffaisfalse(e.g.aisunsafe),gaisnotinhabited.

•Now,theexistenceofah:(a:A)→gameans:

–Foralla:Awehavegaisinhabited,
–ie.foralla:A,faistrue,
–e.g.foralla:A,aissafe.

CriticalSystems,CS411,Lentterm2003,Sec.B3B3-45



(C)AntonSetzer2003(exceptforpictures)

TheTrafficLightExample

•Assumearoadcrossing,controlledbytrafficlights:

A

A’

B

B’

•AssumefromeachdirectionA,A’,B,B’thereisonetrafficlight,

–butAandA’alwayscoincide,similarlyBandB’.
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TheSetofPhysicalStates

•Forsimplicityassumethateachtrafficlightiseitherredorgreen:

dataColour=red|green

•Thesetofphysicalstatesofthesystemisgivenbyapair,determiningthe
colourofA(andthereforeaswellA’)andofB(andB’)

PhysState::Set
=sig{sigA::Colour;

sigB::Colour;}
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TheSetofControlStates

•Thesetofcontrolstatesisasetofstatesofthesystem,acontrollerofthe
systemcanchoose.

–Eachofthesestatesshouldbesafe.
–Inourexample,allsafestateswillbecaptured

(thiscanusuallybeonlyachievedinsmallexamples).

•Acompletesetofcontrolstatesconsistsof:

–Allred–allsignalsarered.
–Agreen–signalA(andA’)isgreen,signalBisred.
–Bgreen–signalBisgreen,signalAisred.
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TheSetofControlStates(Cont.)

•Wethereforedefine

dataControlState=Allred|Agreen|Bgreen
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MappingControlStatestoPhysicalStates

•WedefinethestateofsignalsA,Bdependingonacontrolstate:

toSigA(s::ControlState)
::Colour
=casesof

{(Allred)→red;
(Agreen)→green;
(Bgreen)→red;}

toSigB(s::ControlState)
::Colour
=casesof

{(Allred)→red;
(Agreen)→red;
(Bgreen)→green;}
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MappingControlStatestoPhysicalStates

•Nowwecandefinethephysicalstatecorrespondingtoacontrolstate:

physstate(s::ControlState)
::PhysState
=struct{sigA=toSigAs;

sigB=toSigBs;}
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SafetyPredicate

•Wedefinenowwhenaphysicalstateissafe:

–Itissafeiffnotbothsignalsaregreen.
–Wedefinenowacorrespondingpredicatedirectly,withoutdefiningfirsta

Booleanfunction.
–Wefirstdefineapredicatedependingontwosignals:

CorAux(a::Colour)
(b::Colour)
::Set
=caseaof

{(red)→True;
(green)→casebof

{(red)→True;
(green)→False;};}
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SafetyPredicate(Cont.)

–Nowwedefine
Cor(s::PhysState)

::Set
=CorAuxs.sigAs.sigB

•Remark:Insomecasesinordertodefineafunctionfromsomeproduct(i.e.
asig-set)intosomeotherset,itisbetterfirsttointroduceanauxiliary
function,dependingonthecomponentsofthatproduct.

–Inthecurrentexamplethiswouldn’thavecausedproblems,butinmore
complexexamplesitdoes(duetothelackoftheη-rule).
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SafetyoftheSystem

•Nowweshowthatallcontrolstatesaresafe:

corproof(s::ControlState)
::Cor(physstates)
=casesof

{(Allred)→true;
(Agreen)→true;
(Bgreen)→true;}
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SafetyoftheSystem(Cont.)

•ThefirstelementtruewasanelementofCor(physstateAllred),which
reducestoTrue.

•Similarlyfortheothertwoelements.

•Thisworksonlybecauseeachcontrolstatecorrespondstoacorrect
physicalstate.

–Ifthishadn’tbeenthecase,wewouldhavegotteninstanceswherethe
goaltosolveisFalse,whichwecan’tsolve.
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SafetyoftheSystem(Cont.)

•Ifonemakesamistakewhichresultsinanunsafesituation
(e.g.setstoSigBAgreen=green,theninthelaststepweobtainonegoal
oftypeFalse.

–Thenwecan’tsolvethisgoaldirectlyandcannotprovethecorrectness.
–(Infactwecouldtype-theoreticallysolvethisgoalbyusingfullrecursion,

(e.g.solvethisgoalascorproofAgreen),butthiswouldberejected
bytheterminationcheck.)
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(d)TheDisjointUnionofSets

FormationRule
A:SetB:Set

A+B:Set

IntroductionRules
A:SetB:Seta:A

inlABa:A+B
A:SetB:Setb:B

inrABb:A+B

EliminationRule
A:Set
B:Set

C:(A+B)→Set
sl:(a:A)→C(inlABa)
sr:(b:B)→C(inrABb)

d:A+B
PlusSplitABCslsrd:Cd
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TheDisjointUnionofSets(Cont.)

EqualityRules

PlusSplitABCslsr(inlABa)=sla:C(inlABa)
PlusSplitABCslsr(inrABb)=srb:C(inrABb)
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DisjointUnionusing
theLogicalFramework

•Amorecompactnotationis:

–(+):Set→Set→Set,writteninfix.
–inl:(A,B:Set)→A→(A+B).
–inr:(A,B:Set)→B→(A+B).
–PlusSplit:(A,B:Set)

→(C:(A+B)→Set)
→(sl:(a:A)→C(inlABa))

→(sr:(b:B)→C(inrABb))
→(d:A+B)

→Cd.
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DisjointUnioninAgda

•Thedisjointunioncanbedefinedasa“data”-sethavingtwoconstructors
inl(in-left)andinr(inright):

(+)(A::Set)
(B::Set)
::Set
=datainl(a::A)|inr(b::B)
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DisjointUnioninAgda(Cont.)

