CS_336 Interactive Theorem Proving (a) What is Interact. Theorem Pro

(d) | Need for Theorem Proving

» We need to prove theorems in order to establish
mathematical theorems.

s E.g. that certain problems are decidable,
undecidable, polynomial computable etc.

o We need them as well in order to establish the
correctness of software and hardware.

s Is oating point division for the Intel processor
Lent Term 2004 correct?

Dr. Anton Setzer

s Is arailway control system safe?

s When verifying the Swedish railway system, lots of
bugs were found.
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0. Overview
(@)

# Concentration on the latter in this module.
(b)

(€)

Need for Theorem Proving
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4 Ways of Proving Theorems

1. Theorem proving by hand.
s What mathematicians do all the time.

o Will remain in the near future the main way for
proving theorems.
s Problem: Errors.

s As in programs after a certain amount of lines
there is a bug, after a certain amount of lines a
proof has a bug.

s The problem can only be reduced by careful proof
checking, but not eliminated completely.

» Unsuitable for verifying large software and hardware
systems.

s Data usually too large.

s Likely that one makes the same mistakes as in the
software.
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4 Ways of Proving Theorems

2. Theorem proving with some machine suppor t.

» Machine checks the syntax of the statements,
creates a good layout, translates it into different
languages.

» Theorem proving still to be done by hand.

s Example: most systems for speci cation of software
(e.g. CSP-CASL, as used by Dr. Roggenbach).

s Advantages:

s Less errors.
s User is forced to obey a certain syntax.
s Speci cations can be exchanged more easily.

s Disadvantage: Similar to 1.
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4 Ways of Proving Theorems

3. Interactive Theorem Proving.
s Proofs are fully checked by the system.
s Proof steps have to be carried out by the user.
s Advantages:
s Correctness guaranteed (provided the theorem
prover is correct).

s Everything which can be proved by hand, should
be possible to be proved in such systems.
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4 \Ways of Proving Theorems

# (Interactive theorem proving)

s Disadvantages:
s It takes much longer than proving by hand.

Similar to programming:
To say in words what a program should do,
doesn't take long.
To write the actual program, can take a long
time, since much more details are involved than
expected.

s Requires experts in theorem proving.
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4 Ways of Proving Theorems

4. Automated Theorem Proving.
s The theorem is shown by the machine.
s lItis the task of the user to
s State the theorem,
s bring itinto a form so that it can be solved,
s usually adapt certain parameters so that the
theorem proving solves the problem within
reasonable amount of time.

s Espec. Dr. Kullmann is an expert in this area.

4 Ways of Proving Theorems
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4 Ways of Proving Theorems

# (Automated theorem proving)

s Disadvantages
s Many problems cannot be proved automatically.
s Can often deal only with nite problems.
We can show the correctness of one particular
processor.
But we cannot show a theorem, stating the
correctness of a parametric unit (like a generic
n-bit adder for arbitrary n.
In some cases this can be overcome.
s Limits on what can be done (some hardware
problems can be veri ed as 32 bit versions, but no
as 64 bit versions).

# (Automated theorem proving)

s Advantages
s Less complicated to “feed the theorem into the
machine” rather than actually proving it.
Might be done by non-specialists.
s Sometimes faster than interactive theorem
proving.
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(b) Administrative Issues
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Address:

Dr. A. Setzer

Dept. of Computer Science
University of Wales Swansea
Singleton Park

SA2 8PP

UK

Room Room 211, Faraday Building
Tel. (01792) 513368

Fax. (01792) 295651

Email
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Assessment

o 80% Exam.

® 20% coursework:

s 4 small assignments. Each counts 5% (Plan, might
be changed).
s Handed out approx. every 2nd week.
s Due two weeks later.
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Timetab le, Cour se Material

#® Two lectures per week.
s Tuesday, 11:00, Faraday J.
s Thursday, 10:00, Vivian 112.

#® Web page contains overhead slides from the lectures.
Course material will be continually updated.
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(c) Plan

N B2 O

3.
4. Interactive programs in dependent type theory.

5. Cayenne — A programming language with dependent
types.

The plan might be changed slightly.
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(d) Literature

# In general, the module is self-contained.
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Main Course Literature

# B. Nordstrom, K. Peterson, J. M. Smith:
Programming in Martin-Lo6f's type theory. Available via

Course book , although a little bit too high level.

# B. Nordstrom, K. Peterson, J. M. Smith:
Martin-Lo6f's type theory. Handbook of Computer
Science, Vol 5, 1-37. Oxford Univ. Press, 2000.
Available via

Similar as the previous book, but shorter.

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 0

Other Introductor y Books

17

#® Martin-Lo6f, Per: Intuitionistic Type theory. Bibliopolis,
Naples, 1984.
Relatively easy short book, from the father of the type
theory we are using. Intended for philosophers.

# Aarne Ranta: Type-theoretic grammar. Clarendon
Press, 1995.
Use of type theory in linguistics and for translation
between languages. Has a good and simple
introduction into type theory.
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More advanced Books

® Troelstra, A. S. and van Dalen, D.:

Constructivism in mathematics. Vol. |. North Holland,
1988.

Contains some material of interest (e.g. BHK
interpretation of logical connective). Postgraduate level.

Chapter 11 of Troelstra, A. S. and van Dalen, D.:
Constructivism in mathematics. Vol. Il. North Holland,
1988.

Book on postgraduate level. Deviates from “of cial
Martin LOf type theory”.
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1.

Intr oduction

(@)
(b)
(€)
(d)
(e)
(f)
(9)
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(a) Approaches to Veried Software Appr oaches to Veried Software

We consider 4 principal approaches towards writing veri ed (i) Programs written in a langua ge whic h allows to
software. state properties of the program.
Example: “This program sorts a list”.
(§) First a program is written. Properties should be veri ed when compiling the
Then its correctness is veri ed. program
» Most common approach, when formal methods are s Advantages:
applied. s Programmer is forced to think very clearly.
» Main advantage: s Programs will be very well documented.
Ordinary programming languages can be used. s The information about properties needed might
s Disadvantage: all or most considerations of the guide the programmer.
programmers are lost. In some cases parts of the program can even be
s Requires advanced automated theorem proving found automatically.

technologies.

» Dr. Kullmann is an expert on the theorem proving
techniques used there.
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Approaches to Veried Software Approaches to Veried Software
(i) Prove that a solution for the problem exists. s Disadvantages of (iii):
Extract a program from it. s Requires new programming languages.
» Eg from a proof of the statement s Sitill essentia”y area of research. However
For every list there exists a sorted list advanced tool§ exist aIread_y.
having the same elements s Might be too dif cult for ordinary programmers.
s Effect:
one can extract a program, which computes from a s Proving and programming will be the same.

list a sorted list having the same elements.
The correctness is guaranteed.

» Technology not yet far developed.
s Dr. Berger is an expert in this area of research.
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Approaches to Veried Software

(iv) Mixtures between (i), (iii).
s E.g. SPARK Ada.

In this lecture, we will follow the approach of (iii), based on

dependent type theory.
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(b) The Theorem Prover Agda

# There are several implementations of dependent type

theory:

s NuPrl (Cornell, USA), the technically most advanced
system.
s Uses so called “extensional type theory”.

s Coq (INRIA, France), as well technically very
advanced.

s LEGO (Edinburgh), about to be replaced.
s Both use so called “impredicative type theory”.
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The Theorem Prover Agda

# |Implementations of dependent type theory (Cont.)
s The “Alf-family” (Gothenburg, Sweden) — has
probably the clearest concepts.
s Alf (developed by Lena Magnusson)
s Half (= Haskell Alf), developed by Thierry
Coquand, Dan Synek.
s Agda developed by Catarina Coquand.
s Alfa, a graphical user interface for Agda,
developed by Thomas Hallgren.
s “Cayenne” (Gothenburg, Sweden) is a dependently
typed programming language (not intended as a
theorem prover).

# In this module we will use Agda and brie y consider
Cayenne, but Alfa can be used to create Agda code.
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Proofs in Agda

# Half, Agda, Alf are written in Haskell.

# Half and Agda have an Emacs mode, which makes it
quite convenient to develop proofs in it.

# In most theorem provers, one has to follow one or
several goals, and derive proofs for them.
This is close to the way, proofs are carried out by hand.
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Proofs in Agda (Cont.) Thierry Coquand

»® The Alf-family has a different approach of
successive re nement. The main theoretician behind Agda (which was

s One starts writing the proof code similarly to writing implemented by his wife, of whom | have no picture).

functional programs.

o What cannot be done without machine assistance

o Now one can successively, assisted by the system,
Il in those goals.

» Therefore proof/program development in the Alf
family is very close to ordinary programming.
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Installation of Agda (c) Concept of a Type

# Agda is installed in the Linux lab.
» Follow the item “Getting started with Agda” on the
home page of this module.
s Please check whether the installation works. » Examples of typed languages:
. o : Pascal, C,C++,Java, C#, Haskell, ML, : ::
#® Agda is most easily installed under Linux or other

versions of Unix. ® Examples of untyped languages:
Perl, Python, Visual Basic, Lisp, :::

Typed vs. untyped languages

# |t can as well be installed under CYGWIN, a UNIX
emulation under Windows.

°

See information from the course home page.

#® The source code for the examples given in this lecture
will be available from the course home page.
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Advantages/Disad vantages

# Advantage of untyped languages:
Greater freedom in programming.

# Advantages of typed languages:

s Many errors are avoided, especially when using
operations de ned somewhere else. To nd such
errors in untyped languages can be very dif cult.

s Types are very natural comments to programs, which
express the basic functionality of a program.
Typed languages enforce this kind of comments, and
therefore better documentation.
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Concept of a Type (Cont.)

33

# In order to guarantee correctness of software , we
make use of a much more re ned type system.

s It will allow to specify any property of a program,
which can be de ned as a formula, as a type.
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Need for Rich Type Structures

# In general programming, one wants a very
rich type structure .
s The richer the type structure, the
s more data types one can de ne ,
s the more e xibility one has when writing programs
without loosing the advantages of types (preventing
errors).

# In this lecture we will mainly focus on theorem proving.
# Greater e xibility touched at the end.
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Types used In other Languages

Booleans, integers, oating point numbers, characters,
enumeration types.

Arrays, strings, record types, lists, sets.

# Infunctional programming additionally:
Function types, algebraic types (= what can be de ned
using “data”).

# In object-oriented programming (not relevant here):
interfaces (and classes).

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 1



Types used in Dep. Type Theory Types used in Dep. Type Theory

# Function types. # Algebraic types. More about this later.
Let NatList the type of lists of natural numbers.
Then NatList ! NatList is the type of functions mapping
lists of natural numbers to lists of natural numbers.

s E.g. sorting functions (without any correctness
conditions) are elements of this type.

# Dependent versions of the above.
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Types used in Dep. Type Theory Per Martin-Lof

#® Products (essentially records).

Int  Charis the type of pairs hr;si, where r is an Professor at Stockholm University.
integer and s is a character. Philosopher, mathematician and computer scientist.
s E.g. 12°8 :Int  Char. The Father of Martin-Lof Type Theory, the variant of

. . dependent type theory used in this module.
s In Haskell notation, products are written as follows: P yp y

s Haskell notation for A B is (A; B),
s Haskell noatation for ha;hbi is (a;b).
e.g. (2;3) :: (Int; Int).
» Agda notation will be that of a record type in other
languages.
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(d) The -Calculus

#® Basic idea of the -calculus:
We want to de ne functions “on the y” (so called

» Example:
s We want to apply a function to all elements of a list.

s For instance, we want to upgrade a list of student
numbers to one with one extra digit.
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Example for need of

o Can be done by multiplying each student number by
10.

e Letf :N! N,f(x):=x 10

s In many languages (e.g. C++, Perl, Python, Haskell)
there is a pre-de ned operation map, which takes a
function f , and a list I, and applies f to each element
of the list.
So for the above f we have

map(f ; [210345345698296458])
= [210345034569802964580]:

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 1 42

Intr oduction to -Terms

# Often the f is only needed once, and introducing rst a
new name f for it is tedious.

® So one needs a short notation for “the function f , s.t.
f(x)=x 10

# Notationis x:xx 10
® So we have

map( x:x  10;,[210345345698296458])
= [210345034569802964580]:

# Ingeneral x:it stands for the function f s.t. f (x) = t,
where t might depend on x.

s abovet=x 10
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Notation

# One writes in functional programming usually st for the
application of s to t instead of s(t) as usual.

s This is used since we have often to apply a function
several times, writing something like f (a)(b)(c).
Instead we write f abc.

# As indicated by the example, r st stands for (r s) t, in
generalroriry  rpstandsfor (- ((rori) ro) ).
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In x Operator s Scope of x:

® Weuse+ and inx. s In (x:x ) 5, the scope x: cannot be extended
The corresponding operators are written as (+) , ( ). beyond the closing bracket.
s Sox+ y stands for (+) x, s Soltis X",

s not “x) 5", which doesn't make sense.
s Inf(x:x + 5;3), the scope of x
s iIS“x+ 5,
s not “x + 5; 3)", which doesn't make sense.

e X ystandsfor( ) xy.

# + and will bind less than any non-in x constants.
Therefore Sx + Sy stands for (Sx) + (Sy).

#  binds more than +. s In(x:x + 5) 3, the scope of x
Therefore x +y zstandsforx + (y 2z), o ISX+5
and Sx + Sy zstands for (Sx) + ((Sy) 2). s notx + 5) 3, which doesn't make sense.

#® These are the same conventions as in Agda.
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Scope of x: without a Dot
® How doweread x:x + 5? # Sometimes, x t (without a dot) is used, if one wants to
s As(xx)+5? have the scope of x as short as possib le.
s Oras x: (x+ 5)? s E.g. x xywould denote ( x:x ) y.
» Convention: The scope of x: is as long as possib le. # In this lecture we don't use this notation.

s SO x:x + 5reads as x: (x + 5).
s X (y:y)5readsas x: ((y:y)5).
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Bound and Free Variables

# We have now bound and free variables:

the scope of a -abstraction “x: ”
s Bound variables are the other variables:

they are variables x that occur in the scope of a
-abstraction “ x: ”
s In x: x+y,
x is bound (since in the scope of x ),

y is free (since it is not in the scope of y ).

Bound and Free Variables

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 1

Bound and Free Variab les

# Note that being bound and free has something to do
with an occurrence of a variable in a term, not with the
variable itself.

the variables x which occur free or bound, respectively,
int.

® In(yy+2)y,
s the rst occurrence ofy, y is bound,
s the second occurrence of y, y is free,
s zIis free.

® In(y:((z:2)y) %, we have
s zis bound,
s Yy is bound (in the scope of y),
s Xxis free.
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Evaluation of -Terms

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 1

» How do we evaluate ( x:xx  10)5?

o We rst replace in x 10, the variable x by 5.
s We obtain5 10.

o Then we reduce this further, using other reduction
rules (not introduced yet).
Using suitable rules, we would reduce 5 10to 50.

o We will rst look only at the pure -calculus without
any additional reduction rules.
There (x:xx 10)5reducesto5 10, which cannot be
reduced any further.
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Basics of the -Calculus Substitution

# In general, the result of applying x:t tor, is obtained by
substituting in t the variable x by r.
E.Q.
s (x:xx + 10)5evaluatesto 5+ 10,
s If we substitute in x + 10the variable x by 5, we o X[X:
obtain 5+ 10.
s (x:x ) "Student" evaluates to " Student".
s If we substitute in x, the variable x by “Student”,
we obtain “Student”.
s (x:x) (y:y) evaluatesto y:y.
s If we substitute in x the variable x by vy :y, we

# t[x := s] denotes the result of substituting in t the
variable x by s, e.g.

s (x+ 10)[x := 5]= 5+ 10,
s X[x := "Student"] = "Student",
yyl=yy.

obtain vy :y.
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Reductions -Reduction
» We write ! (read as “reduces (0”) for a one # The reduction
step-reduction as above. So we have (xt)s ! t[x:=g]
s (xxx +10)5 ! 5+ 10,
s (x:x)"Student" ! "Student", is called  -reduction
s (xXx)(ywy) ' vy
s In general

(xt)s ! t[x:=sg]
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-Reduction

» We might apply -reduction to a subterm.
Examples:

s ((xx+5)3)+7 ! (3+5)+7,
since
(xxx +5)3 ! 3+5:

s Assume we have a pairing operation s;ti for the pair
s;t, then

h xx+5)3;7 ! BB+5;7 ;
o We can apply -reduction undera term as well:

X:((yy+53) ! xx3+5:

Multiple Redexe
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-Redex

# Therefore a term might have two different reductions:

s In the example we have
s (xxx)((yy)z) ' ((yy)2)((y:y)2)
s (xxx)((y:y)z) ' (xxx) z.

# We will discuss later that the -calculus is con uent, so,
if we have two different reducts of a -term, then there
exists a term t s.t. both reducts reduce (possibly using
several reduction steps) to t.

s Inthe example, we have
s ((y:y)2) ((y:y) z) reduces in two steps to z z

s and ( x:xx ) z reduces in one step to the same
term.

# | subterm of the form ( xir ) sofa -termtis called a

#® So -reduction means reducing one -redex.

® A -term might have several -redexe:
s E.g. In(x:xxx ) ((y:y) z) we have
s oneredex (x:xxx ) ((y:y) 2)
s and one redex (y :y) z.
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-Conversion
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# We identify -terms, which only differ in the choice of
the bound variables (variables abstracted by ):

s So x:xx + 5and y:y+ 5are identi ed.
s Makes sense, since they both denote the same
function f s.t. f (x) = x + 5.

s (xx +5)3+ 7and(y:y+ 5)3+ 7are identi ed.
s Xy :yand y:x:x areidentied.
# This equality is called -equality , and the step from one

term to another -equal term is called -conversion.

XY Y= Y IXX.

55a
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-Conversion

#® Notethat x: x:x= y:xX.
o The x refers to the second lambda abstraction x,
not the rst one ( x:).
» Therefore, when changing the variable of the rst
-abstraction, x remains unchanged.

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 1

Substitution and Bound Variables

56a

» If we carry out a substitution in a -term, we have to be
careful.
o (XX +7)[x:=3]= xx +7.
o |t doesn't make sense to substitute the x in x:x + 7,
since x is bound by x: .
» X is a bound variable, which is not changed by the
substitution.

# Ingeneral, in s[x := t] we only substitute free
occurrences of x in s by t.

# All bound occurrences remain unchanged.
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Substitution and Bound Variab les

#® More examples:
o (x:x )[x := "Student"] = x:x .
s The xin x:x is bound by x , so no substitution is
carried out.
s (( x: x) X)[x := "Student"] = ( x:x ) "Student".
s The rst x is bound, so no substitution is carried
out.
s The second x is free, so substitution is carried out.
o (yx+y)x:=3]=y:3+y.
s Xin y:x+ yisfree, so it will be substituted by 3in
the above example.
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Substitution and -Conversion

#® When substituting in  -terms, we sometimes have to
carry out an -conversion rst:

s If we substitute in y :y + X, the variable x by 3, we
obtain correctly y :y + 3, the function f s.t.
fly)=y+3

s If we substitute in y :y + x, the variable x by y, we
should obtain a function f s.t. f(z) = z+ .

s If we did this naively, we would obtain y :y +v.

s So the free variable y, which we substituted for x,
has become, when substituting itin y :y + x, to a
bound variable.

s This is not the correct way of doing it.
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Substitution and -Conversion

s The correct way is as follows:

s Firstwe -convert y :y+ X, so that the binding
variable y is different from the free variable we are
substituting x by:

Replace for instance y :y+ x by z :z+ x.

s Now we can carry out the substitution:

(yy+x)[x:=y]l= (zzz+X)[x:=y]= z:z+Vy:

s Similarly, we compute (y :y + x)[x ;= y+ y] as
follows:

(y:y+X)[Xx = y+y]l= (z:z+X)[x:= y+y]= z:z+(y+y) :
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Substitution and -Conversion

60

# In general, the substitution t[x := s] is carried out as
follows:

s -convertt s.t.
s if x occurs int free and is in the scope of some u,
s then u doesn't occur free in s.
s In other words, -convertt s.t. one never would
substitute for x the s in such a way that one of the
free variables of s becomes bound.

s Then carry out the substitution.
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Examples

® (xy 2z:=x]= (wy 2[z=x]=(wy X) ;

yl= (xuz )[z:=y]=(xuwy ) ;

o (x(yy)lz:=yl= x(yy)y:
There is no problem in substituting the z by y, since it is
not in the scope of y .

® (xy :2)|z:
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Examples

® (Xxz)[z:= xX]= xXIxXX .
There is no problem with this substitution, since x
does not occurr free in x:x .
Note that the x in x: x:x refers to the second -binding
X .

® (xz)z=(xx)Xx]= (wz)[z:=(xx)Xx]=
u: ((x:x) x).
Now x occurs free in ( x:x ) x (the second occurrence is
free), so we need to -convert it.
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Substitution and -Conversion

-terms

» If you have problems understanding this, you can
proceed as follows, and are on the safe side:

s -convertt so that all bound variable in t are
different from all free variables in s.

s Then carry out the substitution.

#® Anunnecessary -conversion doesn't hurt.

s Examples:
s XX,
s x:((y:y)x),
s XX X,
s (XX xXX) (XX XX),
s (f:xf (f x)).
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-terms

64
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-terms

# Now we can de ne the untyped -calculus as follows:

terms are:
s Variables x,
s Ifr and sare -terms, sois (r s).
s Ifxisavariableandrisa -term, sois xir .

# As usual brackets can be omitted, using

» the above mentioned conventions about the scope of
X,

e andthatr stisreadas (r s) t.

o

s One might need additional constants to the
language, then we have additionally:
s Any constantisa -term.

» So for instance,
s If cis a constant, then x:.c, (x:x ) care -terms,
s If + isaconstant, then x; + xxisaa -term.

s For standard operators like +, we usually write
s X+ yinstead of + x vy,
s X yinstead of xvy,
s etc.
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-Conv, -Reduction

» We identify as before -equivalent -terms,
# and de ne -reduction as before.
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Abbre viations

® Wewrite x; y:  for xiy :

» Similarly for x; y;z: etc.

® Eg. X y;zx(yz)standsfor x:y :z:x(yz) :
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Examples of -Reduction

(xxy X))y ! (yxX)[x:=y]= (ux)[x:=y]l= wy
(z:xxy z)x ! (xy 2[z:=x]= (uwy :2)[z:=X]

= uy X
(xx(yy)2)y ! (x(yy)2lz:=yl= x(yy)y
x:(ywy)y ! xy
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Examples (Long er Reduction)

(x; yx(xy)) (u; viu (uv))
oyi(u;, viu(uv) ((u; viu(uv) y)
oy (u; viu(uv) (viy(yv)
boyivi(viy(yv) ((viy(yv) v)
boyivi(viy(yv) (y(yv)
boyiviy(y(y(yv)

= y;vy(y(y(ywv))
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Examples of Non-Termination

® Reproduction (Term reduces to itself).
Let! := xxx x, :=1!1.Then

=!Il =(xxx)! 1=

»® Expansion (Term reduct becomes bigger).
Let € := xix (xX).

Then
€€=(xx (xx) €
| e(e§
I €(€ (%9
!
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Reduction Systems

» We want to study certain properties of the relation !
on the set of -terms, like

s Termination : Is there an in nite reduction
to ! t1 ! to | ?

# We want to consider as well -terms, with some
additional reductions, likes+ 0 ! s.

» Behind Agda there is such an extended reduction
mechanism, which is essentially terminating (the
exact details follow later), and used in order to
determine equality between expressions like 0+ SO
and SO.

#® Therefore we introduce the more general notions of
reduction systems and term rewriting systems.
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Reduction Systems

set T (of terms) and a binary relation ! onT.

® Wewrites ! tfor“s;tareinrelation ! ”and say
usually “s reduces to t”.

# Example: The set of -terms with -reduction forms a
reduction system:

o T isthe setof -terms,
s More precisely, we take -terms identied module
-conversion.

s ! is -reduction.
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Example 1 (Reduction System)

# A simple reduction system is N with reductions
n+1 ! nforn2N:

O0=——1 2 3 4 5

» So we have reductions of the form:

5141312111 0:
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Example 2 (Reduction System)

Term Rewriting Systems

# Another one is N with reductions
n ! mfornm2Nst n>m:

0O0=—-—1 2 3 4

» S0 we have reductions of the form:

23111 31 11 0:

# Term rewriting systems are special cases of reduction
systems.

# They are reduction systems, which are generated by a
(in many cases nite) set of rules (i.e. basic reductions)
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Example 3 (Reduction System)
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Example of a Term Rewriting Syst

® Athirdoneis T = N[ fg , with reductions
n+1 ! nforn2N,
and ! nforn2N:

O0=—1 2 3 4

» So we have reductions of the form:

rst4 1t 31t 2111 0:

» Take T = set of arithmetic expressions formed from
variables, 0 by using the successor operation S (where
Snstands n+ 1), +, and brackets.

» So the following are elements of T:
s X+ S0,
s (S0+2) (S(Sx)+0),
s (Sy) (S0+ (Sx 0)).

# Take as rules the following:

X+0 ! Rue X ;
X+Sy ! rue S(X+Y);
X 0 ! rue O;

X Sy ! Rue (X y)+x:
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Term Rewriting Systems De nition of Term Rewriting Syste

#® A term rewriting system consists of

X+0 ! Ruye X ; » asetof terms T built from variables, constants and
X+Sy ! gue S(X+VY); some function symbols,
X 0 ! gye O o arelation ! grye between terms

X SY | mue (X Y)+ X s (ifr ! gryeswesayhatr ! gyesisarule),

s S, ifs | guet,then
s Sis not a variable, and

# The reduction relation generated by these rules allows s all free variables in t occurin s.
to replace in a term

s any subterm of the form s+ 0 by s,

s any subterm of the form s+ St by S(s+ t),

s any subterm of the forms 0by 0,

s any subterm of the forms (St) by (s t)+ s.
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Term Rewriting Systems Reduction generated by ! Rgrue
» Don't worry if you don't understand the following
X+0 ! Rue X ; de nition.
X+ (Sy) ! rRue S(X+VY) ; s For most of the module it suf ces to have an intuitive
X 0 ! mye O: understanding of how to reduce terms.

X (Sy) ! rue (X y)+x:

#® So we have for instance the following reductions:
s 0+ S(S0) ! S(0O+ S0),
s Reduce 0+ Ssto S(0+ s) usings= SO.
s S(O+S0) I S(S(0+0)),
s Reduces+ SttoS(s+t),usings=1t=0,
s S(S(0+0)) ! S(SO):
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Reduction generated by ! grue

» If we have a term rewriting system (T; ! grue) We
obtain a reduction relation ! on T as follows:

s First we construct a relation ! %obtained from
reductions rulesr ! gye by substituting the free
variables in both r and r°by some terms.

s So the same substitutions are carried out in both r
and r@

s Ifs ! 950is obtained by carrying out such a
substitutioninr ! gye r%thens ! 2s%s called
an instance of rule r. ! gye r°
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Reduction generated by ! Rgrue

s Thens ! S0 ifthere exists aninstancet ! 9tY%of a
rule s.t. s contains subterm t, and sis the result of
substituting in s the term t by t°
s The subterm s is called a rede x w.r.t. the term

rewriting system used.

s The reductionss ! sPobtained this way are the
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Example 1

® 0+ S(S0) ! S(0+ SO0)is obtained as follows:
s The rule used is

X+ Sy ! RuIeS(X+y) :

s By substituting x by 0 and y by S 0 we obtain the
instance

0+ S(S0) ! 9S00+ S0) :

s In this example, the full term is reduced.
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Example 2

® S(0+S0) ' S(S(0+ 0))is obtained as follows:
o Theruleusedisx+ Sy ! rue S(X+y) :
s By substituting x and y by 0 we obtain the instance

0+S0 ! %S0+ 0) :

s The left hand side of our reduction S(0 + S0)
contains now the subterm 0 + SO :

s By substituting it by S (0 + 0) we obtain the right
hand side of the reduction, S(S (0 + 0)) :
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Example 3

® S(S(0+0)) ! S(S0).
o Theruleusedisx+ 0 ! rye X :
» By substituting 0 for x, we obtain the instance

0+0 ! 9 :

s The left hand side of the reduction S(S (0 + 0))
contains subterm 0 + 0.

» By substituting it by O we obtain the right hand side
of the reduction S (S 0).
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If (T; ! )is areduction system, we de ne
#® a ! Dbiff there exists a (possibly empty) sequence of

reductions

a=a ! ay ! a ! Il an=Db

» By empty reduction we mean: if a= b, then we have
a! b
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# In order to express the above shorter, one says that

I is the transitive and re e xive closure of ! ,i.e.
the least transitive and re e xive relation containing !
s a ! bimplesa ! b
s ! Isreexive, ie. forallawehavea ! a.

s | istransitive,iie.a ! b ! cimpliesa !
s If there is any relation ! Cwith the above 3
properties, thenx ! %y impliesx ! .

C.
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Example

If we take N with reductions
n+1 ! nforn2 N:

0=——1 2 3 4 5

Then5 | 4 ! 3 | 2 therefore5 | 2.

