3. The -Calculus and Implication

(@)
(b)
()
(d)
(€)
(f)

The untyped -calculus.

The typed -calculus.

The -Calculus in Agda.
Logic with Implication
Implicational Logic in Agda.
More on the typed -calculus.
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(a) The Untyped -Calculus

# Basic idea of the -calculus:
We want to de ne functions “on the y” (so called

# Example:
s We want to apply a function to all elements of a list.

s For instance, we want to upgrade a list of student
numbers to one with one extra digit.
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Greek Letters

® Isthe Greek letter lambda.

# On the next slide you nd the greek alphabet in upper
case and lower case.

» Some letters have two options for lower case, In
which case the second is sometimes (but not always)
pronounced by adding “var” in front, e.g. varphi for ' .

s Some letters are indistinguishable from the Roman
alphabet. So one cannot use them as separate
mathematical symbols. | put brackets around them.

s If one wants to transcribe the capital greek letter in
Roman alphabet, one writes the lower case
transcription and starts it with a captial, e.g. Gamma
for , Delta for
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The Greek Alphabet

(A) alpha
(B) beta
gamma
delta
(E) epsilon
(Z) zeta
(H) eta
, # (var)theta
(1) lota
(K) kappa
lambda
(M) mu

(N)

©) (0

P) %
&

(T)

(X)

nu

XI
omikron
o]
(var)rho
(var)sigma
tau
upsilon
(var)phi
chi

psi
omega
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Example for Use of

» Can be done by multiplying each student number by
10.

s Letf :N! N,f(x):=x 10.

s In many languages (e.g. C++, Perl, Python, Haskell)
there is a pre-de ned operation map, which takes a
function f, and a list |, and applies f to each element

of the list.
So for the above f we have

map(f ;[21034%5345698296458])
= [210345034569802964580]:
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Intr oduction to -Terms

# Oftenthe f is only needed once, and introducing rst a
new name f for it is tedious.

® S0 one needs a short notation for “the function f | s.t.
f(x)=x 10.

® Notationis x:x 10
® So we have

map( x:x  10,[210345345698296458])
= [210345034569802964580]:

# Ingeneral x:t stands for the function f s.t. f (x) = t,
where t might depend on x.

s abovet=x 10
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Notation

# One writes in functional programming usually st for the
application of s to t instead of s(t) as usual.

s This is used since we have often to apply a function
several times, writing something like f (r)(s)(t).
Instead we write f r st.

#® As indicated by the example, r st stands for (r s) t, in
generalroriro  rpstandsfor ( ((rorq) ro) ).

CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 3 (a) 3-7



Abbre viations

® Wewrite x; y: for xiy :
# Similarly for x; y;z: etc.
® Eg. X y;zx(yz) standsfor x:y :z:x(yz) :
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In X Operator s

® Weuse + and InX.
The corresponding operators are written as (+) , ( ).

s SO0 x + y stands for (+) x v,
s X ystandsfor () xy.

# + and will bind less than any non-in x constants.
Therefore Sx + Sy stands for (Sx) + (Sy).

#® Dbinds more than +.
Therefore x +y zstandsforx + (y 2),
and Sx+ Sy zstandsfor (Sx)+ ((Sy) 2).

# These are the same conventions as in Agda.
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Scope of Xx:

# How do we read x:x + 57
s As(x:x )+ 5?7
s Oras x: (x+ 5)?
# Convention: The scope of x: Is as long as possib le.
s SO x:x + 5readsas x: (x+ 5).
s X:(y:)5readsas x: ((y:y)5).
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Scope of Xx:

s In(x:x ) 5, the scope x: cannot be extended
beyond the closing bracket.
s Soitis “x”,
s not “x) 5", which doesn't make sense.
s Inf(x:xx + 5;3), the scope of x
s IS'X+ 5",
s hot “x + 5;3)", which doesn't make sense.
s In(x:x + 5) 3, the scope of x
s ISX+ 5
s hot x + 5) 3, which doesn't make sense.
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without a Dot

#® Sometimes, x t (without a dot) is used, If one wants to
have the scope of x as short as possib le.

s E.g. x xywould denote ( x:x ).
#® In this lecture we don't use this notation.
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-Terms

# Now we can de ne the terms of the untyped -calculus
as follows:

o terms are:

» Variables x,
s Ifr and sare -terms, sois (r s).
s Ifxisavariableandrisa -term,sois (x:r ).

# As usual brackets can be omitted, using

» the above mentioned conventions about the scope of
X,

s andthatr stisread as (r s) t.
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-Terms

s Examples:

XX,

x: ((y1y) x),

XX X,

(XX X X) (XX XX),
foxft (f x)).

e o o 0 0
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-Terms

# One might need additional constants to the language,
then we have additionally:

s Any constantisa -term.