•Thenotation(+)means,that+canbeusedinfix.

•Nowwehave,ifA,B::Set:

–inl@(A+B)::A→(A+B)
–inr@(A+B)::B→(A+B)
–Thiscanbecheckedusingthemenu“agda-infer-type”inadummygoal.
–Notethatwecannotassignatypetoinr@.
–(+)cannotbedefinedusingtheabbreviateddatanotation

(whichwouldbeoftheform
data(+)=···).
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DisjointUnioninAgda(Cont.)

•Eliminationisagainrepresentedbycasedistinction.
SoifwanttodefineforA,B::Setforinstance

f(c::A+B)
::Bool
={!!}

wecantypeintothegoalcandchoosemenu“agda-case”.
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DisjointUnioninAgda(Cont.)

•Weobtain
f(c::A+B)

::Bool
=casecof

{(inla)→{!!};
(inrb)→{!!};}

andinsertintothefirstgoale.g.trueandthesecondonefalse
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UseofConcreteDisjointSets

•Itisusuallymoreconvenienttodefineconcretedisjointunionsdirectlywith
moreintuitivenamesforconstructors,e.g.

dataPlant=tree(t::Tree)|flower(f::Flower)

•Nowonecandefineforinstance

isFlower(p::Plant)
::Bool
=casepof

{(treet)→ff;
(flowerf)→tt;}
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(e)TheΣ-Set

FormationRule
A:SetB:A→Set

ΣAB:Set

IntroductionRule
A:Set

B:A→Set
a:A

b:Ba
pABab:ΣAB

EliminationRule

A:Set
B:A→Set

C:(ΣAB)→Set
s:(a:A)→(b:Ba)→C(pABab))

d:ΣAB
SigmaSplitABCsd:Cd
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TheΣ-Set(Cont)

EqualityRule

SigmaSplitABCs(pABab)=sab:C(pABab)
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TheΣ-SetusingtheLogicalFramework

•Themorecompactnotationis:

–Σ:(A:Set)
→(B:A→Set)

→Set.

–p:(A:Set)
→(B:A→Set)

→(a:A)
→(b:Ba)

→ΣAB.
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TheΣ-SetusingtheLogicalFramework(Cont.)

–SigmaSplit
:(A:Set)
→(B:A→Set)

→(C:(ΣAB)→Set)
→(s:(a:A,b:Ba)

→C(pABab))
→(d:ΣAB)

→Cd.
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TheΣ-SetandtheDependentProduct

•ThedependentproductandtheΣ-setareverysimilar.

–Bothhavesimilarintroductionrules(fortheΣ-set,theconstructorshave
additionalargumentsA,Bnecessaryforbureaucraticreasonsonly).

–Onecandefinetheprojectionsπ0,π1usingSigmaSplit:

π0=SigmaSplitAB(λx.A)(λ(x:A).λ(y:Bx).x)
π1=SigmaSplitAB(λx.Bπ0(x))(λ(x:A).λ(y:Bx).y)

–Ontheotherhand,fromπ0,π1wecandefineSigmaSplitasfollows:

λA,B,C,s,d.sπ0(d)π1(d).
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TheΣ-SetandtheDependentProduct

•Howeverthedependentproducthastheη-rule(whichishowevernot
implementedinAgda).

•Becauseofthelackofη-rule,Σworksusuallybetterthanthedependent
productinAgda.

–Ipersonallydon’tusethedependentproductofAgdamuch.
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TheΣ-SetinAgda

•Σcanbedefinedasa“data”-setwithconstructorp:

Sigma(A::Set)
(B::A→Set)
::Set
=datap(a::A)(b::Ba)
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TheΣ-SetinAgda(Cont.)

•AgainoneusuallydefinesconcreteΣ-setsmoredirectly.

•Example:Assumewehavedefined

–asetPlantGroupforgroupsofplants(e.g.“tree”,“flower”),
–dependingong::PlantGroup,setsPlantsingroupg)for

plantsinthatgroup.

•Thesetofplantscanthenbedefinedas

dataPlant=plant(g::PlantGroup)(pg::Plantsingroupg)
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TheΣ-SetinAgda(Cont.)

•Notsurprisingly,foreliminationweusecasedistinction,e.g.:

f(p::Plant)
::Plantgroup
=casepof

{(plantgpg)→g;}
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FormulaeinDependentTypeTheory

•Wehaveseenhowtorepresentatomicdecidableformulae.

•Nowtreatmentofcomplexformulaeconstructedusinglogicalconnectives.
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Conjunction

•A∧BistrueiffbothAistrueandBistrue.

•ThereforeaproofofA∧BconsistsofaproofofAandaproofofB.

–Itisthereforeapair〈p,q〉consistingofaproofpofAandaproofqofB.

•ThereforethesetofproofsofA∧BisthesetofpairsofelementsofAand
B,i.e.A×B.

•WecanidentifyA∧BwithA×B.
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Conjunction(Cont.)

•Withthisidentification,theintroductionrulefor∧allowstoformaproof
ofA∧BfromaproofofAandaproofofB:

p:Aq:B
〈p,q〉:A∧B

•ThismeansthatwecanderiveA∧BfromAandB.

•Thisiswhatisexpressedbytheordinaryintroductionrulefor∧:

AB
A∧B
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Conjunction(Cont.)

•Theeliminationrulefor∧allowstoprojectaproofofA∧Btoaproofof
AandaproofofB:

p:A∧B
π0(p):A

p:A∧B
π1(p):B

•ThismeansthatwecanderivefromA∧BbothAandB.

•Thisiswhatisexpressedbytheordinaryeliminationrulefor∧:

A∧B
A

A∧B
B
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Disjunction

•A∨BistrueiffAistrueorBistrue.