Ingeneraln !' m, n m.
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If (T; ! )isareduction system, we de ne

reductions
a= ap I'a ! ay ! I a, = b
where
a ! b; (@a! b_b'! a
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# In order to express the above shorter, one says that
I is the transitive, symmetric and re e xive closure of
I, i.e. the least transitive, symmetric and re e xive
relation containing !

s a ! bimplesa ! b
s | isreexive, and transitive.
s | issymmetric,i.,e.a ! bimpliesb ! a.
s Ifthere is any relation ! 9with the above properties,
thenx ! Oy impliesx ! .
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Example

If have the following reduction system:
VAVWAS
0 1 2

Then O 311 4 1 2 therefore0 ! 2.
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ldenti cation of Elements

# If we have a reduction system (A; ! ), one writes

a= borsometimesa= bfora ! b
® Incase ofthe -calculus, wedene a= b, a ! b
where ! s the re e xive, symmetric and transitive

closure of -reduction !

» More precisely one allows arbitrary -conversions in
between:
a= biff there exists a sequence ag;:::;an;al;:::;a’
(n = Ois allowed) s.t.

a= a ! a= a ! a= & !
I an= b:
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Determination of !

# Ingeneralitis infeasible to determine whethera ! b
holds.

» One has to check all possible ways of getting from a
to b, by both using ! and
# In many cases this can be determined by:

» Simply reducing a as long as possible to some term
als.t.a ! aland s.t. a%has no further reductions,
s i.e. by “evaluating a”.

s Doing the same with bto some term &’
s Checking whether a°is identical to b

#® This is possible, if ! is conuent and strongly
normalising (see next slides).
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Agda

92

# The underlying reduction system of Agda is
“essentially” strongly normalising.

# The equality derived from this reduction system is used
in order to typecheck terms.
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Strong Normalisation

a ! aa ! a ! a3 !
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Examples

# The following reduction system is terminating:

O0=—1 2 3 4 5

Any reduction sequence will end in 0 and terminate.
# The following reduction system is not terminating:

0 1 2 3 4 5

(TakeO ! 11 21 31 )
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Examples

# The following reduction system is terminating, but there
are arbitrarily long reduction sequences starting with

0=——-1 2 3 4
Wehave ! n! (n 1) ! (n 2) ! 0.
# The untyped -calculus is not terminating, since we
have
! ! !
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Normal Form and Irreducibility

Let (A; ! ) be areduction system.

® (A ! )isweakly normalising or normalising , if every

a2 A has a normal form.
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Example

The following system is weakly normalising, but not strongly
normalising:

# Every a has a normal form, namely

# But there exists an in nite sequence

o!r 11! 2131
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Lemma

Let (A; ! ) be a strongly normalising reduction system.
Then (A; ! ) is weakly normalising.

Proof:

A normal form of a can be obtained by simply reducing a as
long as possible:

Since (A; ! ) is strongly normalising, the reduction
sequence terminates in some b2 A.

bis a normal form of A.
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Con uence

Proof of Church-Rosser

A reduction system (A;

X;y;z 2 A we have
ifx ! yandx !

I ) is con uent, iff for all

Z,

then there existsanu s.t. y !

*

N

{/

exists u

uandz

u.

Dene a#b:, 9ci(a ! c*b ! 0.

We show that # contains ! and is re e xive, symmetric
and transitive.
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Church-Rosser

Therefore itcontains ! ,andwegeta ! b) a#b
In the other direction, a# bclearly impliesa ! b
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Proof of Church-Rosser

If (A; ! )isconuent, then it has the Church-Rosser

property:

Ifa ! Dbiff there exists a c s.t.

a

I cMb !

exists ¢

c

# contains !
a ! bimpliesa#h.

Formally: Ifa ! bthen we have with c:= bthat
al! candb ! c
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Proof of Church-Rosser

#is re e xive,
a /a
a
Formally: Wehavea ! aanda ! a,therefore
a#a.
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Proof of Church-Rosser

#is symmetric:

Vo= A\

Formally: Ifa#bbya ! candb ! c thenb#aby
b ! canda ! ¢
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Proof of Church-Rosser

#is transitive:

VA YA
Nd/ \/ dx /*e

Assume a#band b#cbya ! d,b ! d,b ! e
c ! e

Then by con uence there existsanf s.t.d ! f,
e ! f.

Butthena ! f andc ! f,a#c.
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-Calculus

Fact: The -calculusis con uent (if we identify
-equivalent terms), and ful lls therefore the
Church-Rosser property.

Note that this doesn't give yet an easy way of
determining whether a= bholds:

Oneneedsto nd acst.a ! candb ! vc
But simply reducing a might never terminate.
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Unique Normal Forms

Lemma:
Let (A; ! ) be a conuent reduction system.
If a2 A has a normal form a° then it is unique:

If a%%s another normal form, then a%= a%
Proof:

Wehavea ! aanda ! a%

By con uence , there exists abs.t. a8 | band
a% 1 b

But since a®and a®are normal forms, it follows a°= b
and a%%= b,
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Lemma

Let (A; ! ) be a strongly normalising and con uent
reduction system. Then

a ! Dbiff the normal forms of a and b coincide.
Proof:

“) " By Church Rossera ! bimplies the existence

ofacst.a ! candb ! c

Reduce c further in order to obtain a normal form of a
and b.

Then cis a normal form of both a and b.

Since by the above lemma, normal forms are unique, c
is the normal form of a and b.

“( " If the normal forms c coincide, then we have
al!l c¢ b, thereforea ! c.
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Towards the Typed -Calculus

Problem of the untyped -calculus:
Non-Termination, therefore = dif cult to check.
In fact = is semi-decidable (r.e.), but not
decidable (recursive).
Caused by the possibility of self-application, which
allows to write essentially fully recursive programs.
Avoided by the simpl y typed -calculus , which is
strongly normalising.
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Main lIdea of the -Calculus

X:X + 5is a function,

taking an x : int,

and returning x + 5:int.
Therefore, we say that (x:x + 5):int! int.

In words, “x:x + 5is of type int arrow int”.
In order to clarify the type of x, we write instead of
XX +5

X int:x+ 5 :
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Basics of the Typed -Calculus

Simple Types

X :int:xx+ 5is
only applicable to some s : int,
therefore not applicable to elements of other types,
e.g. to “Student” (: String).
So
(x :int:x + 5) 3is allowed,
(x :int:x + 5) “Student” is not allowed.

Usually we denote types by Greek letters,

e.g. (“alpha”), (“beta”), (‘gamma”), (“sigma”),

(“tau”).
We omit brackets as usual using the convention that
! ! standsfor ! (! ).
Examples types:

0

o! o,

(o! 0)! o,

(0! 0o)! o! 0)! (0! 0! o! o,
which stands for

((©! 0)! (0! o)! (©! 0! (0! 0))).

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 1

Simple Types
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Abbre viation

If , aretypes,sois( ! ).

“Inductively” means that the set of simple types is the
least set containing the ground type, and which closed
under! .

One sometimes modi es the set of ground types,
especially when adding constants to the -terms.

E.g. when using arithmetic expressions, one can say
for instance that the ground types are int and oat .

Then we talk about the

In order to make writing down such types easier, one
can use sometimes the following abbreviations (these
are non-standard abbreviations, and should be de ned
explicitly when using outside this lecture.

02:= 0! o,
03:= 02! 02
etc.

So

an element of type 02 can be applied to an element
of type o and one obtains an element of type o.

an element of type 03 can be applied to an element
of type 02 and one obtains an element of type 02

etc.
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Conte xts

To determine the type of a term makes only sense, if we
know the types of its variables.

For instance, in case of the -term x y, we could
have
x:0! o,y:o0andthereforexy:o,
orx:o! ovy:(0! o0)! o! o,andtherefore
xy:o!l o
Therefore we will give a type to terms in a context,
which determines the types of the variables.
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Conte xts

X1: 1.001Xn . n Where
Xj are variables,
i are simple types,
(when considering other type theories, ; will be
types of that theory).

Xj are different.
n = 0is allowed, and we write ; for the empty
context.
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Conte xts

Examples

X:0;y:0! ois a context.

Xx:0! 0;x:0is not acontext.
Note that contexts are lists of elements of the form
X : , so the order matters.

In case of the simply typed -calculus, it wouldn't
make a difference to have as context unordered sets
of expressions of the form x :

However, when moving later to dependent type
theory, the order of the expressions x :  will be
relevant.
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Conte xts

In the following, the capital Greek letters . (“Gamma”),
. (“Delta”) denote contexts.

We write . ). s:  for “in context , s has type

Expressions of this form are called judg ements .
Examples:

Xx:0! oy:0) Xy:o

x:oat! int;jy: oat ) xy:int

(assuming ground types oat and int),

x:(0o! o)! o! oy:0o! 0) xy:o0! o
In case is empty, we write s: insteadof; ) s:
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Conte xts

If , arecontexts, ; denotes the concatenation of

both contexts, e.g. if
=x:0y:0! o
=z:0
then
denotesx:o;y:0! 0;z:0,
; denotesz:o;x:0;y:0! o,
;u:odenotesx:oy:0! oju:o.
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Simply Typed -Calculus

Variables, occurring in the context, are terms having the
type they have in the context:

X)) X
Note that ;x: ; stands for any context, in which
X . Ooccurs.
Explanation:

From the assumption x :  we can derive X :

120
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Simply Typed -Calculus

2. Application..
If sis of type ! and t of type , depending on
context ,thenstisoftype under context
) s: | ) t: (Ap)
) st:
Explanation:

Assume we have s of type !
So sis a function, taking an x :  and returning
an element of type
Assume we have t is an element of type
Then we can apply the function s to this t, written
as s t, and obtain an element of type
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Simply Typed -Calculus

3. Abstraction ..

If t is a term of type , depending on context ;x: ,
then x : :tis aterm of type ! depending on
context

X)) to
) (x @ t): !

(Abs)

Explanation:
If we have under assumption x : shown thatt: |,
then we can form a new -term by binding that x,
and form x : .
The result is a function taking as input x : and
returning t : , so we obtain an element of !
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Rules

We had three rules :

1. ;x:; ) x:
2.
) s: | . ) t: (Ap)
) st:
3. -
X
Y (x ; (Abs)
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Rules

123

(1) ;x:; ) x:
is a special kind of rule, an axiom.
Axioms derive typing judgements without having to
prove something rst (no premises).

(2) The next rule is a genuine rule:

) s !) e ) t: (Ap)

It expresses:
Whenever we have derived ) s: !
(for arbitrary context , types ; ,terms)

and whenever we derived ) t:
(for the same ; , but arbitrary term t),
then we can derive ) st:
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Rules

(3) The next rule is similar:

X)) to
) (x @ t): !

(Abs)

It expresses:

Whenever we have derived ;x: ) t:

(for arbitrary context , types ; , variable x and
term t),

then we can derive fromthis ) (x : :it): !
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Deriv ations

Using rules we can derive more complex judgements:

We start with axioms, and use rules with premises in
order to derive further judgements.

Example 1:

X:0) X:o0 (Abs)
(x :ox):0! o
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Example 2

Xx:0! oy:0) x:0! o X:0o! ovy:o ‘0
L oy o Y0 (ap)
;0! VAN : (Abs)

(Abs)

x:o! o) (y :oxy):o! o

(x :o! oy :oxy):(o! o)! o! o

Note that we have the following dependencies in the
derived -term:

( x:o! 0l Yy 0| |{¥}):(o! o)! o! o

id—?gﬁ}
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Self-Application

In the simply typed -calculus we cannot assign a type
to x:xx X, i.e.therearenotypes ; s.t (x : xXx):

Assume we could derive this.
The only way to derive (x : :x x): is by the rule of
-abstraction.

Then mustbeequalto ! 1 forsome i, andthe
derivation reads then

X: ) XX 1
(x : xx): 1 4

(Abs)
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Self-Application

X: ) XxXx: musthave been derived by the rule of
application, so the derivation must look like this:
X: ) xX: 2! 4 X
X: ) XX 1
(x @ xx): ! 4

) Xi2 (ap)
(Abs)
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Self-Application

The onlyway toderivex: ) x: 2! jand
X: ) X: 2is by using the assumption rule.

Inorderforx: ) x: 2! 1tobe derivable by the

assumption rule, we need = ! 1.

Similarly, in order to derive x: ) x: 2, we need
2= .

Sowe have ! 1= = ».

But ,= >! q1cannotbefullled, since ,! 1is
longer than ».

So we cannot nd types ; s.t.(x : xXX):
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Remark (Weakening)

If we have derived t : under some context, then the
same holds for any other context, which expands the
original one.

Formally, this means: Assume

Then we have as well

Xtopo) too
provided ;x: ;
occurin ; ).
The process of extending the context is called

is a context (i.e. provided x does not
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Weakening in Logic

128

Weakening occurs in many logic calculi as well.

It occurs in natural language reasoning as well:

For instance from “I am living an Swansea” and “In
Swansea the sun is shining” follows “Where | am
living, the sun is shining”.

However, we can the above as well from the
additional (unused) assumption “Assuming that | am
a lecturer”.

So we have as well “Under the assumption that | am
a lecturer, where | am living the sun is shining”,
which is a weaker statement.
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Proof of the Remark

Assume a derivationof ; ) t:

Insert at all corresponding positions in the contexts in
the derivation x :
One needs to rename variables, in order to avoid
con icts with x.

The result is a derivationof ;x: ; ) t:
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Example (Weakening)

From the derivation
Yy:0;X:0) X:0

(Abs)

y:0) (x :ox):o0! o y:0) y:o0

y:0) (X :0ox)y:o

(Ap)

we obtain a derivation of

y:0;Xx:0) (x :0ox)y:o

as follows:
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Example (Weakening) Weakening

Because of the possibility of weakening, we will usually

omit unused parts of contexts.

Soaderivationof x : 0! o;y:0) x(xYy):o,whichin

full reads as follows

. . . . . . . x:0! ojy:0) x:0o! o x:0! 0)y:0) y:0

Flrst_ rename in this de.rlv.atl_on X by_u in order to .av.0|d. X0l oy:0) X0l 0 X:0T 0y:0) Xy:0 (Ap)

conicts (note that x :oxis -equivalentto u : o:u): (Ap)
x:0! oy:0) x(xy):o

.y:o;u:.o). u':o' (Abs) | |
y:0) (u:ou):o! o y:0) y'O(Ap)
y:0) (u:ouy:o

will usually be presented as follows:

x:0! 0) x:0! o y:0) y:0
: : . Y — (Ap)
x:ol 0) x:0! o Xx:0! oy:o0) xy.o(Ap)

x:0! oy:0) x(xy):o
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Example (Weakening) -Reduction
-reduction for typed -terms is de ned as for untyped
-terms.

One has only to carry around the types as well.
Formally we have

Now we obtain the following derivation of (x 1 t)ys ! tx:=g9]

y:0;X:0) (X :0X)y:o
And as before -reduction can be applied to any
y:0X:0,u:0) u:0 (Abs) subterm.
y:0;x:0) (u:ou):o! o y:0;X:0) y:0 A subterm (x : :t) sofatermsis called a
(Ap) -redex of s.

y:0;x:0) (u:ouwy:o o EEEs

Note that x : ox and u : o:u are identi ed.
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Example

-Rule

(x:(o! o)l o oy:0 ox (xy) (x:0 oy:0x (XY))

I y:o! o(x:0 oy:0ox (Xy) (x:0 oy:0ox (Xy)y)

I y:o! o(x :0o! oy ::ox(xy)(z :oy(yZz)
= y:0o! o(x :0o! ou:ox(xuw)(z :oy(yz)
' ' y:o! ou:o(z:oy((yz)((z :oy(yz)u
' y:o!l ou:o(z :0y(yz)(y(yu)

Ly ol ou:oy(y(y(yuw))

If we have a function f : | , then this function
appliedto x : givesresultf x.

Therefore f is as a function the same as x:f x (where
x is fresh).

However, if for instance f is a variable, we don't have
f = xf x.

Especially, when working later in dependent type theory
we want to identify as many terms as possible, which
are equal.

This will make it easier to prove certain goals.

Therefore we introduce a rule, which expresses that f is
always equal to x:f x w.r.t. ; -reduction (where x is
fresh).
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Theorem

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 1

-Rule

As for the untyped -calculus, the simply typed
-calculus is con uent .

The simply typed -calculus is strongly normalising .

Therefore every typed -term has a unique normal
form, which can be obtained by -reducing the term by
choosing arbitrary -redexe.

Furthermore, two -terms are -equal, if their normal
forms are equal (up to -conversion).

The -rule expresses that subtermst: ! can be
-expanded to x:t x (where x does not occur free in t).

However, we need to impose some restrictions, in order
to avoid circularities:
If t is of the form vy :s, then

xt x=x(y:s)x ! Xsly=x]= t;

so if we allowed to expand t, we would obtain a
circularity.

If t occurs in the form t r, then we get

(xt x)r v tr.

Again expanding t would result in a circularity.

All other terms can be expanded without obtaining a
new redex.
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-Expansion

subterm of a -term

of the formr : !

s.t. risnotoftheform y : it

and such that r is not applied to some other term
to x : :r x, where x does not occur free inr.

We write
r.t.s for s is obtained from r by the -rule,
r| s for s is obtained from r by using

-reduction or -expansion.
Notions like ! . ,= ., ; -normal form, etc.

are to be understood correspondingly.
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Example

(f : (0! 0! o! ox :0! of x)f

' x :o! of x

I x:0! oy .:of xy

I x:0o! oy :of (z:0x2)y
x :ol oy :of (z :0x2z)yis therefore the
~+.-hormal form of

(f : (0! 0! o! ox :0! of x)f.

Sincef | x :o! of x, thisis as well the
; -normal formoff : (0! 0)! o! o.
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Example 2

If we replace in the above example oby o! o we obtain

(f :((o! o) o o) (o! o) o o:x :(o! o)l o of x)f
I x:(o! o) o of x
I x:o! o) o ovy:0o of xy
I x:o! o) o oy:o oz:of xyz
' x:(o! o) o oy:o oz:of (u:o oxu)yz
I x:(o! o) o oy:o oz:of (u:o ov:ioxuv)yz
I x:(o! o) o oy:o oz:of (u:o ov:ox (w:uw)v)yz

I x:o! o) o oy:0l o0z:0f (u:0 ov:ox (w:0uw)v)(u:oyu):
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Theorem

The typed -calculus with -reduction and -expansion
is con uent and strongly normalising.
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-Rule Products

With the -rule we obtain now thatifr: ! | then One can expand the set of -types and -terms as
r=. X : X follows:
Ifr: ! is of the form y : :t then we have Types are de ned as before, but we have
r= X : rx: additionally:
If , aretypes, sois
X arx = X o o(y @ t)x
! X oty = x]
= N |
= T
Otherwiser ! x: :rx.

Therefore, every function is of the form x: something.
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-Reduction Products
In the literature one often uses instead of -expansion The set of typed- -terms are de ned as before but
_-reduction , which allows to reduce x : r xtor,ifx we have:
doesn't occur free inr. Ifs: ,t: thents;ti:
The computation of -reduction is more dif cult than ] )
) ) ) s ) t:
-expansion, since one has to check, whether x ) et :
doesn't occur free inr. T
Therefore in the context of interactive theorem If s - ,then o(s): and 1(s):
proving, we prefer -expansion.
) S:
) ofs)
) s:
) (s
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-Reduction for Pairs

-reduction for the pairs is the rule which allows to
replace
any subterm of the form o(hro;r1i) by ro,

any subterm of the form 1(hro;r1i) by rj.

The subterms (lrg;r1i) are as before called -redexe
of the term in question.

-reduction for the typed -calculus with products
includes both -reduction for functions and -reduction
for pairs.

-Rule for Products
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-Expansion for Products

The -rule expresses that subtermst : can be
-expanded to h o(t); 1(t)i

However, as for functions, we need to impose some
restrictions, in order to avoid circularities:

If t is of the form hrg;rqi,
ho(t); 1()i ! hrojrai =t

so if we allowed to expand t, we would obtain a
circularity.

If we have a productr : , then its projections are
-equal to the projections of h o(r); 1(r)i:

o(h o(r); 2(r)i)=o(r),
1(h o(r); a(r)i)= 1(r).

Therefore, similarly to functions, we would like to have
that every termr : is equal to h o(r); 1(r)i.
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-Rule for Products
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If t occurs in the form (t), then we get

i(h o(t); 1(t)i) ! i(t) ;

expanding t would result in a circularity.

All other terms can be expanded without obtaining a
new redex.
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-Expansion for Products

-expansion for products is the rule which allows to
replace in atyped -termt

one subterm s : ,

which is not of the form hrg;rii,

and does not occur in the form o(s) or 1(S)
by h o(s); 1(s)i.

-expansion for the typed -calculus with products
includes both -expansion for functions and for pairs.
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Example

(f :(0 0! ox :0 of x)f
I x :0 of x
' x :0 of hoX); 1(x)i

x 10 of ho(x); 1(x)i istherefore the :; -normal form
of

(f :(0 0! ox :0 of x)f
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Theorem

The typed -calculus with products, -reduction and
with (or without) -expansion is con uent and strongly
normalising.

We can introduce products as well for the untyped
-calculus. Then we obtain a con uent (but of course
non normalising) reduction system.
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-Rule
With the -rule we obtain now that if r : , then
r= ho(r); 12(r)i.
Ifr: is of the form hrg;r1i then we have
r= ho(r); a(r)i:
ho(r); 2(r)i = ho(hro;rai); 1(hro;rai)i
! h’o;l'li
=
Otherwiser ! ho(r); 1(r)i.

Therefore, every element of a product type is of the
form hsomethingy; something;i.
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-Calculus and Term Rewriting -Calculus and Term Rewriting

One can combine the -calculus with term writing. Assume for instance the rule
Consider the -calculus with terms using additional double 1 xx + X
constants.

Assume some term rewriting rules as before (which Then we have

mlght involve son.1e -terms). B (f :xf (f x)) double
As in case of ordinary term rewriting, we form I x: double (double x)
instantiations ! “of the rules by replacing variables by I x: double(( x:x + x) x)

arbitrary -terms (in the extended language). double( )
ouble (x + X

(x:x + Xx) (X+ Xx)
(x+x)+ (x+x)
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-Calculus and Term Rewriting What does Subterm Mean?
Thens ! t,if When referring to ordinary term rewriting rules, then for
s -reduces (or -expands, if one allows the -rule) a term t to have subterm s meant essentially that there
tot is a term t%in which a new variable x occurs exactly
or there exists an instantiation s° ! t%s.t. s%is a once, and t = tYx := s].
subterm of s and t is the result of replacing this Replacing this subterm by s°means that we replace |
subterm in s by t° by t9x := 9.

sYis called as usual a rede x of s.
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What does Subterm Mean?

When referring to -terms, this is no longer the case:

Assume for instance the rewrite rule x + 0 ! gye X
x:x + 0has subterm x + O, but there is no term t s.t.

XX + 0=t[y:=x+ O
If we substitute for instance in xiy y by x + 0 we
obtain z :x + 0.

The reason is that when matching a rewrite rule, free
variables in the instantation of the rule used might
become bound.

Reduction to Closed Terms

One can always replace term rewriting rules for the
-calculus by one in which for all rules s ! gye t we
have that s;t are closed.

This can be done in such a way that equality (modulo
the rewriting rules, and possibly ) in both systems
coincide:

Assume a rule
S ! Ruet

Sowe canapplyx+ 0 ! grye Xto x:xx + 0and have
therefore xxx + 0 ! xx .

Replacing a subterm by another subterm is to be X 1,000 Xn'S b pyle® X 15015 Xpit
understood verbally.
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Higher Order Rewrite Systems Proof

The full de nition of so called higher order term We write in the following » for x1;:::;Xn.
rewriting systems imposes more restrictions on the

: Assume a term r reduces using this rule in the original
reduction rules.

system to a term u:
For our purposes the naive interpretation just presented

Then r contains a subterm of the form s°where sCis the
suf ces.

result of substituting in s x; by some terms t;.

Let t°be the result of subsituting in t x; by tj. Then u is
the result of replacing sCin r by t°

Let then r%be the result of replacing s®by

Thenwe haver = 19 | ¢ ,00u%= u, so the reduction
can be simulted in the second system.
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Proof
On the other hand, ifr ! u by using in the second
system the rule »xs ! g, e0 xt,thenr ! uinthe

previous system by using therule s ! gyet
r contains a subterm equal to x:s and u is the result
of substituting this subterm in r by xt.
But then r contains the subterm s and t is the result
of substituting this subterm in r by t.
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Example
We can replace the rewriting rules
x+0 ! X
x+Sy | S(x+y)
by Xxx +0 ! xx
X; yx+ Sy | X; Y:S(x+y)
That
S(O0+S0) ! S(S(O+0) ! S(S0O)
becomes in the new system
SO0+ S0)= S((x; y:x+ Sy)00)
' S((x; y:'Skk+y)00)= S(S(0+0)
= S(S((xx +0)0) ! S(S((xx)0)= S(S0
1569
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Extended Typed -Calculus

Finally, we can combine the typed -calculus (with or
without products, with or without -expansion) with term

rewriting rules.
We have to make the following adaptions:
We assign a type to each additional constant.

The set of typed -terms is then introduced by the
same rules as before, but we have as additional rule
If cis a constant of type , then we have

) c:
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Example

Assuming (+) :nat! nat! nat, and writing as usual
r + sfor (+) r s we have the following derivation of
X :nat:x+ x:nat! nat:

X:nat) (+):nat ! nat! nat X:nat) x:nat
x:nat) (+) x:nat! nat X :nat) Xx:nat

X:nat) (+) xx:nat
(x :nat:x+ x):nat! nat

The left most leaf in this derivation follows by the rule
for the constant (+) .
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Example

Extended Typed -Calculus

Then we have

(f :nat! nat:x :nat:f (f x)) double
! : nat: double (double x)

: nat: double(( x : nat:x + x) x)

. nat: double (x + x)

‘nat: (X :nat:x + x) (X + x)

“hat: (X + X) + (X + X)

X X X X X

Instantiations ofarule ) s ! guet: arenow
obtained by replacing variables x of type by terms
r . (possibly depending on some context ).

Reductions w.r.t. the rules are obtained by replacing
subtermsr : , which coincide with the left hand side of
an instantiation of aruler ! 9r%: by the right hand
side r©
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Extended Typed -Calculus

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 1

Example

Reduction rules should now be of the form
) S ! Ruet: (insteadofs ! gryet)where we
have ) s: and ) t: .
As before, s shouldn't be a variable, and all
variables in t should occur in s.
Best guaranteed by demanding that all variables
in occur free in s.
One usually omits , , ifitis clear from the
context.

Very often, the reduction rules will be of the form
c ! ruet: where cis a constant and thereforet a
closed term.

Assume
ground type nat,
constants (+) :nat! nat! nat (writteninx, i.e.
r+ sfor(+) rs),
and double: nat! nat.

and the reduction rule
double ! (x :nat:x+ x):nat! nat.
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Example

Then we have

(f :nat! nat:x :nat:f (f x)) double
: nat: double (double x)

: nat: double (( x:xx + x) x)

. nat: double (x + x)

snat: (xX:x + X) (X + x)

shat: (X + X) + (X + X)

X X X X X
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Products with many Components

We write 1 nfor(C (1 2) 3) n)-
Dene a;: 1;:::;an: n
heg;:::;anl ;= h hlgai;asi; ani: 1 n

One can easily de ne corresponding projections
e ), st
i 1 n R]
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Curried/Uncurried Functions

In the -calculus with products, there are two versions
of a function f taking two integers and returning an
integer:

f1:(nt int)! int

forint! int! int.
We say

The name “Curry” honours Haskell Curry.

The application of these two functions to arguments x
and vy is written

fahx; yi,
faxy.
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Haskell Brooks Curry

Haskell Brooks Curr
(1900 - 1982)
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Curried/Uncurried Functions

The above generalizes to functions with arbitrarily (but

nitely) many arguments of different type.
The Curried version of a function f with arguments

of types 1;:::; nandresulttype is of type

(1 n)!
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Uncurr ying

We can obtain from the Curried form f ¢,y of a function
its Uncurried form f yncury by

fUncurry = xif Curry o(X) n(X)

where " :( 1 n)! j are the projections.
One can as well de ne a -term

Uncurry = ( 1! n! )P (1 n)!

Uncurry ;= f ;xif  o(x) n(X)

s.t. Uncurry feury ! funcuny-
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Currying

We can obtain from the Uncurried form f yncury Of @
function its Curried form f ¢,y by

Curry :(( 1 nt )t 1! !
Curry := f ;xq;::0 Xnif IXq; 00 Xpl
S.t. Curry fUncurry ! fCurry.

It is an easy exercise to show Curry (Uncurry f) = . f
and Uncurry (Curry f) = . f.
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(Un)Curr ying in Programming

The Uncurried form of a function corresponds to the
form functions are presented usually outside functional
programming.

In functional programming one often prefers the Curried
form.
This allows to apply a functional partially to its
arguments.
E.g. if we take (+) as usual in Curried form, then
(+) 3:int! int is the function taking x and returning
X+ 3.
For instance map ((+) 3) [1;2;3] = [4;5;6]:
If we apply the function increasing every x by 3 to the
list [1; 2; 3], we obtain the result of incrementing each
list element by 3, i.e. [4;5; 6].
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(Un)Curr ying In Programming

Notations in Agda

One usually avoids in functional programming (and as
well in Agda) the formation of products (or record
types).
The packing and unpacking of products makes
programming often harder.

E.g. instead of de ning afunctionf : ! ( ) itis

usually better to form two functions fq: ! and
fo: 1, (which are often de ned simultaneously).

In type theory, one uses single colons “:” for “has type”,
as we did above.

In Haskell and as well in Cayenne, “:” is used in lists,

and “:." is used for “has type”.

In order to be close to Haskell and Cayenne, it was
decided to use in Agda as well “::” (although lists
haven't been introduced yet).
In this lecture we will

usually use “”

except when referring to explicit Agda code (then
is used).