# [or instance,
s If cis a constant, then x:.c, (x:x ) care -terms;
s If (+) Is a constant, then x: (+) xxisaa -term.

# For standard operators like +, , one has
s constants (+), ( ),
s In X operations +,

s and writes In In X notation
s X+ yinstead of (+) x v,
s X Yyinstead of ( ) xv,
s eftc.
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Bound and Free Variab les

There are bound and of free variables in -terms:

scope of a -abstraction “ x: ”
Free variab les are the other variables.

Example: In x: x + v,
X Is bound (since in the scope of x ),
y IS free (since it is not in the scope of vy ).
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Bound and Free Variab les

In(y:y+2)y,
the rst occurrence of y, vy Is bound,
the second occurrence ofy, y Is free,

7 IS free.

In(y :((z:2)y)) x, we have
z 1S bound,
y is bound (in the scope of vy ),
x Is free.
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Bound and Free Variab les

Note that being bound and free has something to do
with an occurrence of a variable in a term, not with the
variable itself.

So more precisely we should speak of occurrences of
bound and free variables.
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-Conversion

We identify -terms, which only differ in the choice of
the bound variables (variables abstracted by ):

So x:xx + 5and y :y+ 5are identi ed.
Makes sense, since they both denote the same
function f s.t. f (x) = x + 5.

(x:x +5)3+7and (y:y+ 5)3+ 7 are identi ed.
X:y :yand y:x:x areidentied.

This equality is called -equality , and the step from one

term to another -equal termis called -conversion.

X:y Y= Y IXX.
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-Conversion

Note that x: xx= y:xXx.

The x refers to the second lambda abstraction x,
not the rst one ( x:).

Therefore, when changing the variable of the rst
-abstraction, x remains unchanged.
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Evaluation of -Terms

How do we evaluate ( x:x 10)5?

We rst replace in x 10, the variable x by 5.
We obtain 5 10.

Then we reduce this further, using other reduction
rules (not introduced yet).

Using suitable rules, we would reduce 5 10to 50.

In this Subsection we will look only at the pure
-calculus without any additional reduction rules.

There (x:x 10)5reducesto 5 10, which cannot be
reduced any further.
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Basics of the -Calculus

In general, the result of applying x:t tor, is obtained by
substituting in t the variable x by r.
E.Q.

( x:x + 10)5evaluatesto 5+ 10,

If we substitute in x + 10the variable x by 5, we
obtain 5+ 10.

( x:x ) "Student" evaluates to "Student".
If we substitute in x, the variable x by “Student”,
we obtain “Student”.

(x:x ) (y:y) evaluatesto vy :y.
If we substitute in x the variable x by vy 1y, we
obtain vy :y.
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Substitution

The last example shows that substitution by -terms
can become more complicated, and we therefore
iInstudy it in the following more carefully.

substituting in t the variable x by s, e.g.
(x+ 10)[x := 5] 5+ 10,
X[X = "Student"] "Student",
X[X:= yyl vyu.
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Substitution and Parentheses

Subsitution might introduce additional parentheses .
When we write a term e.g.

t 2+ 2

what we really mean is that there are brackets
around that term, e.g.

t=(02+ 2) :

We omit the outer parentheses usually for
convenience.

When substituting a term, the parentheses might
become relevant.
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Substitution and Parentheses

E.Q.

(X X)[x:=2+2]=02+2) (2+2):

So we have to reintroduce in that example the brackets
around 2+ 2 before carrying out the substitution.

If we did it naively (without reintroducing brackets), we
would obtain
2+ 2 2+ 2

which iIs different from

2+ 2) (2+ 2)
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Substitution and Bound Variables

If we carry out a substitution in a -term, we have to be
careful.
(XX + 7)x:=3] xx +7.
It doesn't make sense to substitute the x in x:x + 7,
since x is bound by x: .
X Is a bound variable, which is not changed by the
substitution.

In general, in s[x := t] we only substitute free
occurrences of x in s by t.

All bound occurrences remain unchanged.
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Substitution and Bound Variables

More examples:

( X:X )[x := "Student"] x:ix .
The x In x:x 1s bound by x , so no substitution is
carried out.

(( x: X) X)[x := "Student"] ( x:x ) "Student".
The rst x Is bound, so no substitution is carried
OUt.
The second x Is free, so substitution Is carried out.
(yX+y)x: =3 Vy:3+y.
X in y: X+ yis free, so it will be substituted by 3 in
the above example.
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Substitution and -Conversion

When substituting in  -terms, we sometimes have to
carry out an -conversion rst:

If we substitute in y :y + X, the variable x by 3, we
obtain correctly y :y + 3, the function f s.t.
fly)=y+3

If we substitute in y .y + X, the variable x by y, we
should obtain a functionf s.t. f(z) = z+ .

If we did this naively, we would obtain y :y + v.
So the free variable y, which we substituted for x,

has become, when substituting it in y :y + x, to a
bound variable.