•ThereforeaproofofA∨BconsistsofaproofofAoraproofofB,
plustheinformationwhichone.

–Itisthereforeanelementinlpforaproofp:Aoranelementinrqfora
proofq:B.

•ThereforethesetofproofsofA∨BisthedisjointunionofAandB,i.e.
A+B.

•WecanidentifyA∨BwithA+B.
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Disjunction(Cont.)

•Withthisidentification,theintroductionrulesfor∨allowstoformaproof
ofA∨BfromaproofofAorfromaproofofB.

A:SetB:Setp:A
inlABp:A+B

A:SetB:Setp:B
inrABp:A+B

–OmittingthepremisesA,B:Setandomittingthemasargumentsofinl
andinr(whichisneededonlyforbureaucraticreasons)weget:

p:A
inlp:A+B

p:B
inrp:A+B
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Disjunction(Cont.)

•ThismeansthatwecanderiveA∨BfromAandfromB.

•Thisiswhatisexpressedbytheordinaryintroductionrulesfor∨:

A
A∨B

B
A∨B
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Disjunction(Cont.)

•Theeliminationrulefor+allowstoformfromanelementofA+Ban
elementofanysetCprovidedwecancomputesuchanelementfromAand
fromB:

A:Set
B:Set

C:(A∨B)→Set
sl:(a:A)→C(inlABa)
sr:(b:B)→C(inrABb)

d:A∨B
PlusSplitABCslsrd:Cd

•OmittingthedependencyofConA∨Bandomittingthebureaucratic
premisesandargumentsA,BandCweget:

d:A∨Bsl:A→Csr:B→C
PlusSplitslsrd:C
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Disjunction(Cont.)

•ThismeansthatwecanderivefromA∨BaformulaC,ifwecanderive
CfromAandfromB.

•Thisiswhatisexpressedbytheordinaryeliminationrulesfor∨:

A∨B

A
·
·
·
C

B
·
·
·
C

C

•(Notethatintheordinaryeliminationrule,fromthepremise“Cderivable
fromA”weobtain“A→C”,similarlyfor“CderivablefromB”weget
B→C.)

CriticalSystems,CS411,Lentterm2003,Sec.B3B3-78b



(C)AntonSetzer2003(exceptforpictures)

Implication

•Wewritetemporarily⊃forlogicalimplication,inordertodistinguishitfrom
thefunctiontype→.

–Belowweseethat⊃canbeidentifiedwith→.

•A⊃Bistrueiff,wheneverAistruethenBistrue.

•ThereforeifthereisaproofofA,theremustbeaproofofB.

•ThereforeaproofofA⊃Bisafunction,whichtakesaproofofAand
computesaproofofB.

•ThereforethesetofproofsofA⊃BisthefunctiontypeA→B.

•WecanidentifyA⊃BwithA→B.
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Implication(Cont.)

•Withthisidentification,theintroductionrulefor⊃allowstoformaproof
ofA⊃BfromaproofofBdependingonaproofpofA:

p:A⇒q:B
λ(p:A).q:A⊃B

•Thismeansthat,ifwe,fromassumptionsp:AcanproveB

–(i.e.wecanmakeuseofacontextp:Aforprovingq:B)

thenwecanderiveA⊃Bwithoutassumingp:A.
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Implication(Cont.)

•Thisiswhatisexpressedbytheordinaryintroductionrulefor⊃:

A
·
·
·
B

A⊃B
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Implication(Cont.)

•Theeliminationrulefor⊃allowstoapplyaproofpofA⊃Btoaproof
ofqofAinordertoobtainaproofofB:

p:A⊃Bq:A
pq:B

•ThismeansthatwecanderivefromA⊃BandAthatBholds.

•Thisiswhatisexpressedbytheordinaryeliminationrulefor⊃:

A⊃BA
B
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Negation

•¬AhasthesamemeaningasA⊃⊥
(where⊥isabsurdityorthesetFalse):

–IfthereisnoproofofA,thenwecanproveA⊃⊥.
–IffromanyproofofAwecancreateaproofofabsurdity,thenthere

cannotbeaproofofA,Amustbefalse.

•Thereforewecanidentify¬AwithA→False.
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UniversalQuantification

•Sincewehavemanytypes,wehavetowritewhenusingquantifiersexplicitly
thetype,theboundvariableisrangingover:
Wewritetherefore∀x:A.B,∃x:A.B.

•∀x:A.Bistrueiff,forallx:AthereexistsaproofofB(withthatx).

•Thereforeaproofof∀x:A.Bisafunction,whichtakesanx:Aand
computesanelementofB.

•Thereforethesetofproofsof∀x:A.Bisthedependentfunctiontype
(x:A)→B.

•Wecanidentify∀x:A.Bwith(x:A)→B.
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UniversalQuantification(Cont.)

•Withthisidentification,theintroductionrulefor∀allowstoformaproof
of∀x:A.BfromaproofofBdependingonanelementx:A:

x:A⇒p:B
λ(x:A).p:∀x:A.B

•Thismeansthat,ifwe,fromx:AcanproveB,thenwegetaproofof
∀x:A.Bwhichdoesn’tdependonx:A.
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UniversalQuantification(Cont.)

•Thisiswhatisexpressedbytheordinaryintroductionrulefor∀:

B
∀x:A.B

where

–xmightnotoccurfreeinanyassumptionoftheproof.
∗Thisisguaranteedintypetheory,sincex:Amustbethelastelement

ofthecontext,soanyotherassumptionsmustbelocatedbeforeitand
canthereforenotdependonx:A.

–Theconclusionwillnolongerdependonfreevariablesx.
∗Thiscorrespondsintypetheorytothefactthatx:Adoesnolonger

occurinthecontextoftheconclusion.
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UniversalQuantification(Cont.)