LRt

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 1

(e) Basic Derivations in Agda

169
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Notations Iin Agda

Agda is based on dependent type theory.
This extends the simply typed -calculus.

In Agda one writes n(x :: A) > r for x : Ar.

A can often be inferred by Agda automatically, using
menu

Solve (C-c =)

(When presenting keyboard-macros, “C-c” stands fol
“Control-c”.)

When presenting Agda code we will write (x :: A)! r
for the above, so meansnand! means -> in real
Agda code.

When reasoning in type theory itself (outside Agda), we
use standard type theoretic notation x : A:r.

We sometimes omit A, and write simply x:r .
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Postulate

In Agda one has no prede ned types, all types have to
be de ned explicitly (e.g. the type of natural numbers,
the type of Booleans, etc.).

In order to obtain ground types with no speci c
meaning (like o above), we have to postulate such
types, (or use packages as introduced later).

In Agda the lowest type level, which corresponds to
types in the simply typed -calculus, is called for historic
reasons Set

So in order to introduce a ground type A we write:

postulate A :: Set
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Postulate

173

We can now introduce other constants.

For instance, in order to introduce a function from A to
B where A and B are ground types, and an element of
type A, we write the following:

postulate A :: Set
postulate B :: Set
postulatef :: A! B.
postulatea:: A.

See exampleP ostulatel.a gda
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Basic Usage of Agda

Instructions on how to install Agda can be found under
http://www-compsci.swan.ac.uk/ csetzer/
othersoftware/agda/agdainstallation.ht mi

The installation will provide an Emacs/XEmacs mode
for agda les.

If a le with extension .agda is loaded into
Emacs/XEmacs, then this mode is invoked.
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Basic Usage of Agda

There are two menus:
One from the top menu line of Emacs/XEmacs,
invoked with a right mouse click.
One which is activated at any position in the buffer,
again invoked by a right mouse click.
(Under Emacs, this menu is only active when one is
inside a goal — see below).

The latter one depends on where one is in the buffer
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Basic Usage of Agda

On the menu, with each menu a keyboard short cut is
presented.
It is advisiable to learn the most frequently used ones.

In order to type check the buffer, use

Load-Buff er (C-c C-x C-b).

Agda allows to load several buffers in sequence, and to
keep the old de nitions .

E.g. one has one le, containing the de nition of the
natural numbers, and one main le using it.

Then one rst loads the le containing the natural
number de nitions , and then the main le.
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Basic Usage of Agda

De nitions introduced must be consistent — each
de nition can occur only once.

When moving to a different le , which associates with
the same identi er the same or a different de nition,
one gets an error, since the other de nition from the
previous le is still present.

In order to get rid of the previuos de nition, one has

to restart Agda rst, using

(Re)start Agda (C-c C-x C-c).’
Can be used as well in case Agda crashes (which
happens sometimes, since evaluation of terms can
be very time and space intensive).

Then one has to load the buffer.
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Basic -Terms

Assuming the above postulates, we can now introduce
new terms.

We have to give a name and a type to each new
de nition.

Example:
Using the above postulates, we candene b:=f a:B
as follows:
b B
=fa
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Basic -Terms

We can as well introduce g:= x : Ax:A! Aas
follows:
g “Al A

= (x:A)! X

See exampleP ostulate2.a gda
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-Terms

Instead of de ning -terms by using directly, it is
usually more convenient to use a notation of the
following kind:

g (a:A)
A
= a
Note that in the above example, the local a overrides
the global a.

See exampleP ostulate3.a gda
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Goals
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In Agda one can leave terms or types, which one
doesn't know yet, open.

The part left open is written as f! !g, and we say
“goal” for it.

Example:
g (x:A)

TA

=fllg
exampleGoall.a gda
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Goals

When the buffer is loaded, the goal will be shown in a
different colour, and one can only edit inside or outside
the goal.

Each goal gets a number.

When inside a goal, the menu active from inside the

buffer,
when using XEmacs, changes to the goal-men u;
when using Emacs, is activated and becomes the
goal-menu. (Outside a goal this menu doesn't exist).

If one wants to edit the buffer in a way which is
impossible because of the restrictions of editing goals,
one can do so by using menu Text State.

When reloading the buffer one gets back to the state
in which goals have special status.
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Goals

Using the goal-menu, we can nd out

what type is expected:

Type of Goal C-c C-t.

Agda shows: ?0 :: A

There is as well a variant

Type of Goal (unfolded) C-c C-x C-r.

It evaluates the type of the goal using reduction rules
(see later).

Using the main menu we can always show the types of
all goals (show-goals ).

We can as well jump to the next and previous goal
using menu items Next Goal and Previous Goal.
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Goals Indentation Sensitivity

Inside a goal we can as well nd out the current context: Example: The following causes an error:
postulate A :: Set

Using menu Conte xt.
g postulate B :: Set

In our example Agda shows: _
a A We have to type instead:

postulate A :: Set

g =(xzA A postulate B :: Set
a A . )
The following causes an error:
f “A! B a0 A
B :: Set =a
A Set We have to type instead:
al:: A
= A.
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Indentation Sensitivity Derivations in Agda
Agda is indentation sensitive. In Agda, rules are implicit.
So often instead of having parentheses “fhCodeig”, as The rule
in other languages, all lines belonging to hCodei have to f:Al B a:A
be intended more then the surrounding code, and fa:B

usually in the same way. corresponds to the following:

Therefore top level de nitions have to start in columnl.
Otherwise they are considered as being an extension of
a previous de nition.

Assume we have introduced:
g:D! E,d:D.
and want to solve the goal

All code belonging to such a de nition in later columns f1 g E

has to be intended at least once.

exampleSimpleDeriv ation4.a gda
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Derivations in Agda (Cont.) Judg ements

Then we can |l this goal by typing in g d: In ordinary functional programming, it is easy to
flgdlg: E determine the correctly formed types.

T In dependent type theory the type structure is richer
If we then choose goal-menu Re ne (C-c C-r), the and more complicated.

system shows: . .
y Proof steps are required to conclude that something is
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Re nement Judg ements
Assume in the above situation that we don't know what Therefore we have not only the judgement as in
to insert. functional programming
We only guess that it has to be of the form g applied to
some arguments. a:A
We can see this since the result type of g is E

but as well a typing judgement A is a type, written (as

(g:D! E). we have already seen)

Then we can insert g and use menu Re ne (C-c C-r)

The system shows gf! !g:: E. A Set
We can ask for the type of the new goal f! !g, and get: Before deriving a: A, where A is a constant, we rst
fl lg:D have to show A : Set

Now we can solve this goal by lling in d and using
rene: gd: E.
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Equality Judgements

Agda will identify terms which have the same normal
form.

E.g. s:= ( (x:A):x)r andr will be identi ed.

If one needs at some place r, one can insert s instead
of r and vice versa.

In Agda this is done automatically, the user doesn't see
such equalities.

There is not even a direct command available in
Agda, which allows to check whether two terms are
equal (this could probably be added easily).
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Example
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postulate A :: Set
postulatea:: A
postulatef :: A! Set

g (a::A)
TA
= a
a A
= ga
p (x:fa)
= (fad
=fllg

exampleSimpleEquality2.a gda

Since a%= ga= a, we can solve the goal by using x.
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Equality Judg ements

When using the simply typed -calculus, we could
separate the derivation of -terms, from reductions.

When using dependent type theory as in Agda,
reductions and derivations have to be integrated.

Traditionally, instead of introducing reductions, one

introduces in dependent type theory equalities between
terms.

Written as
r=s:A
for r and s are equal elements of set A.
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Example

The rule expressing that o(ha;bi) !
style as follows:

areads in this

a:A b:B
o(he;b) = a:A

= is not directed, so we have as well the rule

a=b:A
b=a:A
We can therefore derive:
a:A b:B
o(ha;h)=a:A

a= o(ha;b):A
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Equality Judgements (Cont.)

We will have as well equality between types, written as

A = B : Set

This is something novel in dependent type theory.

In simple type theory, there is only one way of writing

a type.

For instance if we assume f : A! Set thenifa= a%: A

thenf a= f al: Set
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Four Judg ements
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So we have the following 4 types of judg ements :
A : Set “Ais a type”.

a:A “ais of type A”.

A =B :Set “A and B are equal types”.

a=b:A “aand bare equal elements of type A”.

In Agda, only A : Setand a: A are explicit.
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(f) Dependent Judg ements

As for the simply typed -calculus, in dependent type
theory, judgements might depend on a conte xt.

So we obtain judgements of the form
X1 A1 Xn AR )
X1: A1 5 Xn AR )
X1:A1 0 Xn Ay ) SHA
X1: A1 5 Xn AR )
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Need for Conte xt Rules

To derive such judgements requires that we know

A1 : Set
X1:A1 ) Az:Set
X1:A1;X2:A2 )  Asz:Set

X1: AL X2 A il Xn 1:An 1) Ap i Set
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Conte xt Rule Five Dependent Judgements

Note that we didn't require derivations as above in the So we have therefore 5 dependent judgements:
simply typed -calculus, since it was easy to veryify
whether something is a valid type. X1 1AL Xn D AR A Set

X1: A1, X D An A=B

)

In case of dependent types A : Setrequires a derivation. )
X1:A1 X0 Ay ) SEA

)

)

It can be as complicated to derive A : Setas it is to

derive a judgement b: B: X1 1AL X DA s=t:A

One can compute from an unchecked judgement a: A X1 AL X DA Context
an unchecked type expression B s.t. a: A holds iff
B : Setholds.
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Conte xt Rule Example
In order to organise this in a better way we introduce an The assumption rule, which in case of the simply typed
additional judgement ) Context for “ is a valid -calculus read:
context”.

) X (ifx: occursin )

what we had above, i.e.: reads in dependent type theory as follows (assuming
that x : A occurs in
A1 : Set

X1: A1 ) A : Set ) ) C)(()r.]ti)(t
X1:A1X2:As )  Asz:Set '

Similarly we have to deal with the rule introducing

X1: AL X2 AgiiiiiXn 1:An 1) Ap:Set constants.
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Notations for Judgements, Conte xts

will in the following denote an arbitrary non dependent
judgement, i.e. one of the following :

A : Set,
A = B : Set,
a. A,
a=b:A.
,  will usually denote contexts.

We have the same notations as before, i.e.
; Is the result of concatenating contexts , ,
;X A'is the result of extending the context by
X A,
. is the empty context.
We write for ; )  usually simply .
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Conte xts in Agda

In Agda, we have no explicit judgements depending on
contexts.

Not needed, since we don't derive judgments using
rules directly.

However, if we have the open judgement

f (x:B)
TA
=fllg
Then we can make use of x :: B for re ning the goal.
So we have to solve the goal in context x :: B.
This context can be shown using goal menu Conte xt.
See exampleSho wConte xt.agda.
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Example: Derivation of doub le

(See exampleDoub leString2.a gda.)
We derive
double:= ( x: concatx X) : ((x : String) ! String) in
Agda, assuming de nitions of String and concat
We start with
double (x :: String)
.2 String
=fllg
We can insert into the goal concat:
double (x :: String)
.. String
= f! concat!g
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Example: Derivation of doub le

When using goal-menu re ne , we obtain:

double (x :: String)
.. String
= concatf! !gf! g

We can check now using goal-menu Type of Goal (or
Type of Goal (unfolded) that the two new goals require
both type String.

We can check using goal-menu Conte xt that the
context of both goals contain x :: String.
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Example: Derivation of double

We insert x into the rst goal and re ne:

double (x :: String)
.. String
= concatx f! !g

Doing the same with the second goal gives:

double (x :: String)
:: String
= concatx x

We are done.
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double in Type Theory

A derivation of
double:= x : String:doublex x
in Type Theory, assuming global constants

String : Set ;

concat : String! String! String ;
is as follows:
We rst derive x : String) Context:

; . Context String : Set
x : String) Context
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double in Type Theory

The remaining derivation is as follows (using the above
derivation):

x:String) Context x:String) Context
x:String) concat:String! String! String x:String) x:String x:String)

x:String) concat x:String! String X:String)

x:String) concat x x:String
double:= x :String:concat x x:String! String
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(g) Dependent Types

Assume we want to assign a type to a sorting function
sort on lists of natural numbers.

In most programming language, the type of it is
essentially

sort : NatList ! NatList
for the type of lists of natural numbers NatList.

In dependent type theory, we can demand more
correctness, namley that its type is

sort : NatList ! SortedList :

We assume some notion of NatList (list of natural
numbers).
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SortedList

What is SortedList?
An element of SortedList is a list which is sorted.
It is a pair H; pi s.t.
| is a NatList.
p is a proof or veri cation that | is sorted:
p : Sorted]).
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Sorted Lists

For the moment, ignore what is meant by Sorted() as a
type.
Only important: Sorteddepends on .

Sorted() is a predicate expressed as a type.

Elements of SortedList are pairs H;pi s.t.
| : NatList.
p : Sorted().

Sorted() is a dependent type.
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Sorted Lists (Cont.)

An element of Sortedl) will be a proof that | is sorted.
If I is sorted, then Sorted() will be provable, and
therefore will have an element.
It is possible to write a program which computes an
element of Sorted(l).
If | is not sorted, then Sorted() will have no proof and it
will therefore no element.

Then it is not possible to write a program which
computes an element of Sorted().
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The Dependent Product

Then the pair H; pi will be an element of
SortedList:= (I : NatList) Sorted() :

SortedListis the type of pairs H; pi s.t.
| : NatList,
p: Sorted().

called the dependent. product

sort: NatList ! ((I : NatList) Sorted()) expresses:
sort converts lists into sorted lists.
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The Dependent Function Type

From a sorting function we know more:

It takes a list and converts it into a sorted list

with the same elements .
Assume a type (or predicate) EqElemers(l; 19 standing
for

| and 1%have the same elements.
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The Dependent Function Type

A re ned version of sort has type
(I - NatList) ! ((1°: NatList) Sorted(9 EqElemeris(l;9)
“sort(l) is a list, which is sorted and has the same

elements”.

“sort is a program, which takes a list and returns a
sorted list with the same elements.”

The type of sort is an instance of the

The result type depends on the arguments.
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(n) Dependent Types in Programiy

Dependent types are often needed in programming , even
if no veri cation is needed.
We give some examples:

In Java, a relatively big library of “collection classes” is
available.

Provides implementations of lists, sets, hash tables,
etc.

It would be nice to have “lists of type A”.

However this is a dependent type, depending on a
type A.

Cannot be expressed in Java.

Instead, in Java only lists of elements of type
Object are available.
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Dependent Types in Programming

(Collection classes in Java, Cont.)

Elements of other types have to be upcasted to
Object
Elements of the list have then to be downcasted to
their original type.
Type checking happens at run time rather than at
compile time.
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Example

Assume a class StudentEntry.
If we have a list listOfStudentEntries, and add to it an

element studentEntry Of type StudentEntry, this element will

rst be converted (upcasted ) to type Object.

If we retrieve an element (e.g. the rst element) of
listOfStudentEntries, we obtain an element of Object.

If it was originally a StudentEntry, we can cast this
element down to StudentEntry.
However, whether we have an element of

StudentEntry, cannot be determined at compile
time, only at run time.

Dependent Types in Programming
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Polymorphism

Matrix multiplication is an operation, which takes
three natural numbers n;m;k, ann m-matrix and an
m k-matrix, and has as resultan n  k-matrix.

The type of this function is a dependent type: The
types of N m-matrices, of m k-matrices and of

n k-matrices depend on n, m, k.

What is needed is a weak form of dependent types,

Types might depend on other types but not on
elements of types.

In C++, this form of dependency is available (called

One writes for instance List< A> for lists of type A.
In Java, it might be available in the next release 1.5.

In C#, it will be available in the next release.

In Haskell and ML it is available.
E.g.nx! x: ) ! ,
which means that x:x is of type ! for every
type
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Matrix Multiplication
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Usually, this problem is solved by

taking matrices which are big enough and restricting
the operationton m,m kandn k sub-matrices
waste of memory

or by dynamically allocating arrays.
This means memory allocation has to be done at
run time.

In both solutions, checking that the dimensions are
in accordance has to be done at run-time .
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Type of Matrix Multiplication

Let N be the type of natural numbers

Let Mat(n; m) be the type of n m-matrices.

(Will be introduced later).

Then matrix multiplication has type

(n:N)

' (m:N)
' (k:N)

Mat(n; m)

Mat(m; k)

Mat (n; k)

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 1

Type of Matrix Multiplication
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(Cont.)

A shorter notation for this type is

(n;m;k : N)
I Mat(n; m)
Mat(m; k)

Mat (n; k)
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Dependent Types in Programming

Digital Components.

A digital component (e.g. a logic gate) with n inputs anc
m outputs can be considered as a function
Bool" ! Bool™.
In general such a component is a triple consisting of
n, the number of inputs,
m, the number of outputs,
afunctionf : Bool" ! Bool™.

The type of f depends on n and m, an example of a
dependent type.
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Dependent Types in Programming

Predicates are dependent types.
See the types of sort above.
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Dependent Types in Linguistics

Aarne Ranta has used dependent types in linguistics :

In a sentence like “The man goes home”, the
predicate
in grammar the predicate is “what is said about the
subject of a sentence”;
it consists essentially of the verb and what
completes the verb;
here it is “goes home”
depends on, whether the subject
in grammar the subject is the noun or its
equivalent about which a sentence is predicated;
here it is “The man”
is singular (then the predicate is “goes home”)
or plural (then the predicate is “go home”).

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 1 225

Dependent Types in Linguistics

Aarne Ranta constructed grammar s based on
dependent types, and used them for translating
sentences between different languages automatically.
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2. The Logical Framework

(@)
(b)
(€)
(d)
(€)
(f)
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(a) Basic Form of Rules
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Four Kinds of Rules

(g) For each type construction we have usually 4 kinds of
rules:

(1) Formation Rules.

(2) Introduction Rules.

(3) Elimination Rules.

(4) Equality Rules.
Additionally there are equality versions of the
formation, intr oduction and elimination rules.
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(1) Formation Rules
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Each type construction has one such rule.
The conc lusion of such a rule will have the form:

C(a; an) . Set :

n = 0is possible, in which case we write C instead of

C().

Later, we will introduce higher levels Type; Kind;:::.

Then we have formation rules with conclusion
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Logical Framework

Preliminarily, we will be using type theory without the
logical framework.

For instance, below we will introduce
List(A) : Set

for any A : Set, the set of lists of elements of A.
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Logical Framework

Until we have introduced the full logical framework, it
doesn't make sense to talk about List itself, which woulc
have type

List : Set! Set :

The problem is that Set! Setdoesn't make sense
without the logical framework.

The full logical framework is conceptually more dif cult,
that's why we delay its introduction.
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Logical Framework

When working later with the full logical framework,
constructors will have their own type.

Then what is now

C(az;:::5an)
will be written as
Ca an ;
namely the application of the constructor C to

For instance we will write then List A instead of List(A).
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Logical Framework

Agda has the logical framework built in, so in Agda List
will be a function Set! Set, in Agda notation:

List (A :: Set)
. Set
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Example 1: The Set of Lists

A : Set
List (A) : Set
The type-constructor is List.
List(A) is the type of lists of type A.

(List-F)
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Ex. 2: The Set of Natural Number

Formation rule for the type of natural numbers:

N : Set (N-F)

The type-constructor is N.
Note that the formation rule for N has O premises
(therefore the fraction bar is omitted).
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Ex. 3: The Non-Dependent Product

Formation rule for the non-dependent product:

A : Set BSet( _F)
A B :Set

A B stands for ( )(A; B).
The type-constructor is ( ).
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Formation Rules in Agda

The formation of a type is usually done by introducing a
constant of a certain type.

Example 1:

List (A :: Set)
o Set
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Example 2: ( )

Agda syntax for introducing the
non-dependent product :

() (A: Set)
(B :: Set)
i Set

is an Agda de nition of this type (more about this
later).

is ASCII symbol 215 (not the letter x).

There are as well prede ned versions of the product
(and of the function type) in Agda (see later).
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(2) Introduction Rules

where

A is a type introduced by the corresponding
formation rule,

C is a constructor or term-constructor
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Intr oduction Rule, Example la

The set NatList of lists of natural numbers with
formation rule

NatList : Set (NatList -F)
has two introduction rules:

nil : NatList (N-InhiD)

n:N__ 1:Nathist N st -1 4one)
congn; 1) : NatList
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Intr oduction Rule, Example 1b

We generalise the previous example to lists of arbitrary
type.
Lists of type A have two introduction rules:

A : Set
nila : List(A)

(List-Inj)

a:A | : List(A)
consx(a;l) : List(A)
In case of the rule for nil, we needed the premise

A : Setin order to guarantee that we can form the type
List(A).

In case of the rule for cons this premise is implicit in
the premise a: A.

(List-lcons)
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Conicting Constructor s

We shouldn't use the same constructors for different
sets. So if we want to use both NatList and List(A), we
have to choose a notation like natnil instead of nil : N,
similarly for cons

We will usually ignore this distinction, if it doesn't cause
confusion.
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Example 2: Natural Number s.

The natural numbers N can be considered as being
formed from two operations:

0,

Swhere S(n) = n+ 1.
Using these two operations we can form 0, S(0) = 1,
S(1) = 2, ...and therefore all natural numbers.

So the constructor s of N are Oand S.

The intr oduction rules of N are:

0:N (N-lg)
n:N N-I
S(h) : N (N-ls)
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Canonical Elements

an introduction rule.

Canonical elements therefore always start with a
constructor .

Examples:
0, S(2+ 3) in case of N.
Here 2 stands for S(S(0)) and 3 for S(S(S(0))).

nil, cons(1+ 1; concatcong0; nil) nil) in case of
NatList.

Non-Canonical Elements
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Non-Canonical Elements

E.g. 2+ 3is a non-canonical element of N, since
S(2+ 2) is a canonical element of N.

However, we have
Xx:N) x:N

and x doesn't reduce to a canonical element of N.

However, if we substitute for x any closed element of
N, we get a canonical or non-canonical element of N

Terms can usually be reduced further
Example:

2+3=2+S(2) ! S(2+2):

The underlying reduction system is essentially a term

rewriting system combined with the -calculus.
Therefore we can apply reductions to subterms.

reduces to a canonical element of that type.

Each element of a type (depending on the empty
context) in dependent type theory will either be a

canonical or a non-canonical element of that type.

Consequence of the normalisation theorem.
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Constructor s in Agda
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In Agda the constructor C of type A is written as C@QA)
If A can be inferred automatically, we can replace the
above by C@ .

As type-constructors, in Agda constructor s are as in
dependent type theory with the logical frame work,
i.e. we have

nil@(ListN) :: List N
cong@(ListN) : (n:N)
I (I :: List N)
I List N
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Constructor s in Agda Example 2: Addition in N

Since notations like nil@(List N) are usually too n:N m : N
o ) O (N-El+)
cumbersome, it is better to introduce abbreviations: n+m:N
nil - List N Equality rules will express
= nil n+0=n.
@ n+ S(m) = S(h+ m).
cons  (n: l\_l) The equality rules show that n is only a parameter,
(I':: List N) we are eliminating the second argument m.
: List N Proceeding like this would require one elimination
= cons@ n | rule for each function from N we want to de ne.
_ _ _ Instead we will later introduce one general
Note that the above introduces nil, consfor List N, and elimination rule . which will allow to intr oduce all
not for the general case List A for any type A. (That functions we expect to be de nab le, including all
would require an extra argument A : Set). primitive- recur sive ones.
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(3) Elimination Rules Elimination vs. Introduction Rule:s
Elimination rules allow to take an element of a type Elimination rules invert the introduction rules.
and compute from it an element of another type. In case of A B, the canonical elements are of the
Example 1: The introduction rule for the non-dependent form ha;bi fora: A, b:B.
product is _ _ A non-canonical element of type A B must
a:A b:B ( - reduce to a canonical element.
ha;b :A B
The elimination rules are the rst and second
projections:
cC:A B cC:A B
———( -Elo) ————( -Ely)
o(0) : A 1(c) : B

The equality rules will express o(ha;hb) = a,
1(ha;bi) = b
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Elimination in Agda

Elimination for builtin types has special notation.

For user de ned types, elimination is realized by
case distinction .

Example: De nition of addition in N:

(+) (mm:N)
N
= casem off
@' m
(Sm)! s(n+mihg
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(4) Equality Rules

The canonical element for an element, which is the
result of an elimination, can always be computed as
follows:

Reduce the element to be eliminated to canonical
form.

Then make one reduction step (Red).

The result will be a canonical or non-canonical
element of the target type.
Reduce it to canonical form.

For instance in case of A B, (Red) are the reductions
olg;h) ! a
1(he;b) ! b
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Equality Rules

In case of (+) , (Red) are the reductions
n+0 ! n.
n+ Sm) ! S+ m).
Note that the second argument is the argument
which we are “eliminating”.

So the computation of 0+ (1 + 1) is as follows:
0+(1+1) = 0+(S(0)+S(0)) ! 0+S(S(0+0)) ! S(0+S(0-

The result is already in canonical form (but not in
normal form since it can be reduced further).
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Equality Rules

Equality rules express (Red) type theoretically.

They describe what happens, if one
r st introduces an element and then immediatel y
eliminates it.
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Example (Equality Rule)

The rst equality rule for A B is as follows:

a:A b:B ( _qu)

o(he;b) =a: A
In the rst judgement we can derive o(ha;bi) : A as
follows:
a:A b:B ¢ -I)
ha;b :A B
: ( -Elo)
o(ha;bi) : A

So itis derived by rst introducing ha;b and then
eliminating it immediately.

The equality rule explains how to reduce that element
(namely to a: A).
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Example (Equality Rule, Cont)

The second equality rule for is similar:

a:A b:B
( -Eay)
(hacbi) = b: B !

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(a) 257

Example 2 (Equality Rule)

The rst equality rule for + is as follows:

NN (N-Eq, o)
n+0=n:N
n+ 0: N can be derived by rst introducing 0: N and
then by eliminating it using +.
(The right hand side is an axiom, the left hand side
has to be concluded using some derivation.)

n:N O:N (N'E|+)
n+0:N

The equality rule explain how to reduce n + 0.
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Example 3 (Equality Rule)

The second equality rule for + is a s follows:
n:N m:N
n+ S(m)=Sn+ m):N

(N'Eq+ ;S)

n+ S(m) : N can be derived by rst introducing S(m) : N
and then by eliminating it using +:

_ mi:l_\l(N'ls)
n:N S(m) : N (N-EL)
n+ S(m) : N
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Equality Rules in Agda

Equality Rules in Agda are implicit .

The notation for elimination however indicates already
how the reductions take place.

() (n;m:N)
=N
= casem off
@ n;

(SmY1 S(n+ mYg

Functions corresponding to elimination are de ned by
telling how elimination operates .
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Equality Versions of the Rules

260

We have equality versions of the formation,
introduction, and elimination rules.

These express: if we replace the terms in the
premises by equal ones, we obtain equal results .

Example: Equality version of the formation rule for List:
A = B : Set
List(A) = List(B)

Example: Equality version of the formation rule for N
(degenerated):

(List-F~)

N = N : Set (N-F7)
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261

Equality Versions of Rules

Example: Equality version of the introduction rules for
List (rule for nil is degenerated):

A : Set
nila = nila : List(A)
| = 19: List(A)
cons(a;l) = cons (a%19 : List(A)

Example: Equality version of the elimination rule for
(+) . N

(List-17)

a=a’: A

(List-lcon

n=n%N m=m%N (N-EI)
n+m=n% mO N
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Equality Versions of Rules

The equality versions of the rules in questions can be
formed in a straight-f orwar d way, once one knows
the non-equality version.

We will often not mention them.

In Agda they are implicit (part of the reduction
machinery).
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(b) Nondep. Funct. Type and Product The -Rule

We introduce in the following non-dependent versions of the The
product and the function type.

-rule does not t into the above schema:

c:A B ( -)
c=ho(c); 1(0i:A B
ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(b) 264 Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(b)
The Non-Dependent Product Equality Versions of the -Rules

Equality Version of the Formation Rule
Formation Rule

A:Set B :Set F)
A B :Set A=A0:Set B =BY:Set

-F7)
A B=A% BO:Set
| ducti Rul a:A b:B ( -1 _ _ _
ntroduction Rule b -A B Equality Version of the Introduction Rule
Elimination Rules  ————( -Elo)) —————( -Ely) ha;bi = A A B
o(c) A 1(c) : B
Equality Versions of the Elimination Rules
Equality Rules CHL b:B _( .Eqy) c=O-A B _ c= A B _
o(he;bi) =a:A —— ( -El) —— ( -El7)
o(c) = of(ch: A 1(0)= 1(c):B
a:A b:B
( -Eay)
(he;hi) = b: B !
ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(b) 265
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The Product in Agda

The Product in Agda

In Agda, the product is represented as a record type.

Assume we have introduced A; B :: Set
Then we can introduce the record type

D :: Set
= sigfa::A;b::Bg

One can introduce longer record types as well, e.g.

sigfa::A;b::B;c::C;e: Eg

Elimination of elements of the record type is record

selection.
Assume d :: D. Then we have

da :: A
db :: B

If c = structfa= a®b= bY, then we have:

c:ais equal to a°
c:bis equal to 1’
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The Product in Agda
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The Product in Agda

Elements of a record type are introduced as follows:

Assume we have a°%:: A, B°:: B.
Then we can introduce in the above situation

c:D
= structfa= a%b= bty D

Unfortunately, the builtin product (record type) in Agda
does not behave very well.
This is due to the fact that Agda doesn't support the
-rule.
In this setting -equality would assert that if

c:sigfa:: A;b::Bg
then
c= structfa= c:ab= c:ly

In most cases one can avoid this, by using the
inductively de ned -type, which will be treated later.
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Problem of the -Rule

The exact problem of the missing -rule is as follows:
Assume we have s :: sigfa:: N;b:: Ng.