This is not the correct way of doing it.
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Substitution and -Conversion

The correct way is as follows:

First we -convert y :y + x, so that the binding
variable y is different from the free variable we are
substituting x by:

Replace for instance y .y + x by z :z+ x.

Now we can carry out the substitution:

(Yy+X)[X=y]= (zz+X)[x==y] z:z+y.:

Similarly, we compute (y :y + X)[x .= y+ y] as
follows:

(yy+x)[x=y+yl= (z:z+x)[x = y+y]l z:z+(y+y)
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Substitution and -Conversion

In general, the substitution t[x := s] is carried out as
follows:

-convert t s.t.

If x occurs int free and is in the scope of some u,

then u doesn't occur free Iin s.
In other words, -convertt s.t. one never would
substitute for x the s in such a way that one of the

free variables of s becomes bound.
Then carry out the substitution.
Intuitively this means: -convert the bound variables in s

In such a way that never a variable, which is free in s
becomes bound when replacing in t variable x by s.
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Examples

(X:y 2[z=x]= (wy 2[z:=x] (uy X)) ;
(X:y 2[z=y]= (xxuz)z:=y] (xuwy);

(X (yy)glz:=y] x(ywy)y:
There is no problem in substituting the z by y, since it is
not in the scope of y .

(X (y:y)Vly =x]= (u(y:y)yly = x]
u. (y:y) x :
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Examples

(X:iz)[z:= xXX] X XX

There is no problem with this substitution, since x

does not occur free in x:x .

Note that the x In x: x:x refers to the second -binding

X .
(x:z)[z:= (xx)Xx]= (uz)[z:=(xx)X]
u: (( X:x ) x).

Now x occurs free in ( x:x ) x (the second occurrence Is
free), so we need to -convert it.
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Substitution and -Conversion

If you have problems understanding this, you can
proceed as follows, and are on the safe side:

-convert t so that all bound variable in t are
different from all free variables in s.

Then carry out the substitution.
An unnecessary -conversion doesn't hurt.
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six], s[t]

Writing s[x := t] Is sometimes a bit lengthy.

Therefore we will introduce the notion s[x], s[t].

s[x] stands for a term s possibly depending on a
variable x.

E.g. s[x] xors[x] ax forsome constantaor

s[x] vy x.
After we have introduced a term s[x], we de ne gJt]
as the result of substituting in s[x] the variable x by t,
e.g.

s[t] ;= s[x][x = t]
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six], s[t]

Examples:
If sS[x] xthens[t] t.
If sS[x] ax,thens[t] at.

If s[x] vy :x,thens[y] (y:X)|[x:=y]=
In the last example we had rst to carry out

-conversion, before we can carry out the
subsitutiton.

We will usually not say what s[x] actually is. Then it can
essentially be treated as a term s with a hole, for which

X IS substituted (and in the original term with holes, x
doesn't occur).
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-Redexes

The notion of -reduction is one step in the sense of
evaluation of a -term to another term.

We rst introduce the notion of a -redex of a term t:

Examples:
(x:x)yzhas -redex (x:x)y.
Note that the bracketing is (( x:x ) y) z, not
(XX ) (y 2).
A redex can be the term itself: ( x:x ) y has -redex
(XX )V.
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-Redexes

A -term might have several -redexes:

E.g. In(xxx x) ((y:y) z) we have
one redex ( x:xx xX) ((y:y) 2)
and one redex (y ) z.
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-Reduct

A -redex ( x:s )t can be reduced to s[x := t].
s[x := t] is called the -reduct of (x:s)t.

The -reductof (x:x + 10)5is 5+ 10,
The -reduct of ( x:x ) "Student" is "Student".
The -reductof (xxx)(y:y)is yy.

Using the “s[t]-notation”, the above can be more briey
written as

“( x:s [x]) t reduces to s[t].”
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-Reduction

obtained from r by replacing one -redex by its
-reduct.

Examples:
( xxx+5)3)+7 ! (3+5)+ 7, since

(xx +5)3 ! 3+5:

Assume we add a pairing operation hs;ti for the pair
s;t (will be introduced later), then

N xx+5)3;7 ! B+5;7 ;
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Examples

We can apply -reduction undera term as well:
X:((yy+5)3) ! x3+5:

Multiple redexes:
Because a -term might have several redexes, it might
have two different reductions:

For instance
(xx x)((y:y)z) ! ((yy)2)((y:y)2)
(xx X)((y:wy)z) ' (xxx X)z.
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Examples of -Reduction

(x:y X))y ! (yX)[Xx=y]= (ux)[x:=y] uy
(z:x:y 2)x ! (xy 2[z=x]= (uwy :2)[z:= X]

u.y X
(z:xx(yy))y ! (xx(yy)g[z:=y] x(yy)y
X:(yyy ! xy
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Example (Long er Reduction)

In the steps marked on the next slide, essentially the
colouring is changed to mark the next -redex.