•Theeliminationruleforthedependentfunctiontypeallowstoapplyaproof
pof∀x:A.Btoanelementa:AinordertoobtainaproofofB[x:=a]:

p:∀x:A.Ba:A
pa:B[x:=a]

•Thismeansthatwecanderivefrom∀x:A.Bandanelementofa:Athat
B[x:=a]holds.
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UniversalQuantification(Cont.)

•Thisiswhatisexpressedbytheordinaryeliminationrulefor∀

–Forthesimplelanguagesusedinordinarylogic,thereisnoneedtoderive
thata:A;inmorecomplextypetheorieswehavetocarryoutthis
derivation.

∀x:A.Ba:A
B[x:=a]
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ExistentialQuantification

•∃x:A.Bistrueiffthereexistsana:AsuchthatB[x:=a]istrue.

•Thereforeaproofof∃x:A.Bisapair〈a,p〉consistingofanelement
a:AandaproofpofB[x:=a].

•Thereforethesetofproofsof∃x:A.Bisthedependentproduct
(x:A)×B.

•Wecanidentify∃x:A.Bwith(x:A)×B.
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ExistentialQuantification(Cont.)

•Withthisidentification,theintroductionrulefor∃allowstoformaproof
of∃x:A.Bfromanelementa:Aandaproofp:B[x:=a]:

a:Ap:B[x:=a]
〈a,p〉:∃x:A.B

•Thisiswhatisexpressedbytheordinaryintroductionrulefor∃:

a:AB[x:=a]
∃x:A.B
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ExistentialQuantification(Cont.)

•Theeliminationruleforthedependentproductallowstoprojectaproofp

of∃x:A.Btoanelementπ0(p):Aandproofπ1(p):B[x:=π0(p)].

•Thiskindofruleworksonlyifwehaveexplicitproofs.

•Fromthiswecanderivearulewhichisessentiallythatusedinnatural
deduction(inwhichonedoesn’thaveexplicitproofs):

–Assume:
∗C:Set,whichdoesnotdependonx:A,
∗p:∃x:A.Band
∗x:A,y:B⇒c:C.

–Thenwehavec[x:=π0(p),y:=π1(p)]:C,
notdependingonx:Aory:B.
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ExistentialQuantification(Cont.)

•Thereforetheruleinnaturaldeductionfollowsfromthetypetheoretic
rules:

∃x:A.B

x:A
B
·
·
·
C

C
wheretheconclusiondoesnotdependonx:AandB.
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Constructive(orIntuitionistic)Logic

•Fromtypetheoreticproofswecandirectlyextractprograms.

•Forinstance,ifp:∀x:A.∃y:B.C(x,y),thenwehave

–forx:Aitfollowsb:=π0(px):Bandπ1(px):C(x,b).
–Thereforef:=λx:A.π0(px)isafunctionA→B,andwehave

λ(x:A).π1(px):∀x:A.C(x,fx)

i.e.wehaveaproofthat∀x:A.C(x,fx)holds.
–Therefore,fromaproofof∀x:A.∃y:B.C(x,y),wecanextracta

function,whichcomputestheyfromthex.
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ConstructiveLogic(Cont.)

•Wecanderiveaswellafunctionwhichdependingonp:A+Bdecides
whetherp=inl(a)orp=inr(b).

•Thereforewecandecide,fromaproofofadisjunction,whichofthe
disjunctsholds.

•Now:

–Anyfunctionintypetheoryisrecursive.
–WecannotdecidetheTuringHaltingproblem,i.e.wecannotdecide

foraTuringmachinewhetherithaltsornot.
–Thereforewecannotproveintypetheory

∀x:TuringMachine.(xhalts∨¬(xhalts))
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ConstructiveLogic(Cont.)

•Inclassicallogicwecanprovetheabove,sincewecanderiveA∨¬A

(tertiumnondatur)foranyformulaA.

•Intypetheory,thislawcannothold,unlesswedon’twantthatallprograms
canbeevaluated.

–Thelogicoftypetheoryisintuitionistic(constructive)logic,inwhich
A∨¬Aand¬¬A→Adon’tholdforallformulaeA.
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ConstructiveLogic(Cont.)

•Inclassicallogic,

–∃x:A.Bisequivalentto¬∀x:A.¬B,
–A∨Bisequivalentto¬(¬A∧¬B).

•Ifwetakedecidableatomicformulaeonlyandreplace∃x:A.BandA∨B

bytheaboveformulae,thenallformulasprovableinclassicallogicare
derivable.

–Thisrequires(¬¬A)→A,whichcanbeshownforallformulaebuiltfrom
decidableatomicformulaeusing¬,→,∧,∀.

–TheformulaA∨¬Atranslatesinto¬(¬A∧¬¬A),whichtriviallyholds,
since¬Aand¬¬Aimplies⊥.

•Inthissense,typetheorycontainsclassicallogic,butisricher,sinceit
hasaswellsocalledstrongdisjunctionandexistentialquantification.
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ConstructiveLogic(Cont.)

•Proof(usingclassicallogic)of

∃x:A.B↔¬∀x:A.¬B:

–Wehaveclassically:
¬¬A→A:

∗IfAistrue,then¬¬A→Aholds.
∗IfAisfalse,then¬¬Aisfalse,therefore¬¬A→Aholds.
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ConstructiveLogic(Cont.)

•Weshowintuitionistically¬(∃x:A.B)↔∀x:A.¬B:

–Assume¬(∃x:A.B),x:Aandshow¬B.
IfwehadB,thenwehad∃x:A.B,contradicting¬(∃x:A.B).Therefore
¬B.