If we then make case distinction on s:a: N, we know
in case of s:a= Z not that s = structfa= Z;b= s:hy.
This is since we don't know without the -rule,

whether s = structfa = s:a;b= s:kn.

If we had the -rule we would get

s = structfa= s:a;b= s:lg = structfa= Z;b= s:lg
If we use instead of sig the inductively de ned
product, we can make case distinction on an
element, e.g. s= p ab, and if we then make case
distinction on a, we getincasea= Z,thats=p Zh.

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(b)

Expensiveness of the -Rule

271a

The reason for not having the -rule is that it is
computationally expensive.

Whether we can expand s to structfa= s:a;b= s:bg
depends on, whether s :: sigfa:: A;b:: Bg.

All other reductions can be applied to terms without
knowing the exact type of the term —

in case of , we need to know this type.

So, in order to allow -rule as part of the reduction
system, we need to carry along with each term (and
as well with each subterm) its type, which requires
an enormous additional overhead.

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(b)

271b

Indentation Sensitivity

For sig, struct and some other constructs to be
introduced later (let, case packages, probably some
more) there are two versions for determining the scope
of the construct:

(=il

Using “f” and “g".
The scope is what is enclosed in those brackets.
The selections must be separated by “;".
In case of let (see below), “f” and “g” can be
omitted.
For instance
structfa= a0;b= b0g :: sigfa:: A;b:: Bg

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(b)

Indentation Sensitivity

Using indentation.
The scope are the following lines which are
indented more than the keyword “struct”, “sig’ etc.
The rst characters in each line must be indented
in the same way as the rst line following the
“struct”, “sig’ etc.
What forms the de nition, must be more indented
than the rest.
Example:
sig
a: A
b::B
is the indentation sensitive version of
sigfa::A;b::Bg.
Both versions are equivalent.
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Indentation Sensitivity

Internally, rst the indentation sensitive version is
translated to a version using curly brackets and then it
is type checked.

Error messages refer to the version using curly
brackets.

One has to interpret such error messages as if one had
actually written a version using curly brackets, even if
one is using indentation sensitivity.
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Intro

Usually, we don't have to spell out
structfa= a®b= b

in full.

Assume we have a goal, the type of which is a sig-type,
e.g.
AB :: Set
ab ::AB

sigfa::A;b::Bg
fl lg
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Intro

Then, when the point is inside the goal, we can use
goal-menu Intro and obtain:

ab :: AB = struct
a=fllg
b= f! Ig
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Let expressions in Agda

When introducing products, let expressions are often
useful.
They allow to introduce temporary variables.

Let-expressions have the form

leta; ::1A1
=S
a A
= 52
a, = An
= Sy
int
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Let expressions in Agda (Cont.) Simple Example

This means that we introduce new local constants The following function computes (n+ n) (n+ n) forn :: N:
a; i AL = s,

a i Ar = Sy, f (n::N)

S N

an :: Ap = Sp, =letm: N

which can now be used locally. Ch+n

si can refer to all ; de ned before, including a; itself, inm m

i.e. itcan referto ag;:::;q;.

Reference to a might result in non-termination; See exampleLetExpression.a gda

termination will be discussed below. Note that this version is computationally cheaper than the

function computing directly (n+ n) (n+ n):
Using let, n + n is computed only once,
without let, we have to compute it twice.
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Let expressions in Agda (Cont.) Example Using the Product
If we are in a goal, we can use the goal menu As an example we want to de ne in Agda, depending
Make let expression . onfunctionsa c:A! C,bd:B! D andan element
We have to insert into the goal the variables, ab:A B andelementf(aba cib d):C D.
separated by blanks, e.g. “a a2 an”. This means that f is a function which takes arguments
Agda will construct a template of the form: a_c, b dand abas above and returns an element of
C D.
leta; ::f! lg
=fllg
ap =fllg
=fllg
a, :f!lg
=fllg

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(b) 278 Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(b)



Example Using the Product

So the type of f in Agda is as follows:
AB :: Set=sigfa: A;b::Bg
CD : Set=sigfc::C;d::Dg
f (ac Al C)

(bd B! D)
(ab 1 AB)
= CD
=fllg
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Example Using the Product

The idea for this function is as follows:
We rst project abto elementsa: A, b: B.

Then we apply a_cto a and obtain an element c: C,
and b _d to band obtain an elementd: D.

Finally we form the pair ho;di.
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Example Using the Product

A diagram is as follows:

abA B A B
0 1
a: b
ac bd ab fachd cd
c® %D
hii
hdd:c b c'D

We will use let-expressions in order to compute the
intermediate values a, b, ¢ d°
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Agda Code for the Above

AB : Set= sigfa::A;b::Bg
CD : Set=sigic::C;d::Dg
f (ac =A! Q)

(bd =B! D)

(ab :AB)

= CD

=leta : A= aba
b B =abb
® :C=aca
d® :D=bdb

in structfc= c®d = dY

See exampleLetExpressionSig.a gda.
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Open Expression

Open Expression

Open abbreviates the unpacking of pairs.

Assume e sigfal:: Al;a2: A2;:::
Then openeusexl: Al= al,
x2:: A2= az
in
IS equivalent to let x1:: Al= e:al;
X2 A2= e:a2;
in

If we want to use the selectors directly,
i.e. assuming

e sigfal:: Al;a2::  A2;::.g
to use the names al, a2, :::, we can write more brie y

openeuseal;az;:::
in
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Open Expression

281 Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(b)

Open Expression

So the above example reads

f(ac:A! C)
(bd:B! D)
(ab:: AB)
= CD
= openab

usea::A=a

b::B=b
inlet®:C=aca
d°:D=bdb

in structfc= c®d = dY

See exampleOpenExpressionl.a gda.

So the above example reads more brie y

f(ac:A! C)
(bd:B! D)
(ab:: AB)
CD

=openabusea;b
inlet®:C=aca
d°:D=bdb
in structfc= c®d = dY

See exampleOpenExpression2.a gda.
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Termination Checker

Termination Check

The type checker in Agda allows recursive de nitions .

For instance, the following passes the type checker:
atA=a

Necessary, since for instance the de nition of + is
necessarily recursive, i.e. will make use of +:

(+) (n;m::N)
N
= casem of
Z ' n
Sm! n+md

The termination check can avoid non-obvious mistakes.
Assume for instance we have dened a:: Aandb:: B,
and AB = sigfa:: A;b:: Bg.
If we de ne

ab:: AB = structfa= a;b= bg

we have
not de ned an element abs.t. ab:a= a and ab:b= b,
but de ned an element abs.t. ab:a= ab:aand
ab:b= ab:b
That is a black-hole recursion, and will not pass the
termination checker.
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Termination Check (Cont.)

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(b)

Termination Check

In order to avoid mistakes, Agda has a builtin
termination checker:
Menu Check Termination .

One should use this command at the end of a
session , in order to avoid black hole recur sion.

If the termination check succeeds , all programs
checked will terminate .

If the termination check fails, it might still be the
case that all programs terminate .

(One cannot write a universal termination checker,
since the Turing halting problem is undecidable).

Especially, when later proving theorems, we don't know
whether what we have proved is true unless we have
used the termination checker.
Any formula A (which is just a type), whether it is
true or false, can be shown using black-hole
recursion by using the following Agda code:

a:sA=a

Only if a theorem has passed the termination checker,
we know it holds.
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The Non-Dependent Function Type -Equiv alence

As for the simply typed -calculus, terms which differ in

Formation Rule -~iSet B :Set . g the choice of bound variables are identi ed:
Al B :Set E.g. x :Ax and y : Ay are identi ed.
_ x:A) b:B D E.g. x :N:xx+ xand y :N:y+ yare identi ed.
Introduction Rule AR - bl A similar rule applies to bound variables in types
(x :Ab):A! B pp yp
(see later).
. ' .
Elimination Rule f:A! B a:A (" -El
fa:B
Equality Rule Xx:A) b:B__a:A _ _gqg)

(x :Ab)a=DHx:=4a]:B
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-Reduction The -Rule
bx := a] was as for the simply typed -calculus the Again the -rule does not t into the above schema:
result of substituting in b every occurrence of variable x A
by the term a (after renaming of bound variables as f:A!' B ¢ -)
usual). f=(x :Af x):A!l B

The equality rule is a symmetric version of -reduction

(x :Ab)a ! Hx:= 4]
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Equality Versions of the ! -Rules

Equality Version of the Formation Rule

A= A% Set B =B":Set 0 -F)
Al B=A% BO: Set

Equality Version of the Introduction Rule

x:A) b=H:B 0 -°)
x Ab= x :AbB%:A! B

Equality Version of the Elimination Rule
f=f%A1 B a=a%A

( -EF)
fa=f%0°:B
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The Function Type in Agda

In Agda one writes A -> C for the nondependent
function type.
We write on our slides ! instead of ->.
There are two ways of intr oducing an element of
Al C:

We can write

f x: A
= C

Requires the is an element of type C, possibly

making use of x.

The above introduces
fi: Al C
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The Function Type in Agda (Cont.

Alternatively, one can use the -notation :

Remember that nis used instead of in Agda.
In our slides we will use

The above can be rewritten as
f Al C
= (x:A)!
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Equiv alence of the two Notations

Both ways of introducing functions are equivalent.
One can check this by de ning two versions:

postulate A :: Set

f TADADA

= (a;b:zA)! a
g (a;b:: A)

TA

= a

See exampleEquiv alenceLambdaNotations.a gda
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Equiv alence of the two Notations

If one then introduces an arbitrary goal, e.g.

Test A >A > A
=fllg

inserts into it the value f , uses goal-menu

Compute WHNF, (for compute weak head normal
form), and does the same with g, one obtains twice the
same result, namely

(a;b::A)! a

This is a general method for evaluating terms (e.g. for
evaluating the result of a applying a function to some
arguments).
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-Notation in Agda

In most cases, it is easier to use the rst way of
introducing -terms.

However, -notation allows to introduce

anonymous functions (i.e. functions without giving
them names):

A typical example from functional programming is the
map function , which applies a function to each
element of a list:

map ( (x:N)! Sx)
(cons two (cons three nil))
The result would be

cons three (cons four nil)
See exampleMapAppliedT oList.a gda.
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Abbre viations

We can write
(n,m::N) !

instead of

(n::N) ! (m:zN) !
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Abbre viations (Cont.)

Similarly we can write

f (n,m::N)
N

instead of

f (n::N)
(m::N)
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The Function Type in Agda (Cont.)

Application has the same syntax as in the rules of
dependent type theory: If we have

f Al B ;

a:A;
then we can conclude f a:: B.
And we have that

((x:zA)! ba

and

are identi ed.

Intro

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(b)

-Rule in Agda (Cont.)

When introducing -terms, there is no need to introduce
the -term by hand.

Assume for instance the following goal:

foAl A
=fllg

If the position is inside the goal, we can use the
goal-menu Intro, in order to obtain a template for the
-term:
f:Al A
= (hzftlg! fllg

In Agda syntax, the -rule would state that if
fA! B

then
f= (x:A)! fx:

-rule is computationall y expensive and therefore
not implemented .
(This is similar to what was said about the -rule for
the product).

The lack of the -rule causes sometimes
problems.
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Solve
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We usually don't have to introduce the types of the
-variables, they can usually be solved automatically
using Agda-menu Solve .

Applied in the above situation we obtain:

foAl A
= (h:A)! fllg

It is recommended to rename the automatically
generated variable h to something more meaningful:

fAl A
= (a:A)! fllg
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Solve

Common Conte xts

In some cases, the types inferred can be simpli ed. For
instance if we start with

g:((A! A A)! A
= (h=zfllg! fllg

we obtain using solve

g:((A! A)! A! A
= (h=z(h=z(h:A)! A A fllg

which can be simplied to

g:((A! Al A A
= (aaa:(A! A A)! fllg
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Solve

In general, solve will solve goals, for which there is only
one solution in the current context.
Unigueness is up to equality in Agda, which is
equality of the normal forms.
Therefore one can often replace the solution given
by Agda by some more readable term, but it will
always be the same term up to equality in Agda.
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The convention is that all rules can as well be
weakened by a common context.

This means that when introducing a rule

1 ) 1 n ) n
)
we implicitly introduce as well the following rules
;1) 1 » 'n) n
;)

This convention will not apply to the context rules
(Contextp) and (Context1) (see later).
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Example

For instance, the formation rule of

A : Set BSet( _F)
A B : Set
can be weakened as follows:

) A :Set .) B:Set( F)
) A B:Set
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Example (Cont.)

Consider the sample derivation (assuming A : Se):

X:Ay:A) y:A )
x:A) (y :Ay):Al A 0 -
(x Ay Ay):Al Al A '

The rst rule used is the rule for
weakened by the context x : A.

The second rule used is the rule for -introduction
without any weakening.

-introduction,
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Weakening of Axioms

If we have an axiom

for any judgement

e.g. =N :Setor =0:N

and we want to weaken it by context , we need to

make sure that ) Context holds.

So we need in the weakened form one additional

premise:

) Context
)
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Example

The formation rule for N
N : Set

will be weakened as follows:

) Context

) N : Set
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(c) Structural Rules
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Conte xt Rules

The empty conte xt

Example Derivation (Context Rule

The following derives x : N;y : N;z: N) Context

;) Context (Contexty) (Note that N : Setis the same as; ) N: Seb):

Extending a conte xt Nl\)l ) ?;Etnt : (Context1)
X : ontex
) A:Set Context : : (N-F)
;X :A) Context ( 1) Xx:N) N:Set (Context1)
X:N;y:N) Context (N-F)

(where in the last rule x must not occur in ). X:N;y:N) N: Set

_ (Contextq)

The convention that rules can be weakened by a

X:N;y:N;z:N) Context
common context does not apply to the rules (Contextg)
and (Context1).
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Example Derivation (Conte xt Rules)
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Assumption Rule

We assume the following formation rule for the type of

x:A; 9) Context
natural numbers:

x:A; 9 x:A
N : Set (N-F)

(Ass)

With this rule, following the convention on slide 2?72,
we have as well introduced the rules

) Context (N-F)
) N : Set

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(c)
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Example Deriv. (Assumpt. Rule)

Assumption Rule in Agda

We extend the derivation of slide 2?2 to a derivation of
X:N;y:N;z:N) y:N:
X:N;y:N;z:N) Context
X:N;y:N;z:N) y:N
Similarly we can derive x : N;y:N;z:N) z:N:

(Ass)

X:N;y:N;z:N) Context
X:N;y:N;z:N) z:N

(Ass)

When we de ne a function:
f (a::A)

B

=fl lg

we can make use of a :: A when solving the goal
fl lg.
This is an application of the assumption rule:
When solving f! !g we essentially de ne
under the assumption a: A an element f! lg:: B.

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(c)

Example Deriv. (Assumpt. Rule)
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Assumption Rule in Agda (Cont.)

The full derivation of rst judgement on the previous
slide is as follows:

N : Set (Context1)
X:N ) Context (N'F)

X:N;y:N) Context (N-F)

X N;y:N;z:N) y:N

The above corresponds to a derivation

a:A) fllg:B
(a:Af!'!lg:A! B

¢ -0

If B is equal to A we can use the assumption rule
directly
a:A) a:A )
(a:Aa):A! A

in order to solve this goal.
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Assumption Rule in Agda (Cont.)

Weakening Rule

More generally we might in the derivation of
a:A) f! !g:B make anywhere use of a: A, as long
as this is in the context.

a:A) a:A (As)

a:A) s:B (-
(a:As):A! B

9 ; 5 0) Context
C 0 9)
- stands for an arbitrar y non-dependent judg ement.

(Weak)

This rule allows to add an additional conte xt piece
() to the conte xt of a judg ement.

The judgement ; ©9)
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Assumption Rule in Agda (Cont.)
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Weakening Rule (Cont.)

Similarly, when solving the goal
f:Al B

= (a:xA)! fllg
inf! !gwe can make use of a:: A.

In fact when solving the above, we implicitly use the
rule
a:A) f!lg:B

(a:Af!lg:A! B

So we havetosolvea:A) f! Ig:B inorderto
derive

¢ -

(a:Af!lg:A! B

Remark: One can in fact show that the weakening rule
can be weakly derived .

of the rule can be derived in the complete set of
rules we provide, then as well the conclusion.

However, this can't be derived from the premise the
conclusion directly.

An exception is when we additionall y assume some
judg ements for instance A : Set(corresponding to
“postulate” in Agda).

Then ) A: Setdoesn't follow without the
weakening rule.
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Example Deriv. (Weak. Rule) General Equality Rules

We derive a: A;b: B ) a: A from global assumptions Re e xivity .
A : Set B : Set _A:.Set (Re set)
A-Set A= A: Set
——==  (Context1) )
_ ASet (Context1) B:Set a:A) Context (Weak) a:A (Re giem)
a:A) Context (Ass) a:A) B:Set (Context1) a=a:A
A A :A;b:B) Context .. .
ah) & ZADE) ZA 2 ) Contex (Weak) (Re e xivity can be weakly derived, except for global
ST assumptions).
Symmetr y
A =B :Set
————==-(Symg
B = A: Set e
azb:A (SymEIem)
b= a:
322 Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(c)
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Example Deriv.2 (Weak. Rule) General Equality Rules (Cont.)

We derivex :A! (B C);a:A) x:A! (B OQC)

from global assumptions A : Set B : Set, C : Set Transitivity.
B:Set C:Set ( -F) A=B:Set B =C:Set (Transsey)
A : Set B CSt( F) A= C: Set
Al (B C): Set — - - .
AoSet Al (EE C); Content (Context1) = b.A_ .b— c:A (Transciem)
: Al (Weak) a=c:A
Xx:Al (B C)) A:Set Transfer
( ) ) (ConteXt]_) ...........
Xx:Al (B C)a:A Context .
(Ass) a:A_A=B:Set Transfer)
x:A! (B C)a:A) x:A! (B 0O a'B
a=Dh:A A = B : Set (TranSferE|em)
a=b:B
323 Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(c)
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Example Deriv. (Gen. Equal. Rules)

L (Con text 1)
y:N) Context
A —— VR
y'N) N:Set (Con text 1) L (Con text 1)
N:Set (Con text ) y:N;x:N) Context (s9) y:N) Context (ass)
y:N) Context y:N;x:N) x:N y:N) y:N
L (Ass) N Nx) N (! -Eq)
‘N ‘N : NiX) y=vy:
y:N) y (N-E0+ o) y:N) (x y=¥:N o)
y:N) y+0=y:N y:N) y=( x :N:x) y:N
(T rans glem )
y:N) y+0=( x :N:x) y:N ¢4
(y :N:y+0)=( y :N:(x :N:x) y):N!I' N '
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Example Deriv. (Gen. Equal. Rules)

In the previous derivation, the most complicated step
was:
y:N;x:N) x:N y:N) y:N
y:N) (x :NxX)y=y:N

This is an example of the equality rule for the
non-dependent function type (slide ??):

Xx:A) b:B a:A | -E
(x :A:b)a:t{x::a]:B( 9

with A:= B := N,b:=x,a:=y.

Therefore Bx := a] = y.
This instance of the rule was weakened by an
additional contexty : N.
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Example Deriv. (Gen. Equal. Rule

Note that from the premises of that rule
y:N;x:N) x:N y:N) y:N
y:N) (x :NxX)y=y:N

we can derive using the introduction and elimination
rule

y:N) (x :N:x)y:N
as follows:
y:N;x:N) x:N
y:N) (x :N:x):N! N y:N) y:N
y:N) (x :Nx)y:N
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Example Deriv. (Gen. Equ. Rules)

The equality rule expresses how the function x : N:x
applied to y is evaluated as follows:
We evaluate the body of the function (x) by setting
for x the argument of the function (y).

This is the same as substituting in the body for x the
argument of the function, i.e. y.

This explains how the detour above of rst introducing
and then eliminating an expression can be reduced
(namely to y or in general to gx := a]).
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Substitution Rules

The following rules can be weakly derived:
Substitution 1
XA 9) ) a:A
 X=d) K=4

( 9x := a] is the result of substituting in all occurrences of
X by a).

(Substy)

Substitution 2

.v - A- O . — 0.
XA Y) B :Set ) a=a’:A (Subsb)
; x:=a]) B[x:=a]= B[x:= aJ: Set
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Substitution Rules
Substitution 3
v A O . — 0.
XA Y) b:B ) a=a"’:A (Subst)

: Ox:=a]) Hx:=al= bx:= a%:B[x:= 4]
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Example Deriv. (Substitution)

(Ass)

X:N;jy:N) x+y:N ’ O:N
y:N) O0+y:N
(y :N:O+y):N! N

(Subst 1)

(r-n
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Example Deriv. 2 (Substitution)

N:Set

———==— (Context1)

z:N) Context (N-F)

: 'Z:'.\I) N:Set (Context1) N:Set («
(N-1s) — =

z:N;u:N) S(u):N z:N) z+0= z:N
Z:N;x:N;y:N) x+y:N z:N) S(z+0)=S( z):N
Z:N;y:N) (S(2)+0)+ y=S(z)+y:N
Z:N) (y :N:(S(2)+0)+ y)=( y :N:S(z)+y):N! N
(z :N:y :N:(S(2)+0)+ y)=( z :N:y :N:S(z)+y):N! N! N

(

(Substs)

(¢ -7
(¢ -7
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(d) Dep. Funct. Set and Product

We introduce in the following the dependent versions of the

product and the function type.
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The Dependent Product

334

The dependent product is similar as the non-dependent
product (e.g. A B), but now the second set depends
on an element of the rst set.

The type theoretic notation is
(a:A) B
Elements of (a: A) B are pairs
ha’ b

S.t.
a: A

B:Bla:= aJ.
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Example 1 (Dep. Products)

One example for its use are the set of sorted lists:

Sorted() is a predicate on NatList expressing that | is
sorted.

An element of
SortedList:= (I : NatList) Sorted()

is a pair
H; pi
S.t.

| : NatList,
p : Sorted(), i.e. pis a proof that | is sorted.

So elements of SortedList are lists | together with a
proof that | is sorted.
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Example 2 (Dep. Products)

Let G be the set of genders,
informally written

G = fmale femalgy :

Let for g : G the set
Namesg
be the collection of names of that gender, e.g.
informally written
(Namesmale) = f Tom; Jimg,
(Namesfemale)= f Jill; Sarag.
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Example 2 (Dep. Products)

The set of names with their gender is the set of pairs
hg;ni s.t. gis a Gender and n : (Namesg).

This set is written as

AllNames:= (g: G) (Namesg)
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Rules of the Dependent Product

Formation Rule

A:Set x:A) B:Set( )
(x:A) B:Set

Introduction Rule
x:A) B:Set a:A b:B[x := a]
ha;bi : (x:A) B

(-
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Example

Assuming we have de ned the set of genders G : Set
and the set of names g: G) (Namesg) : Set, we can
introduce the set

AllNames:= (g: G) (Namesg) : Set
by using the formation rule:

G:Set g:G) (Namesg) : Set
(g:G) (Namesg) : Set

)
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Extra Premise In the Introd. Rule

In the last introduction rule, an extra premise
X :A) B :Setwas required.

This is required in order to guarantee that we can
form the type (x : A) B.

In case of the non-dependent product, this premise
was not necessary:

a: A and b: B indirectly implies that we know A : Set
and B : Setfrom which it follows A B : Set
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Example

Furthermore we can introduce

tmale Tomi : AllINames

as follows:

g:G) (Namesg):Set male:G

Tom : (Namesmale)

hmale Tomi : (g: G) (Namesg)
Note that we need the premise
g:G) (Namesg) : Set

Otherwise we only know that (Namesmale) : Set, but not
that (Namesfemale): Set
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Example

340a

Note that we don't have
Hemale Tomi : AllNames
since we don't have
Tom : (Namesfemale)

So here dependent types prevent errors. In an ordinary
programming language without dependent types, we
can't de ne a corresponding type AllNameswhich
allows at compile time to de ne

fmale Tomi : AlINames

but not
Hemale Tomi : AlINames
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( -

Rules of the Dependent Product

Elimination Rules

c:(x:A) B ( -Elo) c:(x:A) B ( -Elp)
o(c) 1 A 1(0) 1 B[x = o(c)]
Equality Rules
Xx:A) B:Set a:A b:B[x := a]
-E
o(he;hi) = a: A (-Eo)
Xx:A) B:Set a:A b:B[x = a]( Eqy)

1(ha;bi) = b: B[x := 4]
Note that the last two rules require the extra premise x : A)

B : Set(which is not implied by the premises).
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Example

In the “Namesexample we have that, if a : AlINames,
then o(a): Gand 1(a): (Names o(a)):

a:(g:G) (Namesg)
o(a) : G

a:(g:G)
1(a) : (Names o(a))

( -Elo)

(Namesg)

( -El)
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Rules of the Dependent Product

We have the following -rule:

c:(x:A) B
c=ho(c); 1(ci:(x:A) C

As before, the -rule expresses that every element of
(x : A) B is of the form hsomething,; something.

(-)

The -rule cannot be derived, if the element in question
is a variable.
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Equality Versions of the above

Equality Version of the Formation Rule

A=A%Set x:A) B:BO:Set( )
(x:A) B=(x:A9 BPO:Set

Equality Version of the Introduction Rule

x:A) B:Set a=a%A b=HW:B[x:=4q
he;bi = 8K :(x:A) B

(-17)

Equality Versions of the Elimination Rules

i c=c:(x:A) B ]
-El5) ( -ElT)

10 = (D :Bx:= o(0)]

c=c%:(x:A) B
o(9) = o(c):A
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The Non-Dep. Product as an Abbr

The non-dependent product A B can now be seen as
an abbreviation for (x : A) B for some fresh variable
X.

Taking A B as an abbreviation, we can see that the
rules for the non-dependent product are special
cases of the rules for the dependent product.
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The Non-Dep. Product as an Abbr

More precisely this can be seen as follows:

From A : Setand B : Setwe can derive
x:A) B :Setusing the weakening rule.

Therefore the premises of the formation rule for
the non-dependent product imply those of the
formation rule for the non-dependent product.
From a derivation of a : A we can derive A : Set(we
need the concept of presupposition for that, as
introduced later).

Therefore the premises of the intr oduction rule for
the non-dependent product imply those of the
dependent product .

Similarly for the elimination, equality and -rule.
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The Dependent Product in Agda

In Agda, the record type allows already dependencies
of later sets on previous ones:

Assume A :: Set, and B :: Set, posssibly depending
ona:A.
Then we can form sigfa:: A;b:: Bg.

Elements of this type can be introduced in the same
way as before, i.e. if a%:: A and B°:: B[a := a] then we
can form

structfa= a®b= Yy ::sigfa:: A;b:: Bg :

Note that b°:: B[a:= a9, so the type of b’ depends on

0

a.

Furthermore, if c: sigfa:: A;b:: Bg, then c:a:: A and
c:b::Bla:= ca.
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The “Names”-Example in Agda

Although we haven't introduced yet a notation for
algebraic data types, the following is readable for those
familiar with Haskell:

data G = male j female
data maleNames  =Tom j Jim

data femaleNames = Jillj Sara
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The “Names”-Example in Agda

Names (g:: G

o Set

= case g of
(male) I maleNames
(female) ! femaleNames

AllNames :: Set

= sig
g:G
n:: Names g

See exampleAlINames.a gda.
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The “Names”-Example in Agda

Note that in the above example we have

Names male = maleNames = data Tom j Jim
Names female femaleNames data Jill j Sara

Further we have for instance
structf g=male,n=Tomg :: AllNames
whereas we don't have

structf g=male,n=Jillg :: AllNames
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The Dependent Function Set Example (Dep. Function Set)

In the presence of dependent types we have as well a Note that for instance we don't have
dependent function set, where the type of the result

depends on the argument of the function. (g :GTom) : (g:G)! (Namesg)
Notation: (x : A) ! B, for the set of functions f which since we don't have

map an element a: A to an element of B[x := a].

In set-theoretic notation this is: (g - G:Tom) female): (Namesfemale)

ff jf function
Ndom(f) = A
"8az2 Aif(a) 2 B[x:= alg
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Example (Dep. Function Set) Rules of the Dep. Funct. Set
Consider the “Names example” as above Formation Rule
é()s : Setset of genders, Namesg set of names for gender A:Set x:A) B:Set ¢ B
' (x :A)! B :Set
De ne
Introduction Rule
select :(g:G)! (Namesg)
selectmale = Tom x:A) b:B ¢ -

selectfemale = Jill (x Ab):(x:A)! B

selectselects for every gender a name.

selectmale will be an element of
(Namesmale) = (Namesg)[g := male]

It wouldn't make sense to say (selectmale) : (Namesg),
without knowing what g is.
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Rules of the Dep. Funct. Set

Equality Versions of the above

Elimination Rule

. . | .
f:(x:A)! B a:A 0 -El)
f a:B[x:=a]
Equality Rule
X:A) b:B a:A (I -Eq)

(x :Alb)a=Hx:=a]:B[x := a]

Equality Version of the Formation Rule

A = AC: Set
(x:A)!

x:A) B=B%Set
B=(xx:A9! BPO:Set

-F7)

Equality Version of the Introduction Rule

x:A) b=H:B
(x :Ab)=(x :AD):(x:A)! B

( -7)

Equality Version of the Elimination Rule

f=f%x:A)! B a=a’A
f a=f%0°:B[x := g

(I -EF)
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The -Rule
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Non-Dep. Funct. Set as an Abbre:

The -rule has a special status:
-Rule

f:(x:A)! B
f=(x :Af x):(x:A)! B

t -)

As before, the -rule expresses that every element of
(x :A)! B isofthe form x :A:something

The -rule cannot be derived, if the element in question
is a variable.