These steps are not very well visible on the printed
black-and-white slides (where | use italic/boldface In
order to denote the differences).

This applies to future slides containing more complex
-reductions as well.

Remember as well that
X; Yyt

abbreviates
X.y it
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Example (Long er Reduction)

(% yx(xy)) (u; viu (uv))
( X:yx(xy)) ( u;viu(uv))
Ly u;viu(uv)) (( u;viu(uv))y)
y:(u;, viu(uv)) (( u:v:u (uv))y)
oy i(u viu(uv)) (viy (y v))
y:(u:viu(uv)( vy (yv)
boyvi( vy (yv) (Cviy (yv))v)
y:vi(viy(yv) (( viy(yv)) v)
boyivi(viy(yv) (y(yv))
y v vy (yv)) (y(yv))
boyiviy(y(y (yv))
y vy (y (y (y v)))
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Examples of Non-Termination

Reproduction (Term reduces to itself).
Let! := xxx x, :=11.Then

I (xx x)! 11

Expansion (Term reduct becomes bigger).
Let € .= x:x (X X).
Then
€€ (xx (xx)) €
| e (e e)
L C(B(C9
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Remark on Previous Slide

Note that in the -term above

XX (X X)
IS to be read as
X: (X (X X))
and not as
(XX ) (X X)

The scope of x: Is always as long as possib le.
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-Calc. as a Red. Sys

mean Nnow

the set of -terms, T where -equivalent -terms are
identi ed,

together with -reduction !

Therefore the -calculus forms a reduction system
(T; ! ).

One might have the -calculus with additional
constants.

Without additional constants, the (untyped)
-calculus is called the pure (untyped)  -calculus. .
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|l and =

For reduction systems we introduced notations !
a ! bh

These notions can be used for the -calculus as well.

r | s,

Since we identied -equivalent -terms, there can be
arbitrary many -conversions in a chain for showing that
r= s.

Therefore we have r = rCiff there exists a sequence
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Con uence of the -Calculus

Fact: The -calculus is con uent (if we identify
-equivalent terms).

Therefore two termsr and s are -equivalent, iff there

exitsatermts.t.r ! tands ! t.
Example: ((y:y)z) ((y:y) z) and ( x:xx Xx) z are
-equivalent:

((y:y)z) ((y:y) z) reduces in two stepsto z z
and ( x:x x) z reduces in one step to the same term.
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-equality

Note that this doesn't give yet an easy way of
determining whetherr = s holds:

One needsto nd ats.t.s ! tandr ! t.
But simply reducing r might never terminate.

Example:
(x:y ) reducesinone steptoy.
So(xy) =Y.
However, by reducing we obtain , therefore
(xy) I (xy)
So if we keep on following the second reduction, we
will never nd that this termis -equivalenttoy.
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Need for Typed -Calculus

Therefore we introduce the typed -calculus, which is
strongly normalising, and in which therefore equality of
-terms can be decided by determining -equality of

normal forms.
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(b) The Typed -Calculus

Problem of the untyped -calculus:
Non-Termination, therefore = dif cult to check.
In fact = Is semi-decidable (r.e.), but not
decidable (recursive).

Caused by the possiblility of self-application, which
allows to write essentially fully recursive programs.

Avoided by the simpl y typed -calculus , which is
strongly normalising.
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Main Idea of the Typed -Calculus

X:X + 51s a function,
taking an x : Int,
and returning x + 5: Int.

Therefore, we say that (x:x + 5):Int! Int.
In words, “ x:x + 5is of type Int arrow Int”.

In order to clarify the type of x, we write instead of
XX +5
x ":x+ 5 :

or
(X :Int):x+ 5 :
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Basics of the Typed -Calculus

x Nt:x + 5is
only applicable to some s : Int,

therefore not applicable to elements of other types,
e.g. to “Student” (: String).

So
(x '"t:x + 5) 3is allowed,

(x Nt:x + 5) “Student” is not allowed.
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Simple Types

If , aretypes,sois( ! ).

“Inductively” means that the set of simple types is the
least set containing the ground type, and which closed
under !

One sometimes modi es the set of ground types,
especially when adding constants to the -terms.

E.g. when using arithmetic expressions, one can say
for instance that the ground types are Int and Float.
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Simple Types

Usually we denote types by Greek letters,
e.g. (“alpha”), (“beta”), (“gamma”), (“sigma”),

(“tau”).
We omit brackets as usual using the convention that
! ! standsfor ! ( ! ).
Examples types:
O,
o! o
(o! 0o)! o,

(o! o)! o! 0)! (0! 0! o! o,
which stands for

(0! 0o)! (o! 0))! ((o! 0! (o! 0)).
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Abbre viation

In order to make writing down such types easier, one
can use sometimes the following abbreviations (these
are non-standard abbreviations, and should be de ned
explicitly when using outside this lecture.