–Assume∀x:A.¬B.Show¬(∃x:A.B):
Assume∃x:A.B.Assumexs.t.Bholds.
By∀x:A.¬Bweget¬B,thereforeacontradiction.

•Nowitfollows(classically):

(∃x:A.B)↔¬¬(∃x:A.B)↔¬∀x:A.¬B
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ConstructiveLogic(Cont.)

•ProofofA∨B↔¬(¬A∧¬B):

–Weshowintuitionistically¬(A∨B)↔(¬A∧¬B):
∗Assume¬(A∨B).IfAthenA∨B,acontradiction,therefore¬A.

Similarlyweget¬B,therefore¬A∧¬B.
∗Assume¬A∧¬B,show¬(A∨B).

AssumeA∨B.IfAthenacontradictionwith¬A,similarlywithB.
–Nowitfollows(classically):

(A∨B)↔¬¬(A∨B)↔¬(¬A∧¬B)
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ConstructiveLogic(Cont.)

•Weakdisjunctionandexistentialquantificationisexpressedbythe
formulae¬(¬A∧¬B)and¬∀x:A.¬B.

–Whenusingonlyweakdisjunction,existentialquantificationanddecidable
atomicformulae,weobtainclassicallogic.

•Strongdisjunctionandexistentialquantificatonisexpressedbythe
originaltypetheoreticformulae.
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(f)TheSetofNaturalNumbers

•ThesetNisthetypetheoreticrepresentationofthesetN:={0,1,2,,...,}.

•Ncanbegeneratedby

–startingwiththeemptyset,
–adding0toit,and
–adding,wheneverwehavexinitx+1toit.
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TheSetofNaturalNumbers(Cont.)

•LetSbeatypetheoreticnotationfortheoperationx7→x+1.

•Thenthetypetheoreticrulesare

N:Set

0:N

n:N
Sn:N
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PrimitiveRecursion

•PrimitiveRecursionexpresses:
Assumewehave

–a:N.
–and,ifn:N,x:Nthengnx:N.

Thenwecandefinef:N→N,s.t.

–f0=a,
–f(Sn)=gn(fn).
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PrimitiveRecursion(Cont.)

•Thecomputationoffnproceedsnowasfollows:

–Computen.
–Ifn=0,thentheresultisa.
–Otherwisen=S(n

′
).

∗Weassumethatwehavedeterminedalreadyhowtocomputefn
′
.

∗Nowfnreducestogn
′
(fn

′
).

∗gn
′
(fn

′
)canbecomputed,sinceweknowhowtocompute

·g

·fn
′
.
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Example

•Thefunctionf:N→Nwithf(x)=2·xcanbedefinedprimitive
recursivelyby:

–f(0)=0.
–f(Sn)=S(S(fn)).

•Thereforetakeinthedefinitionabove:

–a=0,
–gnx=S(Sx).
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GeneralizedPrimitiveRecursion

•Wecangeneralizeprimitiverecursionasfollows:

–FirstwecanreplacetherangeoffbyanarbitrarysetC
∗i.e.weallowforanysetC

f:N→C

–Further,CcannowdependonN.

•Weobtainthefollowingsetofrules:
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RulesfortheNaturalNumbers

FormationRule
N:Set

IntroductionRules
0:N

n:N
Sn:N

EliminationRule

C:N→Set
a:C0

f:(x:N)→Cx→C(Sx)
n:N

PCafn:Cn

EqualityRules
PCaf0=a

PCaf(Sn)=fn(PCafn)
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RulesfortheNaturalNumbers(Cont.)

•Notethatifwedefineintheeliminationruleg:=PCfthen

–Theconclusionoftheeliminationrulereads:

gn:Cn

whichmeansthat

λ(n:N).gn:(n:N)→Cn.

–Theequalityrulesread:

g0=a

g(Sn)=fn(gn)
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RulesforN
usingtheLogicalFramework

•Themorecompactnotationis:

–N:Set,
–0:N,
–S:N→N,
–P:(C:N→Set)

→C0
→((x:N)→Cx→C(Sx))

→(n:N)
→Cn.
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NaturalNumbersinAgda

•Nisdefinedusingdata:

dataN=Z|S(n::N)

(Unfortunately,0isnotanacceptablenameinAgda).

•Thereforewehave
Z::N
S::N→N
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EliminationRulesforNinAgda

•EliminationworksviacasedistinctioninAgda.

–Ifwewanttointroduce
f(n::N)

::A

={!!}

∗Apossiblydependingonn,
wecantypeintothegoalnandusethemenuagda-case.
Weget

f(n::N)
::A

=casenof
{(Z)→{!!};

(Sn
′
)→{!!};}
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EliminationRulesforNinAgda(Cont.)

•Forsolvingthegoals,wecannowmakeuseoff.
Thatwillbeacceptedbythetypechecker.

•However,ifweuseoffullf,andthenusemenuitem
“agda-check-termination”,wemightobtainanerror-message.

•Ifwe

–donotmakeuseoffinthecasen=Zand
–onlyuseoffn

′
incasen=Sn

′
.

thenagda-check-terminationsucceeds.
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EliminationRulesforNinAgda(Cont.)

•Ifagda-check-terminationsucceeds,thedefinitionshouldbecorrect.

–(Thelecturerhasn’tcheckedthealgorithm).

•However,ifagda-check-terminationfails,thedefinitionmightstillbe
correct.
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ExampleofthePowerofTerminationCheck

•ThefollowingdefinitionoftheFibonaccinumberscan’tbedefinedthisway
directlyusingtherulesoftypetheory,butitcanbedefinedinAgdaas
followsandagda-check-terminationacceptsit:
(one:=SZ):

fib(n::N)
::N
=casenof

{(Z)→one;
(Sn

′
)→casen

′
of

{(Z)→one;
(Sn

′′
)→fibn

′
+fibn

′′
;};}
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ExampleforLimitationsofTerminationCheck

•Assumewedefinethepredecessorfunction

pred(n::N)
::N
=casenof

{(Z)→Z;
(Sn

′
)→n

′
;}

i.e

pred(n)=

{
0ifn=0
n−1otherwise.
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ExampleforLimitationsofTerminationCheck(Cont.)