The non-dependent function type
A! B

can be regarded as an abbre viation for the
dependent function type

(x:A)! B ;

where B does not depend on x.

As for the product one can see that the rules for the
non-dependent function set are special cases of the
rules for the dependent function set.
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The Dep. Function Set in Agda

We have seen that the non-dependent function type is
writtenas A! B in Agda.

The notation for the dependent function set is
x: A! C.
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The Dep. Function Set in Agda

Elements of (x :: A) ! C are introduced as before by
using
either -abstraction, i.e.
(x:A)! ta(x:A)! B.
Requires thatt :: B depending on x :: A.
Note that the type B of t depends on x :: A.
or by writing
f(x::A):C=
Elimination is application using the same notation as
before.
E.g.,iff :(x::A)! Canda::A,then
fa:Clx:=al
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The Dep. Function Set in Agda

Internally, Agda has only the dependent function set.

That's why one often sees in code generated by Agda
(e.g. when showing context, when using solve) types of
the form

(h=A)! B

where one could use as well

Al B
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Abbre viations

We can write

(n,m:N) ! A(n,m)
instead of

(n:N)! (m:zN) ! A(n,m)
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The “select”-Name Example in Agda

Here follows the code for the select-Name example in
Agda, which should be readable for those familiar with

Haskell:
data G = male j female
data maleNames = Tom j Jim

data femaleNames = Jillj Sara
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The “select’-Name Example in Agda

Names (g:: G)

;o Set

= case g of
(male) ! maleNames
(female) ! femaleNames

select :(g::G)! Namesg
= (g:: G)! casegof
(male) I Tom
(female) ! Jill

See exampleNamesFunction2.a gda.
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The “select”™-Name Example in Ac

An attempt to de ne select s.t. select male is not in
maleNames, e.g.

select male = Jill
or that select female is not in femaleNames, e.g.
select female = Tom
will result in a type error.
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(e) Derivations vs. Agda Code

In this subsection we look at the relationship between
Agda code and the corresponding deriv ations .

We consider various examples.
First we will go through the development of the
Agda code.
Then we will look at, how the corresponding
derivations are developed, following each step in
the development of the Agda code.
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Example 1 Example 1 (Cont.)

We want to derive in Agda Step 3:
We wan rive an element of function
@:AyatAl A A? :ttode e an element of function type
(See examp|e le examp|e|dentity _agda) Elem(_—:'nts of the function type Al A are introduced
: by using -terms.
Step 1: : . : ,
. If introduced as a -term, the term in question will be
We need to introduce the type A rst. of the form (a:A)! something
Since we want to to have the de nition for an N . ' :
. ) Agda has a command agda-intr o (Intro) which does
arbitrary type A, we postulate (i.e. assume) one type this step automatically
Al Has to be executed while the cursor is inside one

postulate A ::Type goal.
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Example 1 (Cont.) Example 1 (Cont.)

Step 2: We state our goal: Step 3 (Cont)

After executing it we get:
f:Al A

=fllg frAl A
= (hxufltlg)! f!lg

(The precise Agda code uses n instead of , and
> instead of ! ).

Agda is an indentation-sensitive language.
The complete de nition of f must be intended
otherwise Agda regards this as a new de nition.
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Example 1 (Cont.)

Example 1 (Cont.)

Step 4:
The rst goal, the type of the variable h can be
solved automatically.
Use agda-solve (Solve )
We obtain:
f:Al A

= (h:A)! fllg

Step 4 (Cont)
We obtain:
fioAl A
= (a:zA)! fllg
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Example 1 (Cont.)
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Example 1 (Cont.)

Step 4 (Cont)

It is a good idea to rename the variable to

something, for instance to a:

This can be done by simple editing.
We can always edit the current code.
If one wants to edit parts involving goals, one rst
has to execute:
agda-restar t ( (Re)Start Agda)
Then one is in a mode where the goals are
converted to ordinary symbols and can edit
everything.
At the end of any editing one should execute:
agda-load-b uffer (Load Buffer)

Otherwise the changes will not be known by Agda.

Step 5:
In order for (a::A)! f! Igto be of type A'!
f1 Ig must be of type A.
Then this -term computes an element of type A
depending on some a of type A, which means it is
a function of type A! A.
So the type of the goal is A.
This can be inspected by using the menu
agda-goalT ype-of-meta-reduced
(Type of goal (unfolded)),
which shows the type of the current goal.
Has to be executed while the cursor is inside
one goal.
It shows A.

A,

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(e)
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Example 1 (Cont.)

Step 5 (Cont.)
We can inspect the context.

The context contains everything we can use when
solving our goal. It contains:
A . Set
f Al A.
See next slide.
a:A.
Since we are de ning a an element of type A
depending on a:: A, we can use a.
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Termination Check

372

On the last slide we had f :: A! A in the context.

This appears, since the type checker allows to de ne
functions recursively, independently of whether the
recursion terminates or not.

For the type checker a de nition b:: A = bwould be
legal, although evaluating b doesn't terminate (black
hole recursion).
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Termination Check (Cont.)

Agda has a command
agda-term-c heck-buffer (Check Termination) , which
checks, whether recursive de nitions are done properly.

One should
use this command at the end of a session , to avoid
black hole recur sion.

If the termination check succeeds , all programs
checked will terminate .

If the termination check fail, it might still be the case
that all programs terminate .

(One cannot write a universal termination checker,
since the Turing halting problem is undecidable).
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Example 1 (Cont.)

Step 5 (Cont.)

the right side of the arrow A) can be used in order to
solve the goal.

f would result in black-hole recursion.

So we take a.
We type in ainto the goal and then use the commanc
agda-re ne (Re ne)
We obtain:

and are done.
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Example 1, Using Rules

In Agda step 1 we postulated A :: Set
This corresponds in the rule system, that we can

assume A : Set, i.e. can write this down without any

derivation.
In Agda step 2 we stated our goal:

f:A!l A
=fllg

In terms of rules this means that we want to derive
something of type A! A.

We write for this something dy and get as conclusion of

our derivation:
do:A! A
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Example 1, Using Rules (Cont.)
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In Agda step 3 and 4 we replaced f! !g by
(azA)! f! lg:

frAl A

= (a:A)! fllg

In terms of rules this means that we replace dg by
(a: A):d1 which is derived by an introduction rule

a:A) di:A
(a:Ady) Al A
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Example 1, Using Rules (Cont.)

In Agda step 5wereplaced f! !gin (a::A)! f! Igby
a
foAl A
= (azA)! a
In terms of rules this means that we replace d; by a.
a:A) a:A follows by an assumption rule:

a:A) a:A
(a:Aa):A!l A

The assumption rule will be discussed later.

Essentially it allows to derive if x : B occurs in the
context that x : B holds.
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Example 2

We consider a derivation of

x:z(A!D A A)x( (a:xA)! a
S((AY A AT A

(See example exampleSampleDeriv ation2.a gda).

Step 1:
We postulate A:

postulate A ::Type
We state our goal:

f((A! A A A
=fllg
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Example 2 (Cont.)

Step 2:

The type of the goal is a function type, and we can

use agda-intr o (Intro):
We obtain

fi((A!

= (h:f!lg)!

A) !

A) !

A

fl lg

Using agda-solve (Solve ) we obtain:

f((A! A)!
= (h=:(A!

A)!
A) !

A
A) !

fl lg
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Example 2 (Cont.)
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Step 2 (Cont.):

We rename the variable h to x and use
agda-load-b uffer (Load Buffer)
so that Agda realizes this change:

fu((A! A)!
= (x:(A!

A) !
A) !

A
A) !

fllg
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Example 2 (Cont.)

Step 3:
The type of the new goal is A, which is the result
type of the function we are de ning.

The context contains f (for recursive de nitions), A
and x.

x is a function of result type A. Applying it to its
argument would have as result the type of the goal ir
guestion.
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Example 2 (Cont.)

Step 3 (Cont):
Therefore we type into the goal x and use
agda-re ne (Rene) .
Agda will then apply x to as many goals as needec
in order to obtain an element of the desired type.
In our case itis one (of type A! A).
We obtain

fo((AY A A A
= (x=z(Al A)! A)! xfllg
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Example 2 (Cont.)

Step 4:
The type of the new goalis A! A.
Thisissincex :: (A! A)! A needs to be applied
to an element of type A! A in order to obtain an
element of type A.
We try agda-intr o (Intro) and obtain:

fo((AD A AL A
= x=z(Al A )Y A)! x( (h=fllg! f! lg)
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Example 2 (Cont.)

Step 4 (Cont)
Using agda-solve (Solve ) we obtain:

fo((Al Al Al A
= (x:2(A!Y A A x((h:A)D fl 1)

We wanted to de ne an elementof A! A, so the
domain of the term will be A.
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Example 2 (Cont.)

Step 4 (Cont.)
We rename h by a, reload the buffer, and obtain:

fo((A!D A A A
= (x:2(A!D A A x( (azA)! fllg
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Example 2 (Cont.)

Step 5
The new goal has type A.
The complete expression (a::A)! f! Igshould
have type A! A, sof! Igmust have type A.

The context contains A :: Set f, x and a.

We can use both x and a here.
There is usually more than one solution for
proceeding in Agda.
This means that we sometimes have to backtrack
and try a different solution.
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Example 2 (Cont.)

Step 5 (Cont.)

We try a :: A. After inserting it and using
agda-re ne (Re ne) we obtain the following and are
done.

fo((AY A AL A
= (xz(A!l A)! A)! x((axA)! a

Example 2, Using Rules
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Example 2, Using Rules

The next step in the Agda-derivation was to replace the
goal by

(x:: (A1 A)! Al fl g
This corresponds to replacing dyp by

(x: (Al A)! A):d; and having as last step an
introduction rule:

x: (Al A)! A) di:A
(x (Al A)! Akd):((A! A)! Al A

Postulating A :: Setcorresponds to assuming A : Setin
the rules without deriving it.

Stating the goal means that we have as last line of the
derivation:

do: (A1 A)! Al A
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Example 2, Using Rules
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The next step in the Agda-derivation used re ne .

f! lgwas replaced by x f! !g.

This corresponds to replacing di by x dp, and using one
elimination rule in order to derive it:

X:(Al A)A) x:(Al A A X:(Al A)l A) da:Al A
x:(Al A)! A) x d2:A
(x :((Al A)L A):x d2):((Al A A A

The left top judgement can be derived by an
assumption rule (more about this later).
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Example 2, Using Rules Example 3

We then used intro on the goal which was then We derive an element of type
replaced by (x::A)! f! lg.

: . . A! B! AB
This corresponds to replacing d2 by x : A:d3 which can

be introduced by an introduction rule: where AB is the product of A and B.

(AL A) AGiA) dyiA (See examplePr oductintr o.agda).

x:(A! A)! A) x:(A! A)! A x:(Al A)! A) (a:Ads):Al A
x:(Al A A) x (a:Ads)A
(X (AT A A)X) (a:Adsz):((AT A A A
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Example 2, Using Rules Example 3 (Cont.)

Finally we used re ne with a, which replaced the goal Step 1:

by a. We postulate types A, B

This corresponds to replacing ds by a.
postulate A :: Set

x:(AL AL AaiA) aA postulate B :: Set

x:(Al A)! A) x:(A! A A x:(A! A)! A) (a:Aa)A!l A
x:(Al A)! A) x (a:Aa)A
(x :((AY A A)x) (a:A@):((A! A AL A

We introduce the product of A, B:
This will be a record with elementa: A, b: B.

The right hand derivation can again be derived by an AB :: Set
assumption rule (more about this later). = sigfa :: A;

b::Bg
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Example 3 (Cont.)

Step 2:
Our goal is:
f:Al B! AB
=fllg
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Example 3 (Cont.)
Step 3:
We use intro.
An elementof A! B! AB will be of the form
@A) @PrB)! flig
which is introduced by two introduction steps.
Agda will immediately carry out both of them.
We choose to use alinstead of a, Pinstead of b,
since a;b are used as labels of AB.
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Example 3 (Cont.)

Step 3 (Cont)
After applying intro we get

f:A!l B! AB
= (h:fllgpt  (hO%:fl1g)! fI Ig

After applying agda-solve and renaming of variables
we get

fzAl B! AB
= @:A)! P:B)! fllg
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Example 3 (Cont.)

Step 4:

The new goal is of type AB which is a record type.

An element of it can be introduced by an introductior
rule.

Elements of type AB introduced by the introduction
principle will have the form

structfa= f! Ig;
b= f! Igg
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Example 3 (Cont.) Example 3 (Cont.)

Step 4 (Cont): Step 5 (Cont)
When using intro we get: We insert a, use re ne and solve the rst goal:
f:Al B! AB f:Al B! AB
= (@:A)! (P:B)! structfa= f! Ig; = (@ A)! (P:B)! structfa= a°
b=f! lgg b=1f! lgg
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Example 3 (Cont.) Example 3 (Cont.)

Step 5: Step 6:
The rst goal has as context: Similarly we can solve the second one:
A; B : Set,
AB : Set, f:Al B! AB
fOZA! B! AB, = (@%:A)! (P:B)! structfa= a°
a’ A, _
:B, b= 1Y
a:A,
b:B.

a: A, b: B are the projections of the record we are
de ning, which might be used recursively.

Using a and bwould in our example result in
non-termination.
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Example 3, Using Rules

The de nition of AB means that AB abbreviates A B,
which can be derived as follows
(using assumptions A : Set, B : Seb):

A : Set B : Set
A B :Set

We won't use this however, since it is required for the
assumption rules only, the treatment of which will be
delayed until later.
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Example 3, Using Rules (Cont.)

Stating the goal corresponds to having as last line of
the derivation:

do:A! B! (A B)

Using intro means that we replace dg by
a%: A:b?: B:d; which is introduced by two introduction

rules:
a%:A;°:B) di:A B
a%:A) (b%B:d):B! (A B)
(a%:A:b%:B:dy):A! B! (A B)
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Example 3, Using Rules (Cont.)

Using intro again means that we replace d; by hdy; dsi,
which can be introduced by an introduction rule:

a:A:B) do:A  a%AP:B) d3:B
a%:A;lP:B) hdydsi:A B
a%:A) (bY%: B:hdydii):B! (A B)
(a% A:b%:B:hdy;dsi):A! B! (A B)
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Example 3, Using Rules (Cont.)

Solving the goals by re ning them with a° b means that
we replace d, by b, d3 by c:

a2:AP:B) a%A  a:AP:B) B:B
a%:A;P:B) e A B
a%:A) (b%:B:R°H):B! (A B)
(a9 Ab%B:R*HA):A! B! (A B)

The premises require an assumption rule (which will
use the derivation of A B), see later for details.
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Example 4

Example 4 (Cont.)

We derive an element of type
(A! BC)! A! B

where BC is the product of B and C. (See
examplePr oductElim.a gda).

Step 2:
Our goal is:

fi:(A! BC)! A! B
=fllg
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Example 4 (Cont.)
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Example 4 (Cont.)

Step 1:
We postulate types A, B, C:

postulate A :: Set
postulate B :: Set
postulate C :: Set

We introduce the product of B, C:
BC:: Set
= sigfb:: B;
c: Cg

Step 3:
We use intro and get (after using agda-solve and
renaming of variables):
f:(A! BC)! A! B
= (x:Al BC)! (a:xA)! f!lg
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Example 4 (Cont.) Example 4 (Cont.)

Step 4: Step 5:
The context has no element with result type B We insert as type of variable bcthe type B C (using
(except of f which results in a circular de nition). re ne) and obtain:
However, x has function type with result type BC,
which can be projected to B. fu(Al BC)! Al B
We introduce rst an element of type BC by a = (x:A! BC)! (aixA)! let bc :BC
let-expression, and then derive from it the desired =fllg
element of type B: in f! g
ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(e) 412 Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(e)
Example 4 (Cont.) Example 4 (Cont.)
Step 4 (Cont): Step 6:
Using agda-let (Make let expression) with variable For solving the rst goal (de nition of bg we can
bcwe obtain: re ne x, which has as result type BC.
frz(A! BC)! Al B f:(A! BC)! A! B
= (x:Al BC)! (axA)! let bc :fllg = (x:A! BC)! (a:A)! let bc :BC
= fl lg = x f! 'g
in f!lg in f!lg
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Example 4 (Cont.) Example 4 (Cont.)

Step 7: In our rule calculus we don't introduce a let constructior
The new goal can be solved by re ning it with (we could add this).
variable a: In order to get close to the derivations, we omit in the
(A1 BCOY)I | Agda derivation the let expression, and replace in the
(AT BC)! ALB body of it bcby its de nition (x a).
= (x:Al BC)! (a:xA)! let bc :BC
We get
=xa
in f!lg f:(A! BC)! Al B

= (x:xAl BC)! (a:xA)! (xa)b
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Example 4 (Cont.) Example 4, Using Rules

Using rules we start with our goal

Step 8:
Currently, Agda doesn't have any direct support for
re ning bcto an element of type B.
We have to do this by hand, insert bc:h choose re ne
and obtain:

d:(A! (B C)! A! B

f: (Al BC)! A! B
= (x:A! BC)! (a:zA)! let bc :BC
=Xxa
in bc:b
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Example 4, Using Rules (Cont.)

The intro step amounts to replacing dg by
x (Al (B QC)):a :Ad;
introduced by two applications of an introduction rule:

x:A! (B C);a:A) di:A
x:Al (B C)) (a:Ad):A! B
(x :A! (B C)a:Ady):(A!' (B C)! A!' B

420
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Example 4, Using Rules (Cont.)

In Agda, we then replace the goal corresponding to di
by (x a):b.
In our rule calculus, this reads o(x a).

This can be introduced by two applications of
elimination rules:

x:Al (B C);a:A) x:Al (B C) x:Al (B C);a:A) aA
x:Al (B C);a:A) xaB C
x:Al (B C);a:A) o(x a):B
x:Al (B C)) (a:A: o(x @):A! B
(x:(A! (B C)):a:A: o(x a):(A! (B C)! Al' B

The two initial judgements can be introduced by
assumption rules.

421
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(f) Presuppositions

In order to derive x : A;y : B) C : Setwe need to show

A Set
x:A) B :Set
So the judgement

x:A;y:B) C:Set
implicitl y contains the judg ements
A : Set ;

Xx:A) B :Set:
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Presuppositions (Cont.)

judgement
x:A;y:B) C:Set:
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Presuppositions (Cont.)

judgement
Al

and of the judgement

A B :Set:

The next slide shows the presuppositions of

judgements.
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Presuppositions
Judg ement Presuppositions
;X :A) Context ) A:Set
) A:Set ) Context
) A=B:Set ) A :Set
) B :Set
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Presuppositions
Judg ement Presuppositions
) a:A ) A:Set
) a=hb:A ) a:A,
) b:A.
) (x:A) B:Set| ;x:A) B:Set
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Presuppositions

Judg ement

Presuppositions

) (x:A)! B :Set

;X:A) B:Set
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Remark on A! B,A B

Presuppositions
Furthermore, presuppositions of presuppositions of
)
are as well presuppositions of
)

Note that A! B is an abbreviation for (x: A)! B for
some fresh x.

Similarly A B is an abbreviation for (x : A) B for
some fresh x.

Therefore the presupposition of A! B : Set
(which abbreviates; ) A! B : Sef) are:

;) Context,

A : Set,

x:A) Corntext,

Xx:A) B:Set
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Example of Presuppositions
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(g) The Full Logical Framework

X:A;y:B) a=Db:(z:C) D presupposes :

;) Context,

: Set,

:A) Context,

:A) B :Set

:A;y:B) Context,
A;y:B) C: Set
cA;y:B;z:C) Context,
:A;y:B;z:C) D :Set
A;y:B) (z:C) D:Set
A;y:B) a:(z:C) D,
A;5y:B) b:(z:C) D.

X X X X X X X X X >

We would like to add operations on types, such as
prod : Set! Set! Set

which should take two sets and form the product of it.
The problem is that for this we need

Set! Set! Set: Set

and our rules allow this only if we had
Set: Set
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Set

Adding

Set: Set

as a rule results however in an inconsistent theory:
using this rule we can prove everything , especially
false formulas.
The corresponding paradox is called
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Jean-Yves Girard
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Set (Cont.)

Instead we introduce a new level on top of Set called
Type.
So besides judgements A : Setwe have as well
judgements of the form

A : Type
One rule will especially express
Set: Type

Elements of Type are types, elements of Setare
small types.
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Set (Cont.)

We add rules asserting that if A: Set then A: Type.

Further we add rules asserting that Type is closed
under the dependent function type and product.

Since Set: Type we get therefore (by closure under the
function type)

Set! Set! Set: Type
and we can assign to prod above the type
prod: Set! Set! Set

(The de nition of prod will be given later.)
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Rules for Set

Type Formation Rule for Set

Set: Type

Set -> Set Set Every Set is a Type

A : Set
9= (Set2Type
A Type ( yPe)

Set
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Set (Cont.) Closure of Type

However, we cannot use prod in order to form the Further we add rules stating that Type s closed under
product of two sets, ie. we cannot introduce the dependent function type and the dependent
product:

prod SetSet: Set ;
Closure of Type under the dependent product

since Set: Setdoes not hold.
A:Type x:A) B :Type( _FType)

(x:A) B :Type

Closure of Type under the dependent function type

A:Type x:A) B :Type (1 -FType)
(x:A)! B :Type
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Nondependent Case

A special case of the above rule is the closure under
the non-dependent function type and product.

This rule can be derived (e.g. from the premises one
can derive using the other rules the conclusion).

Closure of Type under the non-dependent product

A :Type B : Type
A B :Type

(-FTYPe)

Closure of Type under the non-dependent function type

A Type B : Type
Al B :Type

(1 -FType)
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Equality Versions of the Rules

Formation Rule for Set

Set= Set: Type (SetlsType™)

Every Set is a Type

A = B : Set =
Set2Type
A =B :Type ( ype')
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Equality Versions of the Rules

Closure of Type under the dependent product

A=A%Type x:A) B=B0Type
(x:A) B=(x:AY B Type

( -F7 ;Type)

Closure of Type under the dependent function type

A= A% Type x:A) B =B Type
(x:A)! B=(x:A9! BO: Type

(I -F=:Type)

Similarly for the non-dependent versions of the above.
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Conte xt Rules

The types in the contexts, which were before only
elements of Set, can now be as well elements of Type.

Therefore we need an additional context rule
) A:Type
;X :A) Context

(Context; *P®)
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Example: prod Hierar chies of Types

We can now introduce prod : Set! Set! Set: If one wants to form
First we derive X : SetY : Set) X : Set 0
prod”: Type! Type! Type ;
Set: Type
X : Set) Context one needs to have a further level Kind above Type, s.t.
X :Set) Set: Type e
X - SetY :Set) Cortext Type:Kind :
X :SetY :Set) X :Set Then
Type! Type! Type:Kind :
Similarly we derive X : SetY : Set) Y :Set
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Example: prod (Cont.)

Now we can derive our desired judgement:

443 Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(g)

Type

X :SetY :Set) X :Set X :SetY :Set) Y :Set
X :SetY :Set) X Y :Set
X :Set) (Y :SetX Y):Set! Set
(X ;Y :SetX Y):Set! Set! Set

Set > Set Set
So de ne

prod:= X ;Y :SetX Y

JType > Type

Set
ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(g) 444
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Rules for Type as a Kind

Type is a Kind
Type: Kind

Every Type is a Kind

A : Type

Type2Kin
A : Kind (Typ 9

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 2(g) 447

Closure of Kind

Closure of Kind under the dependent product

A : Kind Xx:A) B :Kind ( -FKind)
(x:A) B :Kind

Closure of Kind under the dependent function type

A : Kind x:A) B :Kind (1 -FKind)
(x:A)! B :Kind '

Plus equality versions of the above rules.
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Conte xt Rules

Again, the context rules have to be expanded:

) A :Kind
;X :A) Context

(Contextind)
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Hierarchies of Types (Cont.)

This can be iterated further, forming
Type= Types;Kind = Typez; Types; Typey

Agda has a hierarchy of types built in, written as #0
(which is Sei), #1 (which is Type), #2 (in the rule
calculus called Kind), #3 etc.
So we have
#0 = Set: Type,
#0 = Set: #2, #1

Type: #2,

#0 = Set: #3,#1 = Type: #3,#2 : #3,
#0 = Set: #4 ,#1 = Type: #4,#2 . #4 ,#3  #4,
etc.
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(a) The Set of Booleans

Formation Rule

Bool : Set
Type_3 = #3 Introduction Rules
Kind = Type_2 = #2 tt : Bool : Bool
Elimination Rule
Type = Type 1 =#:
C : Bool! Set ic:Ctt ec: C cond: Bool
Set = #0 Casgygo C ic eccond: C cond
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3. Data Types The Set of Booleans (Cont.)

(@) Equality Rules

(b) C : Bool! Set ic:Ctt ec: C
(c) Casgoo C iC ectt = ic : C tt

(d)
(e) C:Bool! Set ic:Citt ec: C
(f) Casgyoo Cicec =ec:C

(9)
(h)
(i)
@)
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Remarks

In the above
tt stands for true, . stands for false.

ic stands for “if-case”, ecfor “else-case”.

condfor “condition”.
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Remarks (Cont.)

The argument C : Bool! Setdenotes the set into which
we are eliminating.
Instead of C : Set, we have C : Bool! Set, since the
set into which we are eliminating might depend on
the Boolean value.
That is necessary in order to de ne functions
f :(b:Bool)! D where D depends on b.

If we de ne

f .= (b:Bool):Casg C ic ecb

we have:
ftt:Ctt.
f :C .
f :(b:Bool)! Ch.

455
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Remarks (Cont.)

The argument C above has no computational content.

It is not needed in order to compute
Casg C ic ectt and Casgygo Cic ec .

C is only needed in order to get to allow decidable type
checking:
In the presence of arguments like this we can decide
whether a judgement a : B is derivable.
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Remarks (Cont.)

We can write the elimination rule in a more compact
but less readable way:
Casggo : (C : Bool! Set)
I (ic:Ctt)
I (ec:C )
I (cond: Bool)
I C cond

tt, are the constructor s of Bool.
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Remarks (Cont.)

Notice that we then get for C : Bool ! Set,
ic:Ctt;ec:C
f ;= Casggg Cic ec ,
: (cond: Bool) ! C cond

f tt = Casgoo Cicectt = ic:Ctt,

f = Casgyq Cicec =ec:C
So we obtain functions from Bool into other sets
without having to write (b : Bool):

That's why we choose the argument to eliminate from
as the last one.
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Remarks (Cont.)

This is similar to the de nition of for instance (+) in
curried form in Haskell

(+) sint! int! int.

(+) 3is the function which takes an integer and adds

to it 3.
Shor ter than writing x: 3+ x.
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Remarks (Cont.)

Note that we have the following order of the
arguments of Caseqo:

First we have the set into whic h we eliminate .
Then follow the cases, one for each constructor.
Finally we put the element whic h we are
eliminating .

In some sense Casgq IS a “then _else _if ” —the
condition (if :::) is the last one.
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Example: AND

We want to introduce conjunction
AND : Bool! Bool! Bool :
This will be of the form
AND = b; c: Bool:t

for some term t.
t will be de ned by case distinction on b, so we get

AND = b; c.Casgoq C ef b

for some e;f .
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Example: AND

C will be the set into which we are eliminating,
depending on a Boolean value.
It need to be an element of Bool ! Set
Therefore we have C = d : Bool:D for some D
which might depend on d.
The set, into which we are eliminating, is always the
same, namely Bool.
So D = Bool and therefore we have

C = d : Bool:Bool :
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Example: AND

460b

Note that in
d : Bool:Bool

Bool occurs in two different meanings:

The rst occurrence is that of a set.

d is chosen here as an element of that set.
The second occurrence is that as an element of
another type, namely Set

So here Bool is a term.
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460c

Two Meanings of Elements of Set

All elements A of Sethave these two meanings:

They can be used as terms, which are elements of

the type Set
The corresponding judgements are A : Set,

A = AQ: Set

And they can be used as sets, which have elements.
The corresponding judgements are a: A and
a=a’: A.
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Example: AND

So

AND = b; c:Casggq (d : Bool:Bool) ef b

for some g, f .

For conjunction we have:
If bis true then

brc=tt"rc=c

So the if-case e above is c.
If cis false then
brc= ~c=

So the else-case f above is
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Example: AND Select Example

In total we de ne therefore Then we can de ne the function
AND = (b;c: Bool):Casego ( (d:Bool):Bool)c b SelectBwl . (b:Bool)! Namesb
Bool! Bool! Bool SelectBwltt = Tim
SelectBml = Sara
We verify the correctness of this de nition:
AND tt c= Casggq ( (d: Bool):Bool)c tt = c as follows:
as desired.

SelectBml = Casgy, NamesTim Sara

AND c¢= Casgyo ( (d: Bool):Bool) c

Correct as desired. Note that by using twice the -rule we get that

SelectBml
= b : Bool:Casg (d : Bool:Namesd) Tim Sarab
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Select Example Select Example
Assume we have introduced in type theory We verify the correctness of SelectBwl:
Names : Bool! Set: SelectBwltt = Casggo NamesTim Saratt = Tim ;
Namestt = MaleNames: SelectBwl = Casgoo NamesTim Sara = Sara:
Names = FemaleNames:

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(a) 461a Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(a)



Deriv ation of AND

We derive in the following AND : Bool !
We write Bool, if it

is a type in boldface red,
and if it is a term, in italic blue.