02:= 0! 0O,
03:= 02! 02
etc.

So

an element of type 02 can be applied to an element
of type o and one obtains an element of type o.

an element of type o3 can be applied to an element
of type o2 and one obtains an element of type o2

etc.
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Conte xts

To determine the type of a term makes only sense, if we
know the types of its variables.

For instance, in case of the -term x y, we could
have

X : 02,y :0and therefore x y : o,

or x : 03,y : 02, and therefore x y : 02

Therefore we will give a type to terms in a context,
which determines the types of the variables.
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Conte xts

xll ':':';xn : n where
Xj are variables,
i are simple types,
(when considering other type theories, ; will be
types of that theory).

n = Ois allowed, and we write ; for the empty

context.

Multiple occurrences of the same variable (even with
different types) is allowed.
If we have two occurrences of the same variable,
only the second occurrence counts.
E.g.inx: ;y: ;x: ,“%: ”isoverriden by “x: ”
so the assumption in this context is x :
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Conte xts

X .0,y . 02IS a context.
X 102 X :01IS a context in which we assume x : o.

Note that contexts are lists of elements of the form
X . , SO the order matters.

In case of the simply typed -calculus, it wouldn't
make a difference to have as context unordered sets
of expressions of the form x : (as long as all
variables in a context are different in order to avoid
overriding).

However, when moving later to dependent type
theory, the order of the expressions x :  will be
relevant.

CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 3 (b) 3-57



Conte xts

In the following, the capital Greek letters . ("Gamma”),
. (“Delta”) denote contexts.

We write .. ).. s.:.. for “In context , s has type

Examples:
X.:02Yy.0) XVY:O,
X :Float! Int;y:Float) xy:Int
(assuming ground types Float and Int),

X:03y:02) Xy:o02
In case isempty, we writes: Insteadof; ) s:
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Conte xts

If , arecontexts, ; denotes the concatenation of

both contexts, e.g. if
X .0y :02
Z:0
then
; denotesx:0;y:02z:o0,
, denotesz:o;x:0;y: 02
;U :odenotesx : 0y :02uU: 0.
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Simply Typed -Calculus

Variables, occurring in the context, are terms having the
type they have in the context:

X, ) X

Condition on x: x must not occur Iin
Otherwise x : Is overriden by the assumption on x
In

Note that ;x: ; stands for any context, in which x :
OCCuUrs.

Explanation: From the assumption x : we can derive
"
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Example (Assumption)

We will illustrate the rules using a derivation of
y:o! o! o) x%yx:o! o! o
In order to derive it we will need to derive rst
y:o! o! ox:0) yx:o! o

In order to derive that we use twice the assumption rule
and obtain

y:o! o! ox:0) y:o! o! o

and
y:o! ol ox:0) x:o0
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Example (Overriding of Assum.)

We have

but not
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Simply Typed -Calculus

If sis of type ! and t of type , depending on
context ,thenstis oftype under context
. I .
) s: | ) t: (Ap)
) st
Explanation:

Assume we have s of type !
So sis a function, taking an x : and returning
an element of type
Assume we have t Is an element of type
Then we can apply the function s to this t, written
as s t, and obtain an element of type
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Example (Application)

We continue with our derivation of
y:o! o! o) x%yx:o! o! o
We have already derived using the assumption rule

y:o! o! ox:0 ) vy:o! o! o
y:o! o! ox:0 ) X:0

Using the application rule we conclude (note that
o! o! o o! (o! 0)):

y:ol ol 0;x:0) y:0o! o o y:ol o! 0;x:0) X:0
y:o! o! ox:0) yx:o! o (Ap)
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Simply Typed -Calculus

3. Abstraction .

If t Is a term of type , depending on context ;x: ,

then x :tisaterm of type ! depending on context
X o) t: (Abs)
) x it !
Explanation:

If we have under assumption x : shown thatt: |,
then we can form a new -term by binding that x,
and form x .

The result is a function taking as input x : and
returning t . , so we obtain an element of !
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Example (Abstraction)

We nish our derivation of
y:o! o! o) x%yx:o! o! o

We have already derived

y:0o! o! o;x:0) y:ol ol o y:ol ol o;x: o) X:0
y:o! o! ox:0) yx:o! (Ap)
Using abstraction we obtain: (note that
ol o! o o! (o! 0)):
y:ol ol 0;x:0) y:0o! o o y:o! ol o;x: o) X:0 ( p)
. l I . . l
y:o! o! ox:0) yx:o! (Abs)

y:o! o! o) x%yx:o! o! o
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Rules

We had three rules:

1. ;x: ;, ) X:

2.

) s: | .)t: (Ap)

(Abs)
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Rules

1) ;x:; ) x:
IS a special kind of rule, an axiom.

Axioms derive typing judgements without having to
prove something rst (no premises).