•Thenthefunction

f(n::N)
::N
=casenof

{(Z)→Z;
(Sn

′
)→f(predn);}

terminatesalways

–(itreturnsforalln:NthevalueZ).

•However,agda-check-terminationfails.
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LimitationsoftheTerminationCheck(Cont.)

•BecauseoftheundecidabilityoftheTuringhaltingproblem

–itisundecidablewhetherarecursivelydefinedfunctionterminatesornot

•thereisnoextensionofagda-check-termination,whichacceptsexactly
allinagdadefinablefunctions,whichterminateforallinputs.
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Example:Addition

•Definitionof+inAgda:

(+)(n,m::N)
::N
=casemof

{(Z)→n;
(Sm

′
)→S(n+m

′
);}

•Thedefinitionexpresses:

n+0=n

n+(m
′
+1)=(n+m

′
)+1
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Example:Addition

•Notethat(+)isusedinfix,i.e.wewriten+mfor(+)nm.

•Ifm=Sm
′
,thedefinitionof(+)nmrefersto(+)nm

′
,

–(+)nm
′
isdefinedbefore(+)nmsincem

′
isintroducedbeforem.
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Example:Multiplication

•Definition

(∗)(n,m::N)
::N
=casemof

{(Z)→Z;
(Sm

′
)→n∗m

′
+n;}

•Thedefinitionexpresses:

n·0=0

n·(m
′
+1)=(n·m

′
)+n
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Example:Multiplication(Cont.)

•Again∗istreatedinfix.

•Agdahasbuiltinthat∗bindsmorethan+.

–n∗m
′
+nistreatedas(n∗m

′
)+n.

•Notethatthedefinitionof∗requires,that+isalreadydefined.
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EqualityonN

•Theequality(n==m)::Setforn,m::Ncanbedefinedusingthe
equations:

–(Z==Z)=True.
–(Z==Sn)=(Sn==Z)=False.
–(Sn==Sm)=(n==m).
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EqualityonN(Cont.)

•FromthisonecannowderiveadefinitioninAgda:

(==)(n,m::N)
::Set
=casenof

{(Z)→casemof
{(Z)→{!!};

(Sm
′
)→{!!};};

(Sn
′
)→casemof

{(Z)→{!!};
(Sm

′
)→{!!};};}

•Taskofcoursework3,Question1tofillinthosegoals.
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Reflexivityof==

•Reflexivityof==istheformula:

∀n:N.n==n

•Typetheoreticallythismeansthatwehavetodefineafunctionrefl:

refl(n:N)
::n==n

={!!}
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Reflexivityof==(Cont.)

•Thiscannowbeshownusingcasedistinction:

refl(n:N)
::n==n

=casenof
{(Z)→{!!};

(Sn
′
)→{!!};}
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Reflexivityof==(Cont.)

•Casen=Zistrivial.

•Casen=Sn
′
canbesolvedusingrefln

′
(whichisdefinedbeforerefln

′
).

•TaskofCoursework3,Question1(e)tosolvethisgoal.
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Symmetryof==

•Symmetryof==istheformula:

∀n,m:N.n==m→m==n

•Typetheoreticallythismeansthatwehavetodefineafunctionsym:

sym(n,m:N)
(p::n==m)
::m==n

={!!}
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Symmetryof==(Cont.)

•Thiscannowbeshownusingcasedistinction:

sym(n,m:N)
(p::n==m)
::m==n

=casenof
{(Z)→casemof

{(Z)→{!!};
(Sm

′
)→{!!};};

(Sn
′
)→casemof

{(Z)→{!!};
(Sm

′
)→{!!};};}

CriticalSystems,CS411,Lentterm2003,Sec.B3B3-123



(C)AntonSetzer2003(exceptforpictures)

Symmetryof==(Cont.)

•Thefirstgoalcanbesolvedbyusingtrue(since(Z==Z)=True).

•ForthesecondgoalweknowpisanelementofZ==Sm
′
whichisFalse.

–Thereforeifwemakecasedistinctiononpweget

casepof{}

andhavesolvedthesecondgoal.

•Similarlythethirdgoalcanbesolved.
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Symmetryof==(Cont.)

•Inthefourthgoal,wehaveastypeofgoalSm
′
==Sn

′
whichisidentical

tom
′
==n

′
.

–ThetypeofpisSn
′
==Sm

′
whichisidenticalton

′
==m

′
.

•Thegoalcanbesolvedbyusingsymn
′
m

′
p.

–Notethatwecanuseherepsinceitisoftypen
′
==m

′
.

∗Itiscorrecttouseitsincen
′
isintroducedbeforen.

·Thereforesymn
′
canbedefinedbeforesymn.

∗Thisdefinitionwillbeacceptedbyagda-check-termination.
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Example:Tuples(orVectors)ofLengthn

•Definefirst
dataNil=nil

Cons(A,B::Set)
::Set
=datacons(a::A)(b::B)
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Example:Tuples(orVectors)ofLengthn

•Nowwecandefine(weuseVecforvector)

Vec(A::Set)
(n::N)
::Set
=casenof

{(Z)→Nil;
(Sm

′
)→ConsA(VecAm

′
);}
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TuplesofLengthn

•Therefore(withtheobviousdefinitionoftwo),

VecAn=ConsA(ConsA···(ConsA
︸︷︷︸

ntimes

Nil)···)).