Bool! Bool.
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462

Deriv ation of AND

First we derive
b: Bool;c:Bool) (d:Bool):Bool :Bool! Set

Bool : Set
b:Bool) Context
b:Bool) Bool: Set
b:Bool;c:Bool) Context

b: Bool;c:Bool) Bool : Set
b: Bool;c:Bool;d:Bool) Context
b: Bool;c:Bool;d:Bool) Bool : Set
b:Bool;c:Bool) (d:Bool):Bool:Bool! Set
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463

Derivation of AND

We derive

b: Bool;c:Bool) Bool=( (d:Bool):Bool) tt : Set

(using part of the derivation above):

b:Bo ol;c:Bo ol;d:Bo ol) Context b:Bo ol;c:Bo ol) Context

b:Bo ol;c:Bo ol;d:Bo ol) Bool:Set b:Bo ol;c:Bool) tt: Bo ol
b:Bo ol;c:Bool) ( (d:Bool):Bool) tt= Bool:Set
b:Bool;c:Bool) Bool=( (d:Bool):Bool) tt:Set
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Deriv ation of AND

Similarly follows

b: Bool;c:Bool) Bool=( (d:Bool):Bool) : Set
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Deriv ation of AND

Using part of the proof above, we derive

b:Bool;c:Bool) c:( (d:Bool):Bool) tt

b:Bo ol;c:Bo ol) Context
b:Bo ol;c:Bool) c:Bool

b:Bo ol;c:Bool) Bool=( (d:Bool):Bool) tt:Set

b:Bool;c:Bool) c:( (d:Bool):Bool) tt
We derive

b:Bool;c:Bool) :( (d:Bool):Bool)

b:Bo ol;c:Bo ol) Context
b:Bool;c:Bool) :Bool

b:Bo ol;c:Bool) Bool=( (d:Bool):Bool) :Set

b:Bool;c:Bool) :( (d:Bool):Bool)
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Derivation of AND
We derive b: Bool;c: Bool ) b:Bool using part of the
proof above:
b: Bool;c:Bool) Context
b:Bool;c:Bool) b:Bool
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Derivation of AND

Finally we obtain our judgement (we stack the
premises of the rule because of lack of space):

b:Bool;c:Bool) (d:Bool):Bool:Bool! Set
b:Bo ol;c:Bool) c:( (d:Bool):Bool) tt
b:Bool;c:Bool) :( (d:Bool):Bool)
b:Bo ol;c:Bo ol) b:Bool
b:Bool;c:Bool) Caseso ( (d:Bool):Bool) ¢ hBo ol
b:Bool) (c:Bool):Casao ( (d:Bool):Bool) ¢ hbBool! Bool
(b;cBool):Casesoo ( (d:Bool):Bool) c hb:Bool! Bool! Bool
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Elimination into Type

We can extend add elimination and equality rules, having
as result Type:

Elimination Rule into Type

C : Bool!

Type ic:Ctt ec:C cond: Bool
Casg P’ C ic eccond: C cond
Equality Rules into Type
C:Bool! Type ic:Citt ec:C

Cas«%g'gle Cicectt = ic:Ctt

C:Bool! Type ic:Citt ec:C
Casg’*Cicec =ec:C
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Elimination into Type (Cont.)

We can extend this into an elimination rule

into Kind or other higher types.
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Bool in Agda

We introduce Bool by simply listing its constructor s
(similarly to Haskell syntax):

data Bool = tt |

This introduces as well constants
tt :: Bool
:: Bool
With this syntax, each constructor
can occur at most once in a data type,

i.e. we cannot de ne a second type having
constructor tt,
e.g. for de ning True (which is used later):

data True = tt
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Bool in Agda (Cont.)

The de nition of Bool above is treated in Agda as an
abbre viation for the following three more fundamental
Agda de nitions

Bool : Set
= datatt j

tt : Bool
= tt@Bwl

.. Bool
@Bl
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Notation for Constructor s

The of cial notation for a constructor of a set A is

CQ@A :

The notation C@A is, what is displayed, when
evaluating expressions in Agda.

This notation is necessary, since a constructor might
belong to different sets.
For instance we can introduce both

Bool :: Set = datatt |
True :: Set = datatt

In this situation we need to be able to distinguish
between tt @Bml and tt @True in order to get
decidab le type checking .
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Notation for Constructor s

Forcing the user to use different names for constructors
doesn't help since we will later introdue as well sets of
the form
D (a:A)
.. Set
= dataC

Now C@(Q a) can be a constructor of D a for any
a:A.
Using C alone would cause problems with
decidable type checking.

If Agda can resolve the type itself, one can write C@ _
instead of C@A.
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Notation for Constructor s

It is still recommended to avoid the use of the symbol @,
and for instance de ne in the above situation by hand

C (a:A)
=D
=C@

The abbreviation
data Bool = tt |

does this automatically.

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(a) 472c

Notation for Constructor s

However the abbreviation
dataA=CjD|j

can be used only if
one is de ning a set A (and not a type A),

and if the set one is de ning has no parameter.
So it cannot be use in order to de ne

D (a:A)
:» Set
= data C
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Bool in Agda (Cont.)

The de nition of Bool as

Bool :: Set
= datatt j

introduces Bool as a set having constructor s tt @Bo ol
and @Bool.

Sott,and have to be de ned separately.

If it is clear that the element in question is of type
Bool, then one can replace tt @Bl by tt @_ .
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Bool in Agda (Cont.) Evaluation of terms in Agda

The de nition of Bool as above doesn't prevent the Agda has several methods for evaluating expressions:
de nition of another set with constructors tt or . agda-compute-whnf , “Compute weak head normal
This syntax is the only one allowed, if one de nes a form”,

set using the data keyword depending on agda-compute-whnfs , “Compute weak head
arguments . normal form strict”,

More about this later. agda-nfC , “Compute to a depth”,

agda-nfC100, “Compute to depth 100".
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Bool in Agda (Cont.) Evaluation of terms in Agda
Internall y, tt will always be represented as tt@Bool, The above mentioned methods can be executed
similarly for . (directly or by using the goal-menu), while in a goal.

So Agda evaluates tt to tt @Bool. An expression typed into the goal will be taken as
This can be seen when using of the agda methods default input to that function.
for evaluating a term. But that can be modi ed.

The methods follow different evaluating strategies.

Compute weak head normal form reduces a term
until it starts with a constructor or the outer most
function doesn't reduce any further, even if its
arguments are evaluated.

Compute to depth 100 seems to work best in most
cases.
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Case Distinction

Elimination in Agda is based on case distinction .
Assume we want to de ne
f : Bool! Bool, s.t.
ftt= |,
f =tt.
So we have the goal:
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Case Distinction (Cont.)

476

We can then type into the goal x and choose the menu
item 2agda-case® .
This intr oduces a case distinction by the
constructor used for introducing x:
x could have been introduced as tt or

The goal expands to:

f (x:: Bool)
Bool
= casex of
(t) ' fllig
() ' fllg
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Case Distinction (Cont.)

The value of x in the rst goal can be tested as
follows:

Position the cursor in the rst goal and choose one
of the methods for evaluating expressions, e.g.
compute weak head normal form strict .

Then type into the mini-buffer x.
One gets the answer

t@ .
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Case Distinction (Cont.)

Alternatively, check, the cursor being in that goal,
the conte xt

(use goal-menu 2agda-conte xt° ):
It contains

X :: Bool = tt@_.
Similarly one nds that in the second goal xis @ .
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Case Distinction (Cont.)

Now we can solve the new goals by inserting
into the rst one,
tt into the second one.

We obtain a function:

f (x::Bool)
Bool
= casex of
(tt) !
() ! tt

f x is the negation of x.
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Testing the De ned Function

We can test our function by using one of the evaluation
methods of Agda, e.g.
compute weak head normal form strict .

We have to create a goal for this.

The reduction machinery is conte xt dependent .

The context depends on where in the buffer we are.
See the above example where x was depending
on the goal tt or

Not every place in the buffer is a good place.

Good places for conte xt are goals, and that's
the only place where Agda allows us to compute
the weak head normal form of expressions .
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Testing the De ned Function

So we
type in a dummy goal:

test 1 Set
= fllg

move to the new goal

choose compute weak head normal form strict or
another evaluation method of Agda,

and type into the mini-buffer f tt.
The result shownis @ .
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(b) The Finite Sets

Bool can be generalised to sets having n elements (n a
x ed natural number):

Formation Rule
Finn : Set

Introduction Rules
Ay : Fin,
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Rules for Fin,

Omitting Premises in Equality Ru

Elimination Rule
C:Finy! Set
So: CAj
s1:CA}
sh 1:CA} 4
a: Finp
Casgg Csp::ish 1a:Ca

Since the premises of the equality rule can in most
cases be determined from the introduction and
elimination rules, we will usuall y omit them, when
writing down equality rules.

So we write for instance for the previous rule:
Casg Csp :::sp 1 Af = s¢:CA]
We sometimes even omit the type:

Casg Csp :::sp 1AL = Sk
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The Finite Sets (Cont)

484 Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(b)

More Compact Elimination Rules

Equality Rules

C:Finp,! Set
So: CAj
S]_ZCA?_

Case Csp :::sp 1A =sc:CA}

(fork=0;:::;n 1.

Case : (C:Finy! Set)
! (SoZCAB)
!
' (sn 1:CA} 1)
' (a: Finp)
I Ca
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Elimination into Type

Rules for True (Cont.)

Similarly as for Bool we can write down
elimination rules, where
C:Finp! Type (instead of C: Finy! Se).

This can be done for all sets de ned later as well.

Casere IS computationall y not very interesting .
Casere Cis the untyped function x:c .
However, in Agda we might not be able to derive

(t:True)c:(t:True)! Ct

From a logic point of view, it expresses:
From an element of C true we obtain an element of C t
for every t : True.

So thereisno C : True! Sets.t. C true is inhabited,
but C x is not inhabited for some other x : True.
This means that all elements of x of type True are

indistinguishab le from true, i.e. they are
identical to true.
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Rules for True
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Formulae as Types

True is the special case Finy, for n = 1 (we write true for A}):
Formation Rule

True: Set
Intr oduction Rules
true : True
Elimination Rule
C:True! Set c: C true t: True
Casgqect:Ct
Equality Rule
C :True! Set c: C true

Casgye Ctrue = c: C true

In type theory, formulas are certain types.
A formula expressed as a type, is

The elements of such a type are proofs of this
formula.

Therefore
Truth in type theory means provability .

True has exactly one proof, and corresponds therefore
to the always always true formula.
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Rules for False False

Falseis the special case Fin, forn = 0: Caseg,ise €Xpresses: from an element f of False we
Formation Rule obtain an element of any set (which might depend on

False: Set F)- ) _
Considered as a formula, this means: from a proof o

Falsewe obtain a proof of every other formula.

There is no Introduction Rule l.e. Falseimplies everything.
In logic this principle is called

Elimination Rule 2Ex falsum quodlibet® (from the absurdity follows
anything).

C : False! Set f : False

E.g. A false formula like “0= 1" or “Swansea lies in
Casggsef :Cf g

Germany” implies everything .

There is no Equality Rule
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False False (Cont.)
Falsehas no elements . Caseg,ise has no computational meaning , since there
It is the formula, which is always false, since it has no is no element it can be applied to. o
proofs. Applies of course only if we are working in a
Often called falsum or absur dity . terminating type theory.
If we had full recur sion, we could de ne f : Falseby
f=f.

However that f doesn't reduce to canonical form.

That's why it's important to carry out the
termination check in Agda, otherwise one obtains
for instance elements of False
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Finite Sets in Agda

Finite sets can be introduced by giving one
constructor for each element. E.g.

data Colour = bluej redj green

With this we obtain red :: Colour
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Finite Sets in Agda
Elimination is done via case distinction.
In the “Colour” example above for instance, we can
de ne
is red (c:: Colour)
Bool
= casec of
(red) oot
(green) !
(blue) !
497
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False in Agda

In Agda we can de ne the empty set as a “data”-set
with no constructor s:

data False=
If we want to solve

g (x:: False)
Bool
= fllg

we can insert into the goal x and choose menu-item
dagda-case® .
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False in Agda (Cont.)

The result is
g (x:: False)
Bool
= casex of f ¢

If we make case distinction on x there is
no case to choose from, so we don't have to de ne
anything.
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Example for the Use of False

Example for the Use of False

Assume the type of trees:
data Tree= oak]j pinej spruce
Below we will show, how to introduce a function

IsConifer:: Tree! Set

s.t.

IsConifer oak False
IsConiferpine = True
IsConifer spruce True

In order to use f we have to know that t is a conifer,
i.e. we have to provide an argument p which
expresses the fact that we know this.

Note that we don't have to invent a result of f in case
t is an oak tree.
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Example for the Use of False
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Example 2 for the Use of False

If we want to de ne a function from trees, which are
conifers, into another set, we can do so by requiring
an additional argument “IsConifer”:

f (t: Tree)
(p :: IsConifert)
oA
= caset of
oak !
pine !
spruce !

casep of f g

Similarly we can introduce a stack, together with a
predicate
NonEmpty :: Stack ! Set

S.t.
NonEmpty s = False

if s is the empty stack.
Now we can de ne
pop (s:: Stak)

(p :: NonEmpty s)
Stadk
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Example 2 for the Use of False

Again we don't have to provide a result, in case s is
empty .
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True In Agda
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The de nition of True in Agda is straightf orwar d:
data True = true

Case distinction will require to solve the case true :

g (x:True)
Bool
= casex of
(true) ! f! g
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(c) Atomic Formulae

Full title of this section:
Atomic formulae and the Trafc Light Example .

We have introduced two formulae:
True, the always true formula.
Corresponds to truth value tt : Bool.
False the always false formula.

Corresponds to truth value : Bool.
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Atomic Formulae

A formula expressing equality between two elements of
Finn (for x ed n) can now be introduced as follows:

De ne a function
Edn:Bool : Finn ! Fin, ! Bool

S.t.

Ec1n;BooI Aiq Ain true

Ec1n;BooI Ain AJ;q

false fori 6 j

Edn:Bool CaN be de ned easily (for x ed n) by case
distinction on its two arguments.
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Atomic Formulae Atomic Formulae

Now apply an operation atom can be de ned as follows:
atom : Bool ! Set atom = Cas€,’?° (b : Bool:Set) True False
:Bool! Set

which maps the truth value to the corresponding
formula, i.e. de ne now

Egn : Finp! Finp! Set
Edn xy = atom(Egn:gool X Y)
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Atomic Formulae atom in Agda

atomis de ned s.t. atom (b:: Bool)

atomtt = True o Set
atom = False = casebof
(tt) ' True
So we get for Eqn above () ! False
Egn Al Al = True
Eqn AL Al = False fori6 j

So
Eqn AL Al is inhabited, has a proof, is true;

fori 6 j, Eqn Ain Ajn is not inhabited, has not a proof,
is false.
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Decidab le Predicates

The Traf ¢ Light Example

In general, atom allows us to de ne decidab le
predicates on sets.

A predicate is decidab le if it can be decided by a
Boolean valued function.
E.g. equality on natural number s is decidable,
since we can de ne a function
Edn:eool : N! NI Bool which decides it.
Equality on functions N ! N is undecidab le,
since we cannot de ne such a function — in order
to check equality between f and g we need to
check equality between f nand gn for all n: N.

Assume a road crossing , controlled by traf ¢ lights :

Al
Bl

A
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Decidab le Predicates (Cont.)
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The Traf ¢ Light Example

Assume we have a set of states of a system A.

E.g. the set of states a railway controller can choose.

Assume we have a functionf : A! Bool.
E.g. f ameans: state ais safe.
Letnowg:A! Set ga= atom(f a).
If f aistrue (e.g. ais safe), g ais inhabited .
If f ais false (e.g. ais unsafe), g ais not inhabited .

Now, the existence ofah:(a:A)! gameans:
For all a: A we have g a is inhabited ,
ie. foralla: A, f ais true,
e.g. foralla: A, ais safe.

Assume from each direction A, A', B, B' there is one
traf ¢ light,

but A and A' always coincide, similarly B and B'.
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The Set of Physical States

For simplicity assume that each traf ¢ light is either
red or green:

data Colour = redj green

The set of physical states of the system is given by a
pair, determining the colour of A (and therefore as well
A" and of B (and B')

Phys State :: Set
= sig

sigA . Colour

sigB :: Colour
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The Set of Control States

The set of contr ol states is a set of states of the
system, a controller of the system can choose.
Each of these states should be safe.
In our example, all safe states will be captured

(this can usually be only achieved in small
examples).

A complete set of contr ol states consists of:
Allred — all signals are red.
Agreen— signal A (and A") is green, signal B is red.
Bgreen— signal B is green, signal A is red.
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The Set of Contr ol States (Cont.)

We therefore de ne

data Control _State = Allred j Agreenj Bgreen
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Contr ol States to Physical States

We de ne the state of signals A, B depending on a
contr ol state:

toSigA (s :: Control _State)

Colour
= cases of
(Allred) ! red
(Agreen) ! green

(Bgreen) ! red
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Contr ol States to Physical States

toSigB (s :: Control _State)

Colour
= cases of
(Allred) ' red
(Agreen) ! red
(Bgreen) ! green

520
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Contr ol States to Physical States

Now we can de ne the physical state corresponding
to a contr ol state:

phys state (s:: Control State)

Phys State
= struct
SigA = toSigAs
sigB = toSigBs

521
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Safety Predicate

We de ne now when a physical state is safe:
It is safe iff not both signals are green.

We de ne now a corresponding predicate directl vy,
without de ning rst a Boolean function.

We rst de ne a predicate depending on two signals

CorAux (a;b:: Colour)

o Set
= casea of
(red) I True
(green) ! casebof
(red) I True
(green ! False
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Safety Predicate (Cont.)

Now we de ne

Cor (s:: Phys State)
. Set
= CorAux s:sigA s:sigB

Remark: In some cases in order to de ne a function
from some product (i.e. a sig-set) into some other set,
it is better rst to intr oduce an auxiliar y function ,
depending on the components of that product.
In the current example this wouldn't have caused
problems, but in more complex examples it does
(due to the lack of the -rule).
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Safety of the System

Safety of the System (Cont.)

Now we show that all contr ol states are safe:

cor_proof (s:: Control _State)
Cor(phys_state s)

= cases of
(Allred) ! true
(Agreen ! true
(Bgreen) ! true

If one makes a mistake which results in an unsafe
situation

e.g. sets toSigB Agreen= green
then in the last step we obtain one goal of type False

Then we can't solve this goal directly and cannot
prove the correctness .

(We could in Agda solve this goal by using
full recursion,
e.g. solve this goal as cor_pro of Agreen,
but this would be rejected by the termination check.)
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Safety of the System (Cont.)
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(d) The Disjoint Union of Sets

The rst element true was an element of
Cor (phys_state Allred ), which reduces to True.

Similarly for the other two elements.

This works only because each contr ol state
corresponds to a correct physical state.

If this hadn't been the case, we would have gotten
instances where the goal to solve is False, which we

can't solve.

The disjoint union A + B of two sets A and B is the
union of A and B,

but de ned in such a way that we can decide
whether an element of this union is originally from A
or B.

This is distinguished by having constructors
inl:A! A+ B andinr.
Elements from a : A are inserted into A + B as
inla: A+ B.
elements from b: B are inserted into A + B as
inrb: A+ B.
inl stands for “in-left”, inr for “in-right”.
If we have a: A and a: B, then a is represented both
asinflaandinrain A+ B.
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Disjoint Union Disjoint Union vs. Product

Informally, if Note that, if A is empty, then
A=1l2g A+ B = finr(b) j b: Bg, which has a copy of each
and element of B,
B =1f34;5g ; A B is empty, since we cannot form a pair p(a;b)

then where a: A, b: B, since there is no element a: A.

A+ B = finl(1);inl(2);inr(3);inr(4);inr(5)g

Each element of A + B is
either of the form inl(a) for some a: A
or of the form inr(b) forb: B.
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Comparison with the Product Rules for A+ B
Note that if we have again Formation Rule

A : Set B : Set
A=112g A+ B : Set

Intr oduction Rules

B=1345qg ; A : Set B : Set a:A
infABa:A+B

and

then for the product we have informally
A : Set B : Set b:B

A B = 1p(1;3);p(1;4); p(1;5); p(2; 3); p(2; 4); P(2;5)9 infABb:A+B
Each element of A B is of the form p(a;b) where
a:Aandb:B.

So each element of A B contains both an element
of A and an element of B.

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(d) 527b Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(d)



Rules for A + B

Elimination Rules

A : Set
B : Set
C:(A+B)! Set
cl:(a:A)! C(inl AB a)
cr:(b:B)! C(inr AB Db
d:A+B
Case ABCclcrd:Cd

Equality Rules

Case AB Cclcr (inl AB a)
Case AB Cclcr (inr AB Db

" 13

(cl, cr stand for “case left”, “case right”).

cla:C (inl AB a)
crb:C (inr AB b
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Logical Framework Version

529

A more compact notation is:
(+) : Set! Set! Set written in X.
inl : (A;B:Set)! A! (A+ B).
inr:(A;B:Set)! B! (A+ B).
Case : (A; B : Set)
I (C:(A+B)! Set)
' ((a:A)! C(inl AB a))

| ((b:B)! C(inr ABb)

I (d:A+ B)
I Cd:
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Disjoint Union in Agda

The disjoint union can be de ned as a “data”-set having
two constructor s inl (in-left) and inr (inright):

(+) (A :: Set)
(B :: Set)
o Set

= datainl(a:: A)jinr(b: B)
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Disjoint Union in Agda (Cont.)

The notation (+) means, that + can be used in x .

Now we have, if A; B :: Set
inf@@A+B):A! (A+B)
innf@d@A+B):B! (A+B)

This can be checked using the menu “infer type ” in

a dummy goal.

Note that we cannot assign a type to inl@_or inr@ .
(+) cannot be de ned using the abbreviated data

notation
(which would be of the form
data(+) = ).
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Disjoint Union in Agda (Cont.)

Use of Concrete Disjoint Sets

Elimination is again represented by case distinction.
So if want to de ne for A; B :: Setfor instance

f (c::A+B)
Bool
= fllg

we can type into the goal c and choose menu
“agda-case”.

It is usually more convenient to de ne concrete
disjoint unions directl y with more intuitive names for
constructors, e.g.

data Plant = tree(t :: Tree)j ower(f :: Flower)
Now one can de ne for instance

isFlower (p:: Plant)
Bool
= casep of
(treet) !
(owerf) ! tt
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Disjoint Union in Agda (Cont.)
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(e) The -Set

We obtain
f (c::A+B)
Bool
= casec of
(infa) ' f!lg
(inrb ! fllg

and insert into the rst goal e.g. true and the second
one false

The -setis a second version of the dependent
product of two sets.

It depends on

a setA,
and a second set B depending on A, i.e. on
B:A! Set
Similar to the standard product (x : A) (B x).
In Agda
(x:A) (B x)isain Agda a builtin construct,

the -setis introduced by the user using a
constructor, similar to the previous sets.

The -set behaves sometimes better than the standard
product.
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Rules for

Formation Rule
A : Set B:A!l Set

Introduction Rule
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Rules for
Elimination Rule
A : Set
B:A! Set
C:( AB)! Set
c:(a:A)! (b:Ba! C(pABab)
d: AB

Case A.BCcd:Cd

Equality Rule

Case ABCc(pABab=cab:C(pABab
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The -Set using the Log. Framew

The more compact notation is:

(A : Set)
I (A! Set)
I Set:

p:(A: Set)
I (B:A! Set)
I (a:A)
I (B a)
! AB :
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The -Set using the Log. Framew

Case :
(A : Set)
I (B:A! Set)
I (C:( AB)! Set)
' ((a:A;b:B a)!
I (d: AB)
I Cd:

C(pAB ab)
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The -Set and the Dep. Prod.

The -Setin Agda

Both the -set and the dep. product have similar
introduction rules.
For the -set, the constructors have additional
arguments A, B necessary for bureaucratic reasons
only.

One can de ne the projections o, 1 using Case :

o = Case AB (XA )( (x:A): (y:B x)x)
Case AB (x:B o(xX)) ( (x:A): (y:BXx)y)

1

On the other hand, from o, 1 we can de ne Case as
follows:
A; B;C;s;dis o(d) 1(d) :

can be de ned as a “data’-set with a constructor, e.g.
p:
Sigma (A :: Set)
(B Al Set)
o Set
= datap(a::A)(b:Ba)

Elimination uses case-distinction :
f (c:: SigmaA B)
w D
= casec of

(pab !
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The -Set and the Dep. Prod.
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The -Setin Agda (Cont.)

However the dependent product has the -rule (which
is however not implemented in Agda).

Because of the lack of -rule, works usually
better than the dependent product in Agda.

| personally don't use the dependent product of
Agda much.

Again one usually de nes concrete -sets more directly

Example: Assume we have de ned

a set Plant_Group for groups of plants (e.g. “tree”,
[ 0 Wer”),

depending on g :: Plant_Group, sets
Plants_in_group g) for plants in that group.

The set of plants can then be de ned as

data Plant = plant (g :: Plant_Group)(pg:: Plants_in_grou
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The -Setin Agda (Cont.)

Not surprisingly, for elimination we use
case distinction , e.g.:

f (p:: Plant)
Plant_group
= casep of

(plant gpg) ! g

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(e) 545

(f) Formulae in Dep. Type Theory

We have seen how to represent atomic decidab le
formulae.

Now treatment of complex formulae constructed using
logical connectives .
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Conjunction

A " B is true iff both A is true and B is true.

Therefore a proof of A" B consists of a proof of A and
a proof of B.

It is therefore a pair hp;gi consisting of a proof p of A
and a proof qof B.

Therefore the set of proofs of A~ B is the set of pairs o
elements of Aand B, i.e. A B.

We can identify A~ B with A B.
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Conjunction (Cont.)

With this identi cation, the intr oduction rule for the
product allows to form a proof of A~ B from a proof of A
and a proof of B:

p:A q:B
hp;g :A"B

This means that we can derive A~ B from A and B.
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Conjunction and Natural Ded.

In so called natural deduction, one has rules for
deriving and eliminating formulas formed using the
standard connectives.

There the rule for introducing proofs of A~ B is

A B
A"B

The type theoretic introduction rule corresponds exactly
to this rule.
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Example 1

For instance, assume we want to prove that a function
sort from lists to lists is a sorting algorithm.

Then we have to show that for every list | the application
of sortto | is sorted, and has the same elements of I.

In order to show this, one would assume a list | and
show

rst that sort!| is sorted,

then, that sort | has the same elements as |

and nally conclude that it ful lls the conjunction of
both properties.

The last operation uses the introduction rule for ~.
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Conjunction (Cont.)

The elimination rule for ~ allows to project a proof of
A" B to a proof of A and a proof of B:

p:A"NB p:A"NB
o(p) : A 1(p) : B

This means that we can derive from A » B both A and
B.

This corresponds to the natural deduction elimination
rule for ":
A"B A"B
A B
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Example 2

Assume we have de ned a function f , which takes a lis
of natural numbers I, a proof that | is sorted, and a
natural number n, and returns the Boolean value tt or
indicating whether n is in this list or not.

Assume now a sorting function sort from lists of natural
numbers to natural numbers, plus a proof that it is a
sorting function, i.e. that sort | is sorted and has the
same elements as | for every list |.

We want to apply f to sort| and need therefore a proof
that sort | is sorted.

We have that the conjunction of “sort | is sorted” and
“sort | has the same elements as |” holds.

Using the elimination rule for ~ one can conclude the
desired property, that sort | is sorted.

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(f)



Example 3

Assume a proof of A" B.

We want to show B " A.
By " -elimination we obtain from A~ B that B holds.
Similarly we conclude that A holds.
Using " -introduction we conclude B ~ A.
In natural deduction, this proof is as follows:
A"B A"B
B A
BMNA

Below we will see how to show this in Agda.
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Disjunction

A B istrue iff A is true or B is true.

Therefore a proof of A _ B consists of a proof of A
or a proof of B, plus the information whic h one.
It is therefore an element inl p for a proof p: A or an
element inr g for a proofq: B.

Therefore the set of proofs of A_ B is the
disjoint union of A and B,i.e. A + B.

We can identify A_ B with A+ B.
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Disjunction (Cont.)

With this identi cation, the intr oduction rules for +
allows to form a proof of A _ B from a proof of A or fromn
a proof of B.

A : Set B : Set p:A
inlABp:A+B

A : Set B : Set p:B
inrABp:A+B
Omitting the premises A; B : Setand omitting them

as arguments of inl and inr (which is needed only for
bureaucratic reasons) we get:

p:A p:B
inlp:A+ B inrp:A+B
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Disjunction (Cont.)

This means that we can derive A _ B from A and from
B.

This is what is expressed by the natural deduction
intr oduction rules for _:

A_B A_B
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Example 1

Assume we want to show that every prime number is
equal to 2 or odd.

In order to show this one assumes a prime number.

If it is 2, it is trivially equal to 2.
Using the introduction rule for _ one concludes
that it is equal to 2 or odd.

Otherwise, one argues (using some proof) that it is

odd.
Using the introduction rule for _ one concludes
again that it is equal to 2 or odd.
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Disjunction (Cont.)