(2) The next rule is a genuine rule:

) s: | ) t: (Ap)
) st
It expresses:
Whenever we have derived ) s: !
(for arbitrary context , types ; ,terms)
and whenever we derived ) t:
(for the same ; , but arbitrary term t),

then we can derive ) st:
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Rules

(3) The next rule is similar:

(Abs)

It expresses:

Whenever we have derived ;x: ) t:
(for arbitrary context , types ; , variable x and
term t),

then we can derive fromthis ) x it: !

CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 3 (b) 3-69



Deriv ations

Using rules we can derive more complex judgements:
We start with axioms, and use rules with premises in
order to derive further judgements.

Example 1:
(Note that 02= 0! 0).

X:0) X:0 (Abs)
X 9:x : 02
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Example 2

X:02Zy:.:0) X:02 X:0Zy:.0) Vy:.o0
X:02y:0) Xy:o0

(Ap)

(Abs)

. 0. .
X:02) yYxy:o2 (Abs)

X 921y %:x y : 03

Note that we have the following dependencies in the
derived -term:

( x%: v 1) |{¥}):02! 02= 03
2.0

| —{z-2)
| {z=_}
0l 0= 02

Observe how these dependencies correspond to the deriva-

tion_ahove
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-Reduction

-reduction for typed -terms is de ned as for untyped
-terms.

One has only to carry around the types as well.
Formally we have

(x t)s ! t[x:= 9]
or using the alternative notation for typed -terms
( (x: )t)s ! t[x:= g9

And as before -reduction can be applied to any
subterm.
A subterm (x :t) sofatermsiscalleda -redex

b ) sorafem sis cafleda eres
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Example

(Changes of colour not well visible in black-and-white

copies). ( x93 yo%:x (xy)) ( x°%: yox (xy))
! yori( x%% yoix (xy)) (( x°%: yoix (xy)) y)
yori( x%% yoix (x y)) (( x°%: y%ix (xy)) y)
- yori( x%% yoix (x y)) (( x°%: 2% (x 2)) y)
Lyl x%% Yo (xy)) (2% (Y 2))
yo%( x%%: yox (x y)) ( 2%y (y 2))
yO%( x%%: ulx (x u)) ( z°%y (y 2))
y>e u®( 2%y (y 2)) (( 2%y (y 2)) u)
y>< w2y (y 2)) (( z°%y (v 2)) v)
y
y

N NN

2 u%( %y (y 2)) (y (y u))
U z%y (Y 2)) (Y (y u))
! yoo u®y (v (y (Y u)))

N

o

02
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Theorem

As for the untyped -calculus, the simply typed
-calculus is con uent .

The simply typed -calculus is strongly normalising .

Therefore every typed -term has a unique normal
form, which can be obtained by -reducing the term by
choosing arbitrary -redexes.

Furthermore, two -terms are -equal, if their normal
forms are equal (up to -conversion).
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(c) The -Calculus In Agda

Agda is based on dependent type theory.
This extends the simply typed -calculus.

CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 3 (c) 3-75



The Function Type In Agda

In Agda one writes A -> C for the nondependent
function type.
We write on our slides ! instead of ->.

| tend to use capital letters instead of Greek letters for
types in Agda.

One could of course use as well “alpha”, “beta”,
“gamma’” instead.
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-Terms In Agda

In Agda one writes n (x:: A) -=> r for (x:A):r.

When presenting Agda code we will write  (x::A) ! r
for the above, so meansnand! means -> In real
Agda code.

When reasoning in type theory itself (outside Agda), we
use standard type theoretic notation (x : A):r.

We sometimes omit A, and write simply x:r .
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Notations In Agda

As an abbreviation, one writes
(a;a:: A) |

Instead of
(a::A)! (@A)
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Application In Agda

Application has the same syntax as in the rules of
dependent type theory: Assume we have derived

f » Al B
a . A
Then we can conclude f a:: B.

And -and -equivalentterms are identi ed.
In Agda,
( ((x:A)! x)a=a:

So if B alis a type depending on a, and we have
b:: B athen we have as well

b::B(( (x::A)! x)a) :
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Postulate

In Agda one has no prede ned types, all types have to
be de ned explicitly (e.g. the type of natural numbers,
the type of Booleans, etc.).

In order to obtain ground types with no specic
meaning (like o above), we have to postulate such
types, (or use packages as introduced later).

In Agda the lowest type level, which corresponds to
types in the simply typed -calculus, is called for historic
reasons Set

So in order to introduce a ground type A we write:

postulate A :: Set
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Postulate

We can now introduce other constants.

For instance, In order to introduce a function from A to
B where A and B are ground types, and an element of
type A, we write the following:

postulate A :: Set
postulate B :: Set
postulatef :: A! B.
postulatea :: A.

See exampleP ostulatel.a gda
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Basic -Terms

Assuming the above postulates, we can now introduce
new terms.

We have to give a name and a type to each new
de nition.