•TheelementsofVecAnare

consa1(consa2···(consannil)···)

forelementsa1,...,anofA.

•Inordinarymathematicalnotation,wewouldwrite〈a1,...,an〉forsuchan
element.
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RemarksonTuplesofLengthn

•Inordinarymathematics,wewoulddefine

Vec(A,0):={〈〉},

Vec(A,n+1):={〈a1,...,an+1〉|a1,...,an+1∈A}.
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RemarksonTuplesofLengthn

•Ifwedefine

nil:=〈〉,

cons(a1,〈a2,...,an+1〉):=〈a1,...,an+1〉,

thenthisreads:

Vec(A,0):={nil},

Vec(A,n+1):={cons(a,b)|a∈A∧b∈Vec(A,n)}.
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RemarksonTuplesofLengthn(Cont.)

•Inthetypetheoreticdefinitionwehaveconstructors

–nil::VecAZ
–cons@(VecA(Sn))::A→VecAn→VecA(Sn).

•Thisisthetypetheoreticanalogueofthepreviousdefinitions.
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Example:SumofTuplesofLengthn

•Define
NVec(n::N)

::Set
=VecNn

•Nvecnaretuplesofnaturalnumbersoflengthn.
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Example:ComponentwiseSumofTuplesofLengthn

•Wedefinecomponent-wisesumoftuplesoflengthn.

–Usingmathematicalnotation,thissumforinstanceasfollows:

〈2,3,4〉+〈5,6,7〉=〈7,9,11〉.
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Example:ComponentwiseSumofTuplesofLengthn(Cont.)

SumNVec(n::N)
(avec,bvec::NVecn)
::Nvecn

=casenof
{(Z)→nil;

(Sn
′
)→

caseavecof
{(consaavec

′
)→

casebvecof
{(consbbvec

′
)→

cons@
(a+b)
(SumNVecn

′
avec

′
bvec

′
);};};}
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(g)Lists

•WedefinethesetoflistsofelementsoftypeAinAgda.

•Wehavetwoconstructors:

–nil,generatingtheemptylist.
–cons,addinganelementofAinfrontofalist

•Sowedefinelistsas:

list(A::Set)
::Set
=datanil

|cons(a::A)(l::listA)

CriticalSystems,CS411,Lentterm2003,Sec.B3B3-134



(C)AntonSetzer2003(exceptforpictures)

EliminationRuleforLists

•Eliminationruleuseslist-recursion:
Assume

–A:Set
–C::Set,dependingonl::listA.

Thenwecandefine

f(l::listA)
::C

=caselof
{(nil)→{!!};

(consal
′
)→{!!};}

andinthesecondgoalwecanmakeuseoffl
′
.
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Example:LengthofaList

length(l::listN)
::N
=caselof

{(nil)→Z;
(consal

′
)→S(lengthl

′
);}
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Example:SumoftheElementsofaList

sumlist(l::listN)
::N
=caselof

{(nil)→Z;
(consnl

′
)→n+sumlistl

′
;}
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InterestingExercise

•Define
append:(A:Set)→(listA)→(listA)→listA,

s.t.appendAll
′
istheresultofappendingthelistl

′
attheendoflistl.

•E.g.,ifa,b,c,dareelementsofA,
andifwedefinecons:=cons@(listA),nil:=nil@(listA),then:

appendA(consa(consbnil))(consc(consdnil))
=consa(consb(consc(consdnil)))
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(h)Universes.

•AuniverseUisaset,theelementsofwhicharecodesforsets.

•Sowehave

–U:Set,
–T:U→Set(thedecodingfunction).

•Weconsiderinthefollowingauniverseclosedunder

–Fin0,Fin1,Bool,
–N,
–+,
–Σ,
–thedependentfunctiontype.
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RulesfortheUniverse

FormationRule

U:Set

a:U
Ta:Set

IntroductionandEqualityRules

F̂in0:UT(F̂in0)=Fin0:Set

F̂in1:UT(F̂in1)=Fin1:Set

B̂ool:UT(B̂ool)=Bool:Set
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Introduction/EqualityRules
fortheUniverse(Cont.)

a:Ub:U
a+̂b:U

T(a+̂b)=T(a)+T(b):Set

a:Ub:T(a)→U

Σ̂(a,b):U

T(Σ̂(a,b))=ΣT(a)(λx.T(bx)):Set
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Introduction/EqualityRules
fortheUniverse(Cont.)

a:Ub:T(a)→U

Π̂(a,b):U

T(Π̂(a,b))=(x:T(a))→T(bx):Set
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EliminationandEqualityRules
fortheUniverse(Cont.)

•Thereexistaswelleliminationrulesandcorrespondingequalityrulesforthe
universe.

•Theyareverylong(onestepforeachofconstructorofU)andarenotvery
muchused.

•Theyfollowtheprinciplespresentinpreviousrules.
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ApplicationsoftheUniverse

•Ordinaryeliminationrulesdon’tallowtoeliminateintoSet.

•Howeveroften,onecanverify,thatallsetsneededare“elementsofa
universe”,

–i.e.therearecodesintheuniverserepresentingthem.

•ThenonecaneliminateintotheuniverseinsteadofSetanduseTtoobtain
therequiredfunction.
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ApplicationsoftheUniverse

•Example:Define

âtom:Bool→U,

âtom:=CaseBool(λ(x:Bool).U)F̂in1F̂in0,

atom:Bool→Set,

atom:λ(x:Bool).T(âtomx),

Then

–atomtt=Fin1,

–atomff=Fin0.
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UniversesinAgda

•UandTneedtobedefinedsimultaneously.

–UsuallyAgdatypechecksdefinitionsinsequence,sonoreferencetolater
definitionspossible.