The elimination rule for + allows to form from an
element of A + B an element of any set C provided we
can compute such an element from A and from B:

A : Set
B : Set
C:(A_B)! Set
sl:(a:A)! C(inl AB a)
sr:(b:B)! C(inrABDb
d:A_ B
Case ABCslsrd:Cd
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Disjunction (Cont.)

Omitting the dependency of C on A _ B and omitting
the bureaucratic premises and arguments A, B and C
we get:

d:A B sl:A!l C sr:B! C
Case slsrd: C

This means that we can derive from A _ B a formula
C, if we can derive C from A and from B.
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Disjunction (Cont.)

This is what is expressed by the natural deduction
elimination rules for :

A_B C C
C

(Note that in the natural deduction elimination rule, from
the premise “C derivable from A” we obtain “A! C”,
similarly for “C derivable fromB”we getB ! C.)
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Example 2 Example 3 (Cont.)

Assume we want to show that every prime number is In natural deduction, this proof is as follows (we write
equal to 2, equalto 3, or 5. Aq;:::;An - B for B follows under assumptions

We want to make use of the proof above that every
prime number is equal to 2 or odd. A A BB

We assume a prime number. A B A B A B B A
We know that it is equal to 2 or odd. B_A
In case it is equal to 2 we conclude that it is equal to Below we will see how to show this in Agda.
2, equalto 3,or 5.
In case it is odd, we conclude using the fact that it is

prime and 1is not prime, that it is equal to 3or 5.
Therefore it is equal to 2, equal to 3, or 5.

Now from the elimination rule for _ we conclude that
the prime number chosen is equal to 2, equal to 3, or
5.
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Example 3 Implication

Assume a proof of A _ B. We write temporarily  for logical implication, in order tc
distinguish it from the function type !

Below we see that can be identi ed with !

We want to show B _ A.

We have A _ B.

From assumption A we obtain A and therefore by A B is true iff, whenever A is true then B is true.
_-introduction B _ A. Therefore if there is a proof of A, there must be a
From assumption B we obtain B and therefore by proof of B.

_-introduction B _ A. Therefore a proof of A B is a function, whic h takes
By _-elimination we obtain from these three a proof of A and computes a proof of B.

[ [ emises. . :
premises B _ A without any pr Therefore the set of proofs of A B is the function

type A! B.
We canidentify A B withA! B.
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Implication (Cont.)

With this identi cation, the intr oduction rule for !
allows to form a proof of A B from a proof of B
depending on a proof p of A:

p:A) q:B
(p:A)g:A B

This means that, if we, from assumptions p:A can
prove B

(i.e. we can make use of a context p : A for proving

q:B)
then we can derive A B without assuming p:A.
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Implication (Cont.)
This is what is expressed by the natural deduction
intr oduction rule for
A
B
A B
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Example

We extend the proof that from a proof of A _ B it follows
B _ A to a proof of

(A_B)! (B_A)

The previous proof can be easily transformed into a
proofof A__ B~ B _A.

By ! -introduction, it follows (A _B)! (B _A).

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(f)

Example
The complete proof in natural deduction is as follows is
as follows.
A A B B
A B A B A B A B B A
A B B A
(A_B)! (B_A)
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Implication (Cont.)

The elimination rule for  allows to apply a proof p of
A B to a proof of g of A in order to obtain a proof of B:

p:A B q:A
pq:B
This means that we can derive from A B and A that
B holds .

This is what is expressed by the natural deduction
elimination rule for

A B A
B
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Example

Assume we wanttoshowA! (A! B)! B.

We can show this as follows:
From assumptions A and A! B we can conclude
Al B.
From assumptions A and A! B we can conclude as
well A.

Using the elimination rule for ! , we conclude that
under the same assumptions we get B.

Using the introduction rule for ! we conclude from
assumption A that (A! B)! B holds.

Using again the introduction rule for ! we conclude
thatA! (A! B)! B holds without any
assumptions.
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Example

A proof in natural deduction is as follows:

A:Al B Al B AA! B A
AAT B B
AT (A! B)! B
Al (A! B)! B
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Negation

: A has the same meaningas A ?
(where ? is absur dity or the set False:

If there is no proof of A, then we can prove A ?.

If from any proof of A we can create a proof of
absurdity, then there cannot be a proof of A, A must
be false.

Therefore we can identify : A with A ! False.
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Univer sal Quanti cation

Since we have many types, we have to write when
using quanti ers explicitly the type, the bound variable
IS ranging over:

We write therefore 8x : A:B, 9x : A:B.

8x : A:B is true iff, for all x : A there exists a proof of B
(with that x).

Therefore a proof of 8x : A:B is a function, whic h
takes an x:A and computes an element of B.

Therefore the set of proofs of 8x : A:B is the dependent
function type (x :A)! B.

We can identify 8x : A:B with (x : A)! B.
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(Cont.)

With this identi cation, the intr oduction rule for the
dependent function type allows to form a proof of

8x : A:B from a proof of B depending on an element
XA

Univer sal Quanti cation

Xx:A) p:B
(x:A)p:(8x:AB)
This means that, if we, from x:A can prove B, then we
get a proof of 8x : A:B which doesn't depend on x : A.
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Univer sal Quanti cation (Cont.)

This is what is expressed by the natural deduction
intr oduction rule for 8:

_ B
8x : AB
where
X might not occur free in any assumption of the
proof.

This is guaranteed in type theory, since x : A must
be the last element of the context, so any other
assumptions must be located before it and can
therefore not depend on x:A.
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Univer sal Quanti cation (Cont.)

The conc lusion will no long er depend on free
variables x.
This corresponds in type theory to the fact that
x:A does no long er occur in the conte xt of the
conc lusion.
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Example

Assume one wants to show that for every natural
numbernn+ 0== n.

In order to show this one assumes a natural number n
and shows then that n + 0== n.

then using the introduction rule for 8 one concludes
8n:Nin+ 0==

In natural deduction, this proof is as follows (where the
prove of n + 0 == n is not carried out):

n+ 0==n
8n:N:n+0==n
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Univer sal Quanti cation (Cont.)

The elimination rule for the dependent function type
allows to apply a proof p of 8x : A:B to an elementa: A
in order to obtain a proof of B[x := a]:

p:(8x:AB) a:A
pa:B[x:= 4]

This means that we can derive from 8x:A.B and an
element of a:A that B[x:=a] holds .
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Univer sal Quanti cation (Cont.)

This is what is expressed by the natural deduction
elimination rule for 8

For the simple languages used in natural deduction,
there is no need to derive that a : A;
in more comple x type theories we have to carry
out this deriv ation .
8x :AB a:A
B[x := @]
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Example

Assume a proof of 8n : N:0+ n == n.
We want to condude that
8n;m:N:0O+ (n+ m) == (n+ m).
This can be done as follows:

One assumes n; m : N.

Then one can conclude n+ m: N.

Using 8n : N:0+ n == n and the elimination rule for ¢
one concludes 0+ (n+ m) == (n+ m) under
assumption n; m : N.

Now using the introduction rule for 8 twice it follows
8n;m:N:O+ (n+ m) == (n+ m).
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Example

In natural deduction, this proof is written as follows:

N:Nm:N" n:N

N:Nm:N"  m:N

8n:N: O+ n== N:N;m:N" n+m:N
N:N;m:N" 0+ (n+m)== (n+ m)
nN:N" 8m:N:O+ (n+m)== (n+m)
8n;m:N:O+ (n+ m)== (n+ m)
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Existential Quanti cation

567b

9x : A:B is true iff there exists an a : A such that
B[x := a] is true.

Therefore a proof of 9x : A:B is a pair ha;pi consisting
of an element a: A and a proof p of B[x := a].

Therefore the set of proofs of 9x : A:B is the dependent
product (x : A) B.

We can identify 9x : A:B with (x : A) B.
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568

Existential Quanti cation (Cont.)

With this identi cation, the intr oduction rule for the
dependent product allows to form a proof of 9x : A:B
from an elementa: A and a proof p: B[x := a]:

a:A p:B[x:= a]
ha;pi : (9% : A:B)

This is what is expressed by the natural deduction
intr oduction rule for 9:
a:A B[x := 4]
9% : AB

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(f)

Example

Assume we want to show 8n : N:9m : N:m > n.
In order to prove this one assumes rst n: N.
Then one concludes Sn: N and Sn > n.

Using the introduction rule for 9 one concludes
9m : N:m > n under the assumption n : N.

Using the introduction rule for 8 one concludes
8n :N:9m :N:m > n.
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Example

In natural deduction, this proof reads as follows:

n:N n:N

n:N"  Sn:N nN:N"Sn>n
nN:N"9m:N:m>n
8n:N9m:N:m>n

Existential Quanti cation (Cont.)
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Existential Quanti cation (Cont.)

Therefore the rule in natural deduction follows from
the type theoretic rules:

XA
B

Ox : A:B C
C

where the conclusion does not depend on x : A and B.

The elimination rule for the dependent product allows
to project a proof p of 9x : A:B to an element ¢(p) : A

and proof 1(p) : B[x:= o(p)]-
This kind of rule works only if we have explicit proofs .

From this we can derive a rule which is essentially that
used in natural deduction (in which one doesn't have
explicit proofs):
Assume:
C : Set, which does not depend on x : A,
p:(9x:A:B)and
Xx:A;y:B) c:C.
Then we have c[x := o(p);y := 1(p)]: C, not
depending on x:A or y:B.
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Example
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Assume we have shown
8n :N:9m : N:m > n” Prime(m).

We want to show that for all n there exist two primes
above it, i.e.

8n : N:9m : N:9k : Nim > k™k > n™ Prime(m)” Prime(k)

We can derive this as follows:
Assume n : N.
We have 9m : N:m > n” Prime(m).
So assume m: N and m > n” Prime(m).
We have as well 9k : N:k > m” Prime(k).
So assume k : N and k > m” Prime(k).
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Example

Then we can conclude
m> k™ k> n” Prime(m) * Prime(k)
and therefore as well
9m;k : N:m > k™ k> n” Prime(m)~ Prime(k)
Now by 9-elimination twice follows
N:N" 9m;k:N:m> k" k> n” Prime(m)”~ Prime(k)

without assuming m, k as above.
By 8-introduction follows

8n:N:9m;k :N:m> k" k> n” Prime(m) ™ Prime(k)
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Example

The formal proof in natural deduction is as follows
(some of the primeses can be shown easily in natural
deduction):
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Example

First step: Under the global assumption
n:N;m:N;m> n” Prime(m);k : N;k > m” Prime(k)
we prove the following

k:N m>n”k>m” Prime(m)”* Prime(k)
m:N 9k : N:m > n”™ k> m” Prime(m)”~ Prime(k)
Im; k : Nom > n” k> m” Prime(m) * Prime(k)

So we have shown

n:N;m:N;m> n” Prime(m);k : N;k > m” Prime(k)
Im;k:N:m>n”k>m” Prime(m)” Prime(k)
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Example

Second step: Under the assumption
n:N;m:N;m> n”" Prime(m)
we can conclude
9k : N:k > m” Prime(k)
and then conclude by 9-elimination and Step 1

9k : N:k > m” Prime(k)
k:N;k>m” Prime(k) " 9m;k : N:om > n”~ k> m” Prir
Im;k : N:m > n” k> m” Prime(m)~ Prim
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Example

Third step: Again we can conclude
n:N" 9m:N:m> n” Prime(m)
and then conclude by 9-elimination and Step 2

n:N" 9m:N:m> n” Prime(m)
n:N;m:N;m>n ~Prime(m) ~ 9m;k : Nom > n” k> m” Prime(m) " Pri

N:N"9m;k:N:m>n” k> m” Prime(m)” Prime(k)
8n :N:9m;k :N:m > n” k> m” Prime(m)”* Prime(k)
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Construct. (or Intuit.) Logic

From type theoretic proofs we can directl y extract

programs .

For instance, if p: (8x : A:9y : B:C(x;Yy)), then we have
forx : Aitfollows b:= o(px):B and 1(px):C(x;h).
Therefore f := x : A: o(px)isafunction A! B,
and we have

(X :A): 1(p x) : (8x : A:C(x;T x))

i.e. we have a proof that 8x : A:C(x;f x) holds .

Therefore, from a proof of 8x : A:9y : B:C(x;y), we
can extract a function , which computes the y from
the x.
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Constructive Logic (Cont.)

We can derive as well a function which depending on
p : A + B decides whether p=inl(a) or p =inr(b) .
Therefore we can decide, from a proof of a disjunction,
whic h of the disjuncts holds .
Now:

Any function in type theory is recur sive .

We cannot decide the Turing Halting problem, i.e
we cannot decide for a Turing machine whether it
halts or not.

Therefore we cannot prove in type theory

8x : Turing _Mac hine:(x halts _: (x halts))
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Constructive Logic (Cont.)

In classical logic we can prove the above, since we
can derive A _ : A (tertium non datur) for any formula
A.

In type theory, this law cannot hold , unless we don't
want that all programs can be evaluated.

The logic of type theory is intuitionistic
(constructive) logic,inwhichA _:Aand: A! A
don't hold for all formulae A.
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Constructive Logic (Cont.)

In classical logic,
9x : A:B is equivalent to :8 x : A:: B,
A _Bis equivalent to: (: A~ : B).

If we take decidable atomic formulae only and replace
9x : A:B and A _ B by the above formulae, then all
formulae provable in classical logic are derivable.

This requires (:: A)! A, which can be shown for all
formulae built from decidable atomic formulae using
L, N8

The formula A _: A translatesinto: (: A™ 2 A),
which trivially holds, since : A and :: A implies ?.

In this sense, type theory contains classical logic,
but is ric her, since it has as well so called strong
disjunction and existential quanti cation
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Constructive Logic (Cont.)

Proof (using classical logic) of

x:AB$ (:8x:A:B)

We have classically:

T ADA

If Ais true, then:: A! A holds.
If A is false, then :: A is false, therefore :: Al A
holds.
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Constructive Logic (Cont.)

We show intuitionistically
(9x:AB)$ (8x:A:B)
Assume :9 x : A:B, x : A and show : B.
If we had B, then we had 9x : A:B, contradicting
:9 x : A:B. Therefore : B.
Assume 8x : A:: B. Show :9 x : A:B:
Assume 9x : A:B. Assume x s.t. B holds.
By 8x : A:: B we get : B, therefore a contradiction.

Now it follows (classically):

(9x:AB)$ (9 x:AB)$ (:8x:A:B)
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Constructive Logic (Cont.)

Proof of
A_BS$ :(:A":B)

We show intuitionistically : (A _B)$ (: A" :B)
Assume : (A _B). If Athen A _ B, a contradiction
therefore : A.

Similarly we get : B, therefore : A" : B.
Assume : A" : B, show: (A _ B).

Assume A _ B. If A then a contradiction with : A,
similarly with B.

Now it follows (classically):

(A_B)$ &2 (A_B)$ ::A":B)
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Constructive Logic (Cont.)

Weak disjunction and existential quanti cation is
expressed by the formulae : (: A~ : B) and :8 x : A:: B.
When using only weak disjunction, existential
guanti cation and decidable atomic formulae, we
obtain classical logic.

Strong disjunction and existential quanti caton is
expressed by the original type theoretic formulae.
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The Logical Connectives in Agda

Implication is represented by ! in Agda.

We can introduce the formula (or set) expressing
A! (A! B)! B asfollows:

Lemmal :: Set
=A! (A! B)! B

A proof of Lemmal is an element lemmal of it.

So in order to prove Lemmal we make the following
goal:
lemmal :: Lemmal
=fllg
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The Logical Connectives in Agda

The type of the goalisA! (A! B)! B.
When the type of goal is an implication, it is usually
shown

unless one has an assumption which matches the
goal directly

by -abstracting from the premises of the implication.

If one uses goal-menu intr o, this is done automatically
and Agda abstracts (a:A)and (ab:(A! B)).
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The Logical Connectives in Agda

One obtains

lemmal :: Lemmal
= (a:xA)! (ab:A! B)! fllg

LemmalwasA! (A! B)! B,
we have abstracted from A and A! B,

so the type of the goal is the conclusion of the
implication, namely B.
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The Logical Connectives in Agda

lemmal :: Lemmal
= (a:xA)! (ab:Al! B)! f!lg
Type of goal is B
At the position of the goal we have context a:: A and

ab:: A! B, because we have -abstracted those
variables.

Can be checked by using goal-menu conte xt.

We can take ab:: A! B and applyittoa:: A in order to
obtain aba :: B, which solves the goal.

Implication in Agda
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The Logical Connectives in Agda

Note that in the previous example
abis an element of the function type A! B.
ais an element of A
therefore abais an elment of B,
therefore the typing is correct.

We obtain the following proof:

lemmal :: Lemmal
= (axA)! (ab:A! B)! aba

This is exactly the same as introducing a -term of type
Al (A! B)! B.

See examplepr oofpr oplogicl.a gda
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Implication in Agda
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As for -terms, the following is equivalent to the
de nition of lemmal above, and therefore an equivalen
proofof Al (A! B)! B:

lemmal (a: A)
(ab::A! B)
e B
= aba

See examplepr oofpr oplogic2.a gda
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Conjunction in Agda

Conjunction is represented as a product.

There are two products in Agda, therefore as well two
ways of representing conjunction:
One using the logical framework product:

AND1 (A;B :: Set)

. Set
= sig
andl :: A
and2 :: B
ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(f)
Conjunction in Agda

582

Or using the product formed using data.

We use a more meaningful name for the constructor:

AND2 (A;B :: Set)
» Set
= dataand(a:: A)(b: B)

See examplepr oofpr oplogic3.a gda

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(f)

583

Conjunction in Agda

One can write as well =n for one of the versions of
conjunction, and use it in X.
We write on slides ~ for it, and get therefore:

(™) (A;B ::Set)
o Set
dataand(a:: A)(b:: B)

AB 1 Set
A "B

See examplepr oofpr oplogic4.a gda

On the blackboard A! A"Aand A" B!
be shown in Agda.

A will now
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Example (Conjunction)

We prove (A~ B)! (B " A) using both versions of the
conjunction (see examplepr oofpr oplogic6.a gda):

lemma2a (ab:: AND1 A B)

AND1 B A
= struct
andl = aband2
and2 = abandl

lemma2b (ab:: AND2 A B)
AND2 B A
= caseabof

(andab ! and@ ba
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Conjunction with more Args.

If one has a conjunction with more than one
conjunctions, e.g. A B * C, one can always express it
using the binary " :

As(A~NB)~CorA™(B" Q).

But it is often more convenient to use a trinary version
of conjunction in one of the two versions.

Similarly one can introduce conjunctions of 4 or more
conjuncts.
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Conjunction with more Args.

AND3a (A;B;C :: Set)

. Set

= sig
andl :: A
and2 :: B
and3 : C

AND3b (A;B;C :: Set)
. Set
= dataand3(a::A) (b::B) (c::C)

See examplepr oofpr oplogic5.a gda
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Disjunction in Agda

Or is represented as disjoint union in type theory.

In Agda we can write n=for it (on slides we write _) and
de ne it as follows:

(1) (A;B :: Set)
o Set
= dataorl(a:A)jor2(b::B)

See examplepr oofpr oplogic7.a gda.

On the blackboard A! A_ B and A _A! A will now
be shown in Agda.

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(f)

Example (Disjunction)

The following derives (A _B)! (B _A):

lemma3 (ab:: A_B)
B _A
= caseabof
(orla) ! or2@ a
(or2b) ! orl@ b

See examplepr oofpr oplogic9.a gda.

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(f)



Disjunction with more Args.

Example (8, Cont.)

As for the conjunction, it is useful to introduce special
ternary versions of the disjunction (and versions with
higher arities):

OR3 (A;B;C :: Set)
. Set
= data orl(a::A)jor2(b::B)jor3(c: C)

See examplepr oofpr oplogic8.a gda.

< tt should be true,
therefore as a formula equivalent to True,
this is obtained by de ning it as True.
tt < should be false,
therefore as a formula equivalent to False
this is obtained by de ning it as False

Similarly tt < tt and < will be de ned as False
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8 iIn Agda
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Example (8, Cont.)

8x : A:B isrepresented by (x : A)! B in Agda.
As an example,
we de ne a <-operation on Bool using

and show 8x : Bool:: (x < Xx).

< tt

See examplepr oofpr oplogic10.a gda.

First (<) is de ned as follows:

(<) (a;b::Bool)

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(f)

. Set
= casea of
(tt) ' False
() ! casebof
(tt) ' True
() ! False
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Example (8, Cont.)

Example (8, Cont.)

We introduce Not A:

Not (A :: Set)
. Set
= A! False

The statement that (<) is antire e xive is
8a: Bool: (a< a)
which is represented in Agda as follows:

Lemma4 :: Set
= (a:Bool)! Not(a< a)

Lemmad= (a::Bool)! (a< a)! False

We want to prove Lemma4.

A proof of Lemma4 will be an element
lemma4::Lemma4.

So we have to solve the following goal:

lemmad :: Lemma4
= fllg

The type of the goal is

Lemmad= (a::Bool)! (a< a)! False
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Example (8, Cont.)
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Example (8, Cont.)

Lemmad :: Set
= (a:Bool)! Not(a< a)

Since Not (a< a) = (a< a)! False we have

Lemmad4 = (a: Bool)! Not(a< a)
(a::Bool)! (a< a)! False

lemma4 :: Lemma4d
= fllg
Type of goal is Lemmad= (a::Bool)! (a< a)! False
An elementof (a::Bool)! (a< a)! Falsecan be

introduced by -abstracting (a:: Bool) and
(aa:: (a< a)):

lemmad4 :: Lemma4
= (a:Bool)!
(aa::a< a)!
fllg

The type of goal is now the conclusion of
(a::Bool)! (a< a)! False namely False
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Example (8, Cont.)

lemma4 :: Lemma4
= (a:Bool)!
(aa::a< a)!
fl lg
Type of goal is False

We need to make use of our assumptions, namely
a: Boolandaa: a< a.

a< bis de ned by case disjinction on a and b.
Unless we know thata= tt ora= , we don't
know much about a< a.

So it seems to be a good step to make case
distinction on a.
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593d

lemma4 :: Lemma4d
= (a: Bool)!
(aa::a< a)!
casea of
(tt) ' fllg
() ! fllg

The type of both goals is the same as before, namely
False since it wasn't dependent on a.
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Example (8, Cont.)

lemma4 :: Lemma4d
= (a: Bool)!
(aa::a< a)!
casea of
(t) ! fllg
() ' fllg

However, we know now more about the assumptions

aa:a< a
In case ofa= tt, we have a< a= (it < tt) = False
Incaseofa= ,wehavea<a=( < )= False

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(f)

Example (8, Cont.)

lemma4 :: Lemma4d
= (a: Bool)!
(aa::a< a)!
casea of
(tt) ' fllg
() ' fllg

Since in both goals we have a:: (a< a) = Falsg we can
can make case distinction on aa, which is the empty
case distinction.
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Example (8, Cont.) 9in Agda

We nish our proof as follows: 9x : A:B is represented by one of the two dependent
products in Agda.

lemmad :: Lemmad Using meaningful names, we can de ne 9x : A:B as
= (a::Bool)! follows:
(aa::a< a)! _
casea of Versionl :: Sgt
(tt) ! caseaa off g = S
() ! caseaa off ¢ a i A
b : Blx:= 4]
Version2 :: Set
= dataexists(a:: A)(b:: B[x := a])
ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(f) 595 Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(f)
Example (8, Cont.) 9in Agda
In the previous example, Above B[x := a] is the result of substituting in B for x the
the type of goal was False variable a.

and aa: False

So we could instead of using the empty case distinction
directly inserted aa in those goals:

lemmada :: Lemma4d

= (a:Bool)!
(aa::a< a)!
casea of
(tt) ' aa
() ! aa
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Example (9)

Example (9, Cont.)

As an example,
we de ne negation : on Bool,
de ne an equality (==) on Bool,
and show 8a: Bool:9b: Bool:a== : h.

See examplepr oofpr oplogicll.a gda.

. isde ned as follows:

neg (a:: Bool)
Bool
= casea of
(tt) !
() ' tt
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Example (9, Cont.)

First (==) is de ned as follows:

(==) (a;b::Bool)

Set
= casea of

(tt) ' casebof
(tt) ' True
() ! [False

() ! casebof
(tt) ' False
() ' True

In order to introduce the statement, we introduce rst
the formula 9b: Bool:a== : bdepending on a: Bool:

Lemmabaux (a:: Bool)
o Set
= sig
b : Bool
ab :: a== negb

The statement 8a : Bool:9b: Bool:a== : bis now as
follows:

Lemma5 : Set
= (a: Bool)! LemmaS5auxa
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Example (9, Cont.)

A proof of Lemmab is an element

lemma5s:: Lemmab

and we get the goal

lemma5 :: Lemma5b
= fllg
The type of goal is
Lemma5 = (a: Bool)! Lemmab5auxa

Any goal of funtion type is usually best solved by using
-abstracting.
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Example (9, Cont.)
LemmaS :: Set
= (a: Bool)! Lemmabauxa
We get
lemma5 :: Lemmab
= (a: Bool)
I fllg
The type of the goal is
Lemmabauxa = sig
b : Bool
ab ;1 a== negb
601b
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Example (9, Cont.)

lemma5 :: Lemmab
= (a: Bool)
I fllg
Type of goal is
sig
b : Bool

ab :: a== negb

We cannot show this goal universally for all a directly.

We have to provide a different b depending on
whethera= tt ora=
So we need to make case distinction on a.
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Example (9, Cont.)

We get
lemma5 :: Lemmab
= (a: Bool)
I casea of
tt) ! fllg
() ' fllg
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Example (9, Cont.) Example (9, Cont.)

lemma5 :; Lemma5 So we get:
= (a:Bool)! caseaoff(tt) ! f! Ig lemma5 1 Lemmab
() ! f!lgg = (a: Bool)! casea of
(tt) ! struct
In case of a = tt, the type of goal is b =
Lemmabauxtt = sigfb :: Bool; Cf ?b = e
ab :: tt == neghg () -9
Incase a= , we use again intro and obtain:
So we can use goal menu intr o and obtain:
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Example (9, Cont.) Example (9, Cont.)
lemma5 :: Lemmab
lemma5 :: Lemmab _ y
B - Bool) | ¢ = (a: Bool)! caseaof
= (a:Bool)! caseao () ! struct
(tt) ' struct b =
= I 1
bb B :I ;g ab = true
| fl? - () ! struct
()t fig b = fllg
The rst goal can be solved by setting b:= . ab = fllg
Then the type of the second goal is The case a= can be solved in a similar way by
(tt == negh) = (tt == neg ) setting b= tt, ab= true.
= (tt == tt)
= True

which can be solved by setting ab:= true.
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Example (9, Cont.) Equality Sets

The resulting proof is as follows: EqA (and EqB) could be decidable equalities,
lemma5 :: Lemmab i.e. EQA= (a;b:: A)! atom (eqboolA ab),
= (a - Boo|) | casea Of Where eth)olA A AL BOOI,
(tt) ! struct Or an undecidable equality.
b = E.g. the equality on N! N is in standard logic
ab = true
f=9g:; 8n:N:f(n)=g(n
() ! struct J ()= o(n)
b = tt which reads in Agda as follows:
ab = true
EgQN_.N (f;g::N! N)
Set
= (n:N)! fn==gn
where == s the equality on N.
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Comple x Example Undecidab le Equalities
We assume A; B : Setand equality relations on A; B: The last equality is undecidable, since in order to check
whether EQN_N f g holds we have to check for all n: N
postulate A .. Set whether f n = gn holds
postulate EgA :: A! A! Set
postulate B . Set

postulate EqB :: B! B! Set

We will introduce
the disjoint union AB of A and B
an equality EQAB on AB
and show that if EQA and EgB are symmetric, so is
EgQAB.

See exampleDisjointUnionEqual.a gda.
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Comple x Example (Cont.) Comple x Example (Cont.)

The formation of A + B is straightforward: If they are of the form inr band inr t°, respectively,
then EqAB ababP should be true if EqB b’ holds.
(+) (A;B ::Set) This can be achieved by de ning in this case
o Set

.. _ _ _ 0.
= datainl(a:: A)jinr(b: B) EGAB (inr b (inr b) = EqB b1 :

The above equations will be de nitional equalities, i.e.
for instance EqAB (inl a) (inl a9 will rewrite to EqA a a°
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Comple x Example (Cont.) Comple x Example (Cont.)
We de ne the equality EQAB on A + B as follows: The de nition of EQAB is as follows:
Assume ab;alP: A + B.
If one is of the form inl a and the other of the form EqAB : (A+B)! (A+B)! Set
inr b, then EGAB abatf should be false, so we de ne = (abaP:A+B)!
EQAB (inl &) (inr b) = EQAB (inr &) (inl a) = False : caseabof
gAB (inl a) (inr b = EqAB (inr a) (inl a) = False: (nla) | caseatPof
If they are of the form inl a and inl a° respectively, (infa% ! EqgAaa
then EqAB abalP should be true if EqA a a’holds. (inr ) | False
This can be achieved by de ning (inrb ! caseatf of
EqAB (inl a) (inla% = EqgA aa’ : (inla) ! False

(inr® ! EgBbK
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Comple x Example (Cont.)

Comple x Example (Cont.)