Example:

Using the above postulates, we candene b:=f a:B
as follows:

b B
= f a
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Basic -Terms

postulate A :: Set
postulate B :: Set
postulatef :: A! B.
postulatea :: A.
b ::B

=f a

We can as well introduce g:= (x : Ax):A! Aas
follows:
g Al A

= (XA x

See exampleP ostulate2.a gda
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Note on the Agda syntax

Agda demands a blank between = and n (written as
on the slides).

So instead of

g ~Al A
=n(a::A)! a
one has to write
g ~Al A
= n@a:A)! a
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-Terms

Instead of de ning -terms by using directly, it is
usually more convenient to use a notation of the

following kind:
g (a:A)
A
= a
Note that in the above example, the local a overrides
the global a.

See exampleP ostulate3.a gda
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Equiv alence of the two Notations

The two ways of introducing functions are equivalent.
One can check this by de ning two versions:

postulate A :: Set

g Al A

= (a:xA)! a
g® (a::A)

A

= a

Example
exampleEquiv alenceLambdaNotations2.a gda
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Equiv alence of the two Notations

If one then introduces an arbitrary goal, e.g.

Test Al A
=fl lg

Inserts into it the value g, uses goal-menu

Compute WHNF, (for compute weak head normal
form), and does the same with g one obtains twice the
same result, namely

(a::A)! a

The above is a general method for evaluating terms
(e.qg. for evaluating the result of a applying a function to
some arguments).
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-Notation In Agda

In most cases, it is easier to use the second way of
Introducing -terms.

However, -notation allows to introduce anonymous
functions (i.e. functions without giving them names):
A typical example from functional programming is the
map function , which applies a function to each
element of a list:

map ( (x::N)! Sx)
(cons two (cons three nil))

The result would be
cons three (cons four nil)
See exampleMapAppliedT oList.a gda.
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Abbre viation

We can write

h (a,a’:A)
. B

Instead of

h (a:A)
(a%:A)
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Agda and File Paths

Caution : Because Agda is a system built in Linux and
In Linux le paths containing blanks are usually not
used, Agda causes problems when using le paths
containing blanks.

A le path of the form

[csetzer/My Agda/my le .agda
IS Interpreted as “ /csetzer/My” having an extra
argument “Agda/my le .agda”.

Then Agda gets confused.
This Is a particular problem when using Agda under

Windows, since the home directory is within the
directory “Documents and Settings”.

Best workaround in Windows is to create a directory
like C:nagda and put Agda code there.
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Occurrences of Dept. Functions

Internally, Agda has only the dependent function set.

That's why one occasionally sees in code generated by
Agda (e.g. when showing context, when using solve)
types of the form

(h::A)! B

which is a dependent function type where B might
dependon h: A

where B doesn't depend on h at all, so one could use
as well write:

Al B

This happens even if one has originally demanded that
one wants an element of A! B rather than
(h::A)! B.
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Occurrences of Dept. Functions

The problem doesn't occur any more as often as in
previous versions of Agda, and will hopefully vanish in
future.
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Intro

When introducing -terms, there is usually no need to
Introduce the -term by hand.

Assume the following code which postulates A :: Set
and introduces a goal:

postulate A :: Set
f-AD A
=fl lg

If the position is inside the goal, we can use the

goal-menu Intro, in order to obtain a template for the
-term:

f oAl A
= (haflIg! fllg
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Solve

We can now infer the type of the -variable,
automatically using Agda-menu Solve.

This can be done in most cases when the type of a
-variable is needed.

Applied in the above situation we obtain:

f oAl A
= (h=A)! I g

It is recommended to rename the automatically
generated variable h to something more meaningful:

f oAl A
= (a:zA)! fllg
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Solve

In some cases, the types inferred can be simpli ed. For
Instance if we start with
g:((A!' A)! A! A
= (hafltig! f!lg
we obtain using solve
g: (A A A A
= (h=zthz(hAT! AT AL fllg
which can be simplied to
g:((A!' A A)! A
= (aaa:z(A! A! A)! fllg
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Solve

(h(th=z(h=A)! A A Ais((A! A)! A)! A
written in dependent types.

With different variables it reads

(g:=(f “((a:A)! A)! A)I! A

A'! B is an abbreviation for the dependent type
(a:A)! B, where B doesn't depend on a.
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Solve

In general, solve will solve goals, for which there is only
one solution in the current context.
Uniqueness is up to equality in Agda, which is
equality of the normal forms.
Therefore one can often replace the solution given

by Agda by some more readable term, but it will
always be — up to equality in Agda — the same term .
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Re nement

Assume the following Agda code

postulate A . Set
postulate B :: Set
postulatef :A! B
postulatea :: A
D . B

= fllg

Assume that we don't know what to insert.
We only guess that it has to be of the form f applied to
some arguments.