–Specialconstructmutual.
∗Everythinginthescopeofitistypecheckedsimultaneously.
∗Scopedeterminedbyindentation.
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UniversesinAgda(Cont.)

mutual
U::Set

=dataNhat
|Finzerohat
|Finonehat
|Boolhat
|Sigmahat(a::U)(b::Ta→U)
|Pihat(a::U)(b::Ta→U)
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UniversesinAgda(Cont.)

TinthefollowingistobeintendedthesameasU:

T(u::U)
::Set
=caseuof

{(Nhat)→N;
(Finzerohat)→Finzero;
(Finonehat)→Finone;
(Boolhat)→Bool;
(Sigmahatab)→Sigma(Ta)(λ(x::Ta)→T(bx));
(Pihatab)→(x::Ta)→T(bx);}
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(i)AlgebraicDataTypes.

•Theconstruct“data”inAgdaismuchmorepowerfulthanwhatiscovered
bytypetheoreticrules.

•Ingeneralwecandefinenowsetshavingarbitrarilymanyconstructorswith
arbitrarilymanyargumentsofarbitrarytypes.

A::Set
=dataC1(a11::A11)···(a1n1::A1n1)

|C2(a21::A21)···(a2n2::A2n2)
···
|Cm(am1::Am1)···(amnm::Amnm)
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Meaningof“data”

•TheideaisthatAasbeforeistheleastsetAs.t.wehaveconstructors:

Ci@A::(ai1::Ai1)
->···
->(aini::Aini)
->A

whereaconstructoralwaysconstructsnewelements.

•InotherwordstheelementsofAareexactlythoseconstructedbythose
constructors.
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StrictlyPositiveAlgebraicDataTypes

•InthetypesAijwecanmakeuseofA.

–However,itisdifficulttounderstandA,ifwehavenegativeoccurrences
ofA.

–Example:
A::Set

=dataC(f::A->A)

–WhatistheleastsetAhavingaconstructor
C@A::(f::A->A)

->A?
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StrictlyPositiveAlgebraicDataTypes(Cont.)

–Ifwe
∗haveconstructedsomepartofAalready,
∗findafunctionf::A->A,and
∗addC@ftoA,
thenfmightnolongerbeafunctionA->A.
(fappliedtothenewelementC@fmightnotbedefined).

–Infact,“agda-check-termination”issuesawarning,ifwedefineAasabove.

–Weshouldn’tmakeuseofsuchdefinitions.
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StrictlyPositiveAlgebraicDataTypes(Cont.)

•A“good”definitionisthesetoflistsofnaturalnumbers,definedasfollows:

Nlist::Set

=datanil

|cons(a::N)

(l::Nlist)

•Theconstructorcons@ofN-listsreferstoNlist,butinapositiveway:
Wehave:ifa::Nandl::Nlist,thenwehavecons@al::

Nlist.

–Ifweaddcons@altoNlist,thereasonforaddingit(namelyl::

Nlist)isnotdestroyedbythisaddition.
–Sowecan“construct”thesetNlistby
∗startingwiththeemptyset,
∗addingnil@and
∗closingitundercons@wheneverpossible.

•Becausewecan“construct”Nlist,theaboveisanacceptabledefinition.
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StrictlyPositiveAlgebraicDataTypes(Cont.)

•Ingeneral:

A::Set

=dataC1(a11::A11)···(a1n1::A1n1)

|C2(a21::A21)···(a2n2::A2n2)

···
|Cm(am1::Am1)···(amnm::Amnm)

isastrictlypositivealgebraicdatatype,ifallAijare

–eithertypeswhichdon’tmakeuseofA
–orareAitself.

•AndifAisastrictlypositivealgebraicdatatype,thenAisacceptable.

•Thedefinitionsoffinitesets,ΣAB,A+BandNwerestrictlypositive
algebraicdatatypes.
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OnefurtherExample

•Thesetofbinarytreescanbedefinedasfollows:

Bintree::Set

=dataleaf

|branch(left::Bintree)

(right::Bintree)

•Thisisastrictlypositivedatatype.
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StrictlyPositiveAlgebraicDataTypes,
Extensions

•Anoftenusedextensionistodefineseveralsetssimultaneouslyinductively.

•Example:theevenandoddnumbers:

mutual

Even::Set

=dataZ|S(n::Odd)

Odd::Set

=dataS(n::Even)

•Insuchexamplestheconstructorsreferstrictlypositivetoallsetswhichare
tobedefinedsimultaneously.
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StrictlyPositiveAlgebraicDataTypes,
Extensions

•WecanevenallowAij=B1−>AorevenAij=B1−>···−>Bl−>A,
whereAisoneofthetypesintroducedsimultaneously.

•Example(called“Kleene’sO”:

O::Set

=dataleaf

|succ(o::O)

|lim(f::N->O)

•Thelastdefinitionisunproblematic,since,ifwehavef::N->Oand
constructlim@foutofit,addingthisnewelementtoOdoesn’tdestroy
thereasonforaddingittoO.

•SoagainOcanbe“constructed”.
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EliminationRulesfordata

•Functionsfromstrictlypositivedatatypescannowbedefinedbycase
distinctionasbefore.

•Forterminationweneedonlythatinthedefinitionoff,whenhavetodefine
f(C@a1···an),wecanreferonlytofappliedtoelementsusedinC@

a1···an.
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Examples

•Forinstance

–intheBintreeexample,whendefining

f::Bintree−>A

bycase-distinction,thenthedefinitionof

f(branch@leftright)

canmakeuseoffleftandfright.
–IntheexampleofO,whendefining

g::O−>A

bycase-distinction,thenthedefinitionof

g(lim@f)

canmakeuseofg(fn)foralln::N.
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