The following code is equivalent to the previous code:

EqAB (ab;al:: A+ B)

Set
= caseab of

(inla) ! casealdfof
(infa% ! EgAaa
(inr ) ! False

(inrb) ! casead of
(inla® ! False
(inrt® ! EgBbH

The others are similar:

SymB @ Set
= (b;i°:B)! EqBbK! EqBHEb
SymAB : Set
= (aba:: A+ B)! EQAB abal’! EqAB al
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Formulae vs. Proofs

We introduce the formulae expressing that EgA, EqB,
EqAB are symmetric:

Symmetry of EgA is the formula

8a;a’: A:EqA aa’! EgA a’a
which translates as follows:
SYymA . Set
= (a;a’: A)! EgAaa’!l EqgAala

Note that SymA is the statement expressing that EqA is
symmetric.

It is not a proof that EgA is symmetric.

We can de ne SymA independently of whether EgA
is symmetric or not.

A proof that EqA is symmetric is an element of
SymA, i.e a term symA s.t.

SymA :: SymA

Note that we don't have to show that SymA holds.

We have to show that if SymA and SymB hold, then
SymAB holds.
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Comple x Example Comple x Example

What we want to show is that SymA and SymB implies
SymAB.

So we need to solve

SYymAB (symA :: SymA)
(symB :: SymB)

SymAB
symAB : SymA! SymB! SymAB = (abja’: A+ B)!
= fllg (abal:: EQAB abatf) !
fl lg

As pointed out before, it is equivalent and more
convenient to de ne symAB as follows:

We make case distinction on aband at and obtain the

SYmAB (SymA :: SymA) following:
(symB :: SymB)
SymAB
= fllg

The type of the goal is now EqAB atf ah
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Comple x Example Comple x Example

SYymAB (symA :: SymA)
(symB :: SymB)
SymAB
= (abad: A+ B)!

The type of the goal is SymAB which is (abali:: EGAB abal) !

(ab;al’:: A+ B)! EQAB abal’! EgAB atPah caseab of
An element of this type can be introduced by a -term, (inla) ! casealPof
and using agda-goal-menu “intro” results in the code on (inl a9
the next slide. (inr &P
(inrb ! casealdof
(inl &9

(inr B

fll

f!

fll

fl
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Comple x Example

In case ab= inl aand al= inl a°we
have to show

EqAB a’ab, which is equal to EqA a’a

and have as assumption

aball:: EqAB abatf , 0

So we have to derive from aball: EqA a a’an
element of EqA ala.

We have

symA : (a;a’: A)! EgAaa’! EgA ala :

Therefore we can apply symA to a, a%and abal.

which is equal to EgA a a” :

SYmAB (SymA :: SymA)
(symB :: SymB)

SymAB
= (abal: A+ B)!
(aball:: EQAB abalf) !
caseab of
(inla) ! casealdof
(inl &9 !
(inr B !
(inr b ! caseal of
(inl &9 !
(inr B !

symA a alabald
fl lg

fllg
fllg
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Comple x Example (Cont.)

(Case ab= inl a, al’= inl a9
We obtain

symA a a’aball: EgA a°a
Since EqA a’a = EqAB atPabwe get as well
symA a a’aball: EqAB atf ab

and can use this to solve our rst goal.

In case ab= inr band al’= inr P®we can similarly use

symB bb’abaly

in order to solve our goal.

In case ab= inl a, and al’= inr b
we have EQAB abal= False

therefore
aball: False :

therefore empty case distinction on abal solves the

goal.
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Comple x Examle

Similarly, in case ab= inl a, and at’= inr bwe have that
abalS: False

and again empty case distinction on abald solves the
goal.

The complete solution is on the next slide.

When we made the empty case distinctions, our goal
was of type False

Since in those cases abali: False we could have solved
the goal as well by directly inserting abalfin those
cases.

On the next slide is this alternative solution.
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Alternative Solution

SYymAB (SsymA :: SymA)
(symB :: SymB)
SymAB
(ab;al?:: A+ B) !
(abal:: EQAB abat) !

caseab of
(inl @) ! caseal of
(infa% ! symA aalabal
(inr B ! caseaball of f g
(inrb ! casealdof
(inla% ! caseabal of f g
(inr B ! symB bbaball

symAB® (symA :: SymA)
(symB :: SymB)
SymAB
(ab;al?:: A+ B) !
(abal:: EQAB abat) !

caseab of
(inl @) ! caseal of
(infa% ! symA aa’abal
(inr® ! abal
(inrb ! casealof
(inla® ! abab
(inr B ! symB bPaball
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Remark on Case Distinction

Case distinction over complex expressions causes
problems in Agda.

Example

(exampleCaseDistinctionComple xExpression.a gda):

Assume we have de ned ProdBool as the product of
two Boolean values:

ProdBool :: Set
= sig

rst . Bool

snd :: Bool
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Assume we want to de ne a function as follows:

f (pair :: ProdBool)
(p :: atom(and pair: rst pair:snd))
atom pair: rst
= casepair: rst of
(t) ' fllig
() ' fllg

Although in the case distinction
we know that pair: rst = tt,

therefore the type of the goal should be
atom pair: rst = True,

Agda won't accept to insert true there.
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Remark on Case Distinction

The reason is that Agda will use in its reduction
mechanism

only reductions from variables to other expressions

but no reductions of comple x expressions to
other expressions.

It would be very expensive to check reductions for
complex expressions:

This would mean to check whether any

sube xpression of an expression matc hes the left
side of any of those reductions.

Checking whether a variab le which reduces occur s
in a expression is instead a cheap operation .
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Workar ound

One can work around this problem by de ning an
auxiliar y function , which depends on a variable
representing the complex expression.

Then make case distinction on this single variable.
In the example above de ne:

h (a;b:: Bool)
(p:: atom(and a b))
atom a
= casea of
(tt) ' true
() ! casep off g

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(f)



Workar ound (x:A) ! Bvs. (x:A)! s

Now one can de ne the function in question in terms of Especially, (x: A)! Setis a function which returns fol
the auxiliary function: X i A the type Set
. Note that
f (pair :: ProdBool) .
: . A (b:B)
(p :: atom(and pair: rst pair:snd)) - Set
atom pair: rst _ q
= hpair: rst pair:second
IS an abbreviation for
In the example h had only as arguments the
subexpressions of the complex expression in question. A 1 (b:B)! Set
In general it might depend on other variables which = (bzB)! d
form the context of the complex expression in _ _
question. So A de ned as such is a function, not a set.

It does not make sense to talk about c :: A.
Would be the same asc:: ( (b::B)! d).
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(x:A) ! Bvs. (Xx:A)! s (x:A) ! Bvs. (x:A)! s

There seems to be a confusion about the two
expressions

(x::A)! B vs. (x:A)! s

(x ::A) ! B is the dependent function set.

: . : : I k Ik
It is a set (or a type or a kind or a higher kind). t does make sense o talk about

Because it is a set, it makes sense to talk about c:(b:B)! Ab
r-((x:A)! B). _ .
r :: C makes only sense if C is a set or a type or a Since (b::B)! A bisaset.

kind or a higher kind.
(x ::A) ! sis afunction, which applied to x :: A
returns s.

a:( (x:A)! s)never makes sense, since
(x ::A) ! sisnota setor type or (higher) kind.
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(g) The Set of Natural Number s

The set N is the type theoretic representation of the set
N:=10;12;:::;0.
N can be generated by

starting with the empty set,

adding O to it, and

adding, whenever we have x initx + 1to it.
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The Set of Natural Number s (Cont.)

Let S be a type theoretic notation for the operation
X7 x+ 1L

Then the type theoretic rules are
N : Set

O:N

n:N
Sn:N

ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(g) 635

Primitive Recursion

Primitive Recursion expresses:
Assume we have

a:N.

and,ifn:N,x:Nthengnx:N.
Then we can dene f:N! N,s.t.

f 0= a,

f (Sn)=gn(f n).
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Primitive Recursion (Cont.)

The computation of f n proceeds now as follows:
Compute n.
If n = 0O, then the result is a.

Otherwise n = Sn®
We assume that we have determined already how
to compute f n®
Now f n reduces to g n°(f n9.

g n%(f n9 can be computed, since we know how tc
compute

f nC
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Example

The functionf : N! Nwithf n= 2 n can be de ned
primitive recur sively by:

fo=0.

f (Sn)=S(S(f n)).

Therefore take in the de nition above:

a= 0,
gnx = S(Sx).
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Generaliz ed Primitive Recursion

We can generaliz e primitive recur sion as follows:

First we can replace the range of f by an arbitrar y
set C
i.e. we allow for any set C

f:N!I C

Further, C can now depend on N.
We obtain the following set of rules:
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Rules for the Natural Number s

Formation Rule
N : Set

Introduction Rules
O:N
n:N
Sn: N
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Rules for the Natural Number s

Elimination Rule

C:N! Set
a:Co
f:(x:N)! Cx! C(Sx)
n:N
PCaf n:Chn

Equality Rules
PCaf 0=a

PCaf (Sn)=f n(PCaf n
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Rules for the Natural Numbers

Note that if we de ne in the elimination rule g:= P C f
then

The conclusion of the elimination rule reads:

gn:Cn
which means that
(n:N)gn:(n:N)! Cn :

The equality rules read:

Il
Q

g0
g(Sn)

f n(gn)
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Logical Framework Rules for N

The more compact notation is:

N : Set,
0: N,
S:N! N,
P :(C:N! Set)

I CO

' (x:N)! Cx! C(Sx))
I' (n:N)
I Cn:
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Natural Number s in Agda

N is de ned using data:

dataN=ZjS(h::N)
(Unfortunately, O is not an acceptable name in Agda).
Therefore we have
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Elimination Rules for N in Agda

Elimination is represented in Agda as before via case
distinction.

Assume we want to de ne
f (n:N)
A
= fllg

A possibly depending on n,

Then we can type into the goal n and use the menu
agda-case.
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Elimination Rules for N in Agda Elimination Rules for N in Agda

We get If check-termination succeeds , the de nition should
f (n:N) be correct.
A (The lecturer hasn't checked the algorithm).
= casen of However, if check-termination fails, the de nition
2 ! flg might still be correct .
(SnY 1 fllg
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Elimination Rules for N in Agda Power of Termination Check
For solving the goals, we can now make use of f. The following de nition of the Fibonacci numbers can"
That will be accepted by the type checker. be de ned this way directly using the rules of type

theory, but it can be de ned in Agda as follows and

However, if we use of full f , and then use menu item L |
check-termination accepts it:

acheck-termination® , we might obtain an

error-message. (one:= SZ).
If we b (n:N)
do not make use of fin the case n=Z and - N
only use of f nin case n =Sn° — casen of
then check-termination succeeds . (2) I one
(Sn% 1 casen®of
2 I one
(Sn® 1 b n% b n%
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Limitations of Termination Checker

Assume we de ne the predecessor function

pred (n: N)
= N
= casen of
2) I Z
(Sn% 1 no
i.e ( .
ored(n) = 0 ifn=0

n 1 otherwise.
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Limitations of Termination Checker

Then the function

f (n:N)
o N
= casen of
2 I Z
(Sn% 1 f (predn)

terminates always
(it returns for all n : N the value Zz).

However, check-termination fails.
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Limitations of Termination Check

Because of the undecidability of the Turing halting
problem
it is undecidable whether a recursively de ned
function terminates or not

there is no extension of check-termination , whic h
accepts exactly all in Agda de nab le functions,
whic h terminate for all inputs .
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Limitations of Termination Check:

Unfortunately, Agda does currently not deal with
simultaneous recur sion
i.e. the situation, where we decrease in one case
w.r.t. one variable, in another case w.r.t. another
variable.

In order to deal with this situation, one has to rearrang ¢
proofs .

On next slide there is an example of a proof which
results in non-termination, although each recursive call
descends.
Refers to a de nition of (<) :: (n;m::N) ! Setwhich
will be introduced below.
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Example
mono (n;k;m : N)(p::n< Kk):(n+ m)< (k+ m)
= casen of
(2) I casek of
(2) I casep off ¢
(Sk9 ! casem of
(2) I true
(SmY I mononkmPp
(SnY | casek of
(2) I casep off ¢
(Sk% 1 casem of
f (2) I monon®k®m p
(Sm9 ' mononkm®p
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Version accepted by Agda

The following version will be accepted by the
termination checker:

(this version corresponds exactly to induction on m)

mono (n; k;m :: N)
(p::n<Kk)
N+ m< k+m
= casem of
(2) Lop
(Sm9 ! mononk mp
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Amendment of Non-Termin. Versi

If one cannot reduce a non-terminating version directly
in one with only one descend, one can use auxiliar y
lemmata instead.

For instance in the previous non-terminating version, if
one doesn't observe the previous much better solution,
one can
replace the rst reference to mono by a reference to
a lemma.
(this change is not really necessary, since only the
second reference is responsible for rejection by
the termination checker)
and observe that the second reference can be
replaced by p.
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Amendment of Non-Termin. Versi

lemma (m;k :: N)
Z+ m< Sk+m

= casem of
2) I true
(SmY 1 lemmam®k
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mono (n;k;m : N)(p::n< Kk):(n+ m)< (k+ m)

= casen of
(2) I casek of
(2) I casep off ¢
(Sk9 ! casem of
(2) I true
(SmY I lemmamO©k®
(SnY | casek of
(2) I casep off ¢
(Sk% 1 casem of
@ ' p
(Sm9 ! mononkm®p
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Example: Addition

De nition of + in Agda:

(+) (n;m:N)
- N
= casem of
f (2) I n

(SmY I S(ih+mHY

The de nition expresses:

n+0 = n
0 —
n+ (m“+1) = (n+m)+1
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Example: Addition

Note that (+) isusedinx ,i.e. we write n + m for
(+) nm.
If m = SmC the de nition of (+) n m refersto (+) n m°

(+) n mCis de ned before (+) n m since
mPis intr oduced before m.
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Example: Multiplication

De nition
() (mm:iN)
= N
= casem of
f (2 4
Sm% ' n m%n

The de nition expresses:

n O
n (m°+ 1)

1
o

(n mY+n
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Example: Multiplication (Cont.) Equality on N (Cont.)

Again istreated inx . From this one can now derive a de nition in Agda:

Agda has built in that binds more than +.

n m®+ nistreated as (n m9 + n. =) (n n;et N)
Note that the de nition of requires, that : casen of
+ is already de ned .
2 I casem of
2 I True
(Sm9 ! False
(Sn% I casem of
2 I False
(Smy 1 (n%== mY
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Equality on N Re e xivity of ==

The equality (n ==m) ::Set for n;m :: N can be de ned Re e xivity of == is the formula:
using the equations:

(Z == 2) = True. 8n:Nin==n
(Z== Sn)=(Sn== Z) = False Type theoreticall y this means that we have to de ne a
(Sn==Sm)=(n==m). function re :
re (n:N)
: n==n
= fllg
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Re e xivity of == (Cont.)

This can now be shown using case distinction :

re (n:N)
n==n
= casen of
2) I fllg
(SnY 1 fllg
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Re e xivity of == (Cont.)
Case n = Zis trivial.
Case n = Sn%can be solved using re n°(which is
de ned before re n9.
667
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Symmetr y of ==

Symmetr y of == is the formula:
8n:m:N:n==m! m==n

Type theoreticall y this means that we have to de ne a
function sym:
sym (n;m:N)
(p::n==m)
D om==n
= fllg
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Symmetr y of == (Cont.)

This can now be shown using case distinction :

sym (n;m :N)

(p::n==m)
m==n
= casen of
(2) I casem of
f (2) I fllg
SsmY 1 fllg
(SnY ! casem of
(2) I fllg
(SsmY 1 fllg
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Symmetr y of == (Cont.)

The r st goal can be solved by using true (since
(Z == Z) = True).

For the second goal we know p is an element of
Z == SmOwhich is False
Therefore if we make case distinction on p we get

casep of f g

and have solved the second goal.
Similarly the third goal can be solved .
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Symmetr y of == (Cont.)

In the fourth goal, we have as type of goal Sm®== Sn°
which is identical to m®== n°
The type of pis Sn°== SmO%which is identical to
n%== mQ
The goal can be solved by using symn®m©p.

Note that we can use here p since it is of
type n%== m?
It is correct to use it since
n%is intr oduced before n.
Therefore
sym n®can be de ned before sym n.
This de nition will be
accepted by check-termination .
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Example: < on N

The following introduces < on N:

(<) (n;m:N)
o Set
= casem of
(2) I False
(Sm9 ! casen of
(2) ' True
Ssn% 1 nl<mo
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Example: Tuples of Length n

We de ne tuples (or vectors) of length n in Agda.
De ne rst

data Nil = nil
Cons (A;B :: Set)

o Set
= datacons@:: A)(b::B)
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Tuples of Length n

Now we can de ne

Tuple (A :: Set)
(n:N)
. Set
= casen of
(2) I Nil
(Sm9 ! ConsA (TupleA m9
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Tuples of Length n

674

Therefore (with the obvious de nition of two),

TupleAn= FonsA (Con?ZA (ConsANil) ) :

}

n times
The elements of Tuple A n are

consa; (consaz (consa, nil) )
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675

Remarks on Tuples of Length n

In ordinar y mathematics , we would de ne

Tuple(A; 0)
Tuple(A; n+ 1)

fhig ;

I
—
-
)

e,
2
+
l_l
£
2
+
l_l
N
>
Q
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Remarks on Tuples of Length n

If we de ne
nil ;= hi;
cons@q;hey;iiijan+1i) = hegiiiiiansai
then this reads:
Tuple(A; 0) = fnilg ;
Tuple(A;n+ 1) = fconda;b) ja2 A”™ b2 Tuple(A;r
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Remarks on Tuples of Length n

In the type theoretic de nition we have constructor s
nil :: Tuple A Z
cong@(Tuple A (Sn)) : A! TupleAn!
Tuple A (Sn).
This is the type theoretic analogue of the previous
de nitions .
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Example: Sum of n-Tuples

De ne
NTuple (n:N)
:» Set
= TupleNn

NTuple n are tuples of natural numbers of length n.
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Componentwise Sum of n-Tuples

We de ne component-wise sum of tuples of length
n.

Using mathematical notation, this sum for instance
as follows:

;341 + 6;6;:7i = h7;9;11i :
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Componentwise Sum of n-Tuples

sumNTuple (n:: N)
(avec;bvec:: NTuple n)

NTuplen
= casen of
(2) il
(SnY !
caseavec of
(consa aved !
casebwvec of
(consbbwed !
cons@ (a+ b
(sumNTuple n®ave®bwed
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(h) Lists

We de ne the set of lists of elements of type A in Agda.

We have two constructors:
nil, generating the empty list.
cons adding an element of A in front of a list

So we de ne lists as:

list (A :: Set)
o Set
= data nil
jcons@:: A) (I ::list A)
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Elimination Rule for Lists

Elimination rule uses list-recursion:
Assume

A : Set
C :: Set, depending on | :: list A.
Then we can de ne

f (I:listA)
w C
= casel of

(nil) I fllg
(consal9 ! fI g

and in the second goal we can make use of f 1°
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Example: Length of a List

length (I :: list N)
N
= casel of
(nil) 4
(consal9 ! S(lengthl9
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Example: sumlist

sumlist | will compute the sum of the elements of list I.

sumlist (I :: list N)

N
= casel of
(nil) |z
(consnl19 ! n+ sumlist|®
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Interesting Exercise Rules for the Univer se

De ne Formation Rule
append: (A : Set)! (list A)! (list A)! list A ;

. . . U : Set
s.t. appendA | 9is the result of appending the list I°at
the end of list I. )

a:u

E.g., if a;b;c; d are elements of A, T a: Set
and if we de ne cons:= cons@(listA), nil := nil@(list A),
then:

appendA (consa (consb nil)) (consc (consd nil))
= consa (consb (consc (consd nil)))
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(i) Univer ses Rules for the Univer se
A universe U is a set, the elements of which are codes Introduction and Equality Rules
for sets.
So we have
U: Set Fing: U T(Fing) = Fing : Set
T:U! Set(the decoding function). B U T(Einy) = Fi Set
ing : in1) = Finy : Se
We consider in the following a universe closed under ! ! !
Fi Fi Bool
Nlno, N1, BOOL Bool : U T( @ool) = Bool : Set
+

the dependent function type.
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Rules for the Univer se

Introduction and Equality Rules (Cont.)

a:u b:U
abb:U

T(a® b) = T(a) + T(b : Set

a:u b:T(a)! U
t€a;b):U

TR a:p) = T(a) (x: T (bx)) : Set
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Rules for the Univer se

Introduction and Equality Rules (Cont.)

a:u b:T(a)! U
l”(’ a;b): U

T(R a;b) = (x: T(a)) ! T (bx) : Set
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Elimination and Equality Rules

There exist as well elimination rules and corresponding
equality rules for the universe.

They are very long (one step for each of constructor of
U) and are not very much used.

They follow the principles present in previous rules.
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Applications of the Univer se

Ordinary elimination rules don't allow to eliminate into
Set

However often, one can verify, that all sets needed are
“elements of a universe”,
i.e. there are codes in the universe representing
them.

Then one can eliminate into the universe instead of Set
and use T to obtain the required function.
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Applications of the Univer se

Example: De ne

dtom : Bool! U ;
dtom := Caseoo ( (x : Bool):U) Fing Fing ;

atom : Bool! Set;
atom :  (x:Bool):T (dtomx) ;
Then
atomtt = Fing,
atom = Fing.
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Univer ses in Agda

U and T need to be de ned simultaneously.

Usually Agda type checks de nitions in sequence,
so no reference to later de nitions possible.

Special construct mutual .
Everything in the scope of it is type checked
simultaneously.
Scope determined by indentation.
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Univer ses in Agda (Cont.)

mutual
U o Set
= data Nhat
j Finzerohat
j Finonehat
j Boolhat

] Sigmahat(a:: U)(b:: T a! U)
j Pihat (a:: U)(b:: Ta! U)
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Univer ses in Agda (Cont.)

T in the following is to be intended the same as U:

T (u:U)
o Set
= caseu of
(Nhat) !
(Finzerohat) !
(Finonehat) !
(Boolhat) !
(Sigmahatab) !

(Pihat a b) !

N
Finzero
Finone
Bool
Sigma(T a)
((x=Ta! T(bx))
(x:Ta! T(bx)
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()) Alg ebraic Types Strictl y Positive Algebraic Types

The construct “data” in Agda is much more powerful In the types A; we can make use of A.
than what is covered by type theoretic rules. However, it is dif cult to understand A, if we have
In general we can de ne now sets having arbitrarily negative occurrences of A.
many constructors with arbitrarily many arguments of Example:
arbitrary types. A Set
= data C (f A -> A
A o Set What is the least set A having a constructor
= dataCi(a1:: A11) (ain, :: A1n,) C@A: f = A > A)
j Ca(az1::A21)  (azn, i Azn,) > A7

j Cm(@m1 2 Am1)  (@mn, - Amny)
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Meaning of “data” Strictl y Positive Algebraic Types
The idea is that A as before is the least set A s.t. we If we
have constructors: have constructed some part of A already,
G@A - (211 A1) anddd %fcgnfct[[%n:: A -> A and

then f might no longer be a function A -> A

-> (ain; : An, : .
- '(A\am, An.) (f applied to the new element C@ f might not be
de ned).
where a constructor always constructs new elements. In fact, “agda-check-termination” issues a warning, if
In other words the elements of A are exactly those we de ne A as above.
constructed by those constructors. We shouldn't make use of such de nitions .
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Strictl y Positive Alg ebraic Types

A “good” de nition is the set of lists of natural numbers,
de ned as follows:

Nlist - Set
= data nil
j cons (a: N)
( = Nlist)
The constructor cons@._ of N-lists refers to Nlist , but
in a positive way:

We have: if a :: Nand| :: Nlist , then we have
cons@. a | :: Nlist
ctive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(j) 702

Strictl y Positive Algebraic Types

If we add cons@_ a | to Nlist , the reason for
adding it (namely I:: Nlist ) is not destroyed by
this addition.
So we can “construct” the set Nlist by

starting with the emptyset,

adding nil@ _ and

closing it under cons@. whenever possible.

Because we can “construct” Nlist , the above is an
acceptable de nition.
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Strictl y Positive Algebraic Types

In general:
A Set
= data G (au:  Au) (ain:: Ay
I G (a1 A) (azn:: Pony)

j Gn (ami:  And (amp: Anp)

is a strictly positive algebraic type, if all A; are
either types which don't make use of A
or are Aitself.

And if Ais a strictly positive algebraic type, then Ais
acceptable.

The de nitions of nite sets, A B, A+ B and N were

strictly positive algebraic types
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One further Example

The set of binary trees can be de ned as follows:

Bintree Set
= data leaf
j branch (left : Bintree)
(right :: Bintree)

This is a strictly positive algebraic type.

Interactive Theorem Proving, CS_336, Lentterm 2004, Sec. 3(j)



Extensions of Strict.P os. Alg. Types

An often used extension is to de ne several sets
simultaneously inductively.

Example: the even and odd numbers:

mutual
Even :: Set
= data Zj S (n: Odd)
Odd : Set

data S (n:Even)

In such examples the constructors refer strictly positive
to all sets which are to be de ned simultaneously.
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Extensions of Strict.P os. Alg. Types

We can even allow Aj = B, > Aoreven
A =B > > B > A where Ais one of the
types introduced simultaneously.

Example (called “Kleene's O”:

O:  Set
= data leaf
j succ (0:0)
j lim  (f N -> O)
The last de nition is unproblematic, since, if we have f
N -> Oand construct lim@ _ f out of it, adding
this new element to Odoesn't destroy the reason for
adding it to O

So again Ocan be “constructed”.
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Elimination Rules for data

Functions from strictly positive algebraic types can now
be de ned by case distinction as before.

For termination we need only that in the de nition of f,
when havetodene f (C@ a an) , we can refer
only to f applied to elementsusedin C@ a; ap.
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Examples

For instance
in the Bintree example, when de ning

f :: Bintree > A
by case-distinction, then the de nition of
f (branch@ left right )

can make use of f left andf right
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Examples

In the example of O, when de ning
g:0 >A
by case-distinction, then the de nition of

g(im@_f)
can make use of g (f n) for all n:: N.

General
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Revision Lecture

According to my data, exam Wednesday 19 May, 2 pm,
Arts Hall.

Please check.

Essentiall y everything needed should be contained
in the notes.

| will come to the exam in the rst half hour (approx.; if
you have questions ask then).

All three cour seworks are preparation for the exam.

1.
2.
3.

Interactive Theorem Proving, CS_336, Lentterm 2004, Revision Lecture

Structure of the Exam
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3 Questions.

Question 1, 2, 3 will be related to coursework 1, 2, 3,
respectively.

Question 1 will be mainly on the -calculus, term
rewriting and reduction systems (mainly Sect. 1 (d)).

Question 2 will be mainly on the dependent function
set and the dependent product in Agda (Sect. 2).

Question 3 will be on Sect. 3, and of the material there
on

data types
nite sets, Bool, and atom,
product and disjoint union

and simple de nitions and proofs in Agda.

Interactive Theorem Proving, CS_336, Lentterm 2004, Revision Lecture



Structure of the Exam

Intr oduction (Cont.)

Agda questions will be in such a way that they can
easily be solved by hand.

Derivations only for
the -calculus asin Cwk 1,
the dependent -calculus as in Cwk2, Qu. 6.

4 kinds of judg ements in dependent type theory:
A:Set A=B :Seta:A,a=b:A.
Only A : Set, a: A are visible in Agda.
Examples of dependent types in programming.
Templates (e.g. in C++) ie. parametric types.
Matrix multiplication.
Predicates.

Dependent grammars in linguistics.
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1 Introduction
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-Calculus

4 Principal approaches for writing veri ed software.

Concept of atype.
Advantages of typed , of untyped languages.
Why are types good for writing correct software?
Examples of types in other languages
Scalar types (e.g. Booleans, Integers).
Simple compound types (records, arrays).

Function types, algebraic types (“data”)
Interfaces.

The untyped -Calculus :

Bound and free variables,
-, -conversion.

The typed
Types,
rules,
product types,

-rule.

But nothing to be “learned by heart” about the (un)typec
-calculus — only how to use it as in the Cwk.

-calculus :

ctive Theorem Proving, CS_336, Lentterm 2004, Revision Lecture
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Reduction Systems

Notions
Reduction system,
strongly normalising, weakly normalising,
normal form, irreducible,
con uence .

Too complicated for the exam:

de nition of term rewriting system and how to obtain
the reduction system,

de nition of ! |, I

(But intuitive understanding of these notions is
required).

2 The Logical Framework.
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Cwk 1

4 kinds of rules (formation, introduction, elimination,
equality).

Constructor s and canonical elements.

Dependent function type, dependent product.
Rules only up to the level of Cwk2, Qu. 6.
Mainly how to use them in Agda (Cwk 2, Qu 1 - 3).
Notion of Set vs. Typ e (how to use Set, Type).

Let expressions .

Typical questions as in Qu 1, 3, 4, 5and Qu 6 (a), 6 (b),
and part (i) of 6 (c) - 6 (e).
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3. Data Types
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Basic data types (Booleans, nite sets, disjoint union)
Only how to introduce and use them in Agda.

Two versions of the nondependent /dependent
product in Agda

using “sig”,

using “data”.
Atomic formulae (atom).
How to represent other formulae in type theory.
How to carry out simple proofs in type theory.

Questions like in Cwk 3, all questions (only simple
ones feasible in the exam).
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Proofs in Agda

Mainly proofs related to equality and < -relation.

De nition of these relations in Bool, disjoint union,
nondependent product as in the Cwk or similar to
that.

Simple proofs about them (notions like re e xive,
anti-re e xive, transitive, symmetric; proofs of such
properties).
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Restrictions

Constructive logic, natural numbers, lists not treated in
the lecture.

No natural deduction.
No formal derivations, rules in this section.
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