We can see this since the result type of f IS B
(f :A!l B).
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Re nement

Then we can insert f into this goal and use menu
Rene (C-c C-r)

The system shows f f! Ig::B.

We can ask for the type of the new goal f! !g, and get:
fl lg: A

Now we can solve this goal by lling in a and using
rene: f a::B
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Intr oducing New Types

In the -calculus, we introduced abbreviations for types,
like 02= 0! o©

We can do the same in Agda:

postulate A :: Set

A2 . Set
= Al A
A3 . Set
= A2! A2
a2 . A2
= (X A X
a3 @ A3
= (X i A2)! X
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Intr oducing New Types

In the above example we have that the type of a2 is as
well A1 A, since both types are equal: Although a2 is
of type A2 instead of A! A, we can de ne

a2’ = Al A
= a2
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Introducing New Types

We can as well checkthat A! A and A2 are the same

by creating a goal and checking the normal form of A
and A2.

Both expressions reduceto A! A.
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Derivations in Agda

In Agda, rules are implicit.

The rule
f:Al B a

f a:B
corresponds to the following:

A (Ap)

Assume we have introduced:
f Al B,a:A.

and want to solve the goal
fl 1g::B.

exampleSimpleDeriv ation4.a gda
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Derivations Iin Agda (Cont.)

Then we can |l this goal by typing in f a:
flf alg:.B

If we then choose goal-menu Re ne (C-c C-r), the
system shows:

fa:B.
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Let expressions In Agda

When introducing elements of more complicated types,
let expressions are often useful.
They allow to introduce temporary variables.

Let-expressions have the form

leta; Az
— Sl
a LA
= S
an . Anp
— Sn
In t
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Let expressions In Agda (Cont.)

This means that we introduce new local constants

a1 .- A1 = Sy,
a s Ar = Sy,
an o Ap = Sp,

which can now be used locally.
si can refer to all 3 de ned before, including a; itself,

Reference to a; might result in non-termination;
termination will be discussed below.
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Let expressions In Agda (Cont.)

If we are in a goal, we can use the goal menu
Make let expression .

We have to insert into the goal the variables,

separated by blanks, e.g. “a; a, an’.
Agda will construct a template of the form:

leta; i f!lg

=fl lg
a = fllg
=fl lg
ap, .. fllg
=fl lg
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Simple Example

The following function computes (n+ n) (n+ n) forn :: N:

f (n::N)
o N
= letm :: N
= n+n
INm m

See exampleLetExpression.a gda
Note that this version is more ef cient than the function
computing directly (n+ n) (n+ n):

Using let, n + n iIs computed only once,
without let, we have to compute it twice.
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Example

As an example we de ne , assuming A : Setas a
postulate, a function

f:((A! A)! A)! A

We start with the goal

f = (A Al A)! A
= fllg
We use now intr o. After renaming of the variable we
obtain:
f = (A!' A)! Al A
= (aaa:z(A! AI! A)
| fl lg
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Example

We can use a_a_a in order to obtain a provided we have
de ned some functiona a: A! A.

Therefore we rst de ne in an auxiliary de nition
aa:Al A.

In this example we could do this as a global de nition,
but will use here a let expression instead.

We type into the open goal the variables (separated by
blanks) which we want to introduce during this let
expression.

In this example is only one variable a_a, which we type
Into the goal. Then using goal menu “make let
expression ” we obtain (see next slide)
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Example

f = (A" A A A
= (aaa::(A! AI A)!
leta a @ f!lg
= fllg
inf! Ig

We type into the rst goal the type A! A of the variable
a_a and use goal menu Re ne or Give and obtain

f = (A" A A A
(aaa:(Al A)! A)!
letaa : Al A
= fl g

in f! Ig
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Example

We apply Intro to the rst goal and obtain

f = (A A! AI! A
= (aaa:(A! A)!I A)!
letaa o A! A

(hfl Ig)! f! lg

inf! Ig
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Example

Using Solve we get the type of the rst goal A for free:

f = (A" A A A
= (aaa:z(A! A)I A)!
letaa o A! A
= (h:A)! fllg
inf! Ig
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Example

We rename the variable h and obtain:

f = (A" A A A
(aaa:z(A! AI A)!
letaa o A! A

= (a::A)! fllg
inf! Ig
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Example

We solve the goal by typing in a and using Re ne and
are nished with the let-expression:

f = (A" A! Al A
= (aaa:(Al A)! A)!
letaa o A! A
= (a::A)! a
inf! Ig
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Example

We can solve the remaining (main) goal by applying the
variable a a ato a a. We type those values into the
remaining goal and use Give or Re ne and obtain:

f o (A A! A A
(aaa:(A! A)! A)!l
etaa : A! A
= (a::A)! a
InNna aa aa

See letexpressionSubSect2j.a gda
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(d) Logic with Implication

CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 3 (d) 3-117



Propositions as Types

When considering the example of a sorted list, we have
seen already that

formulas (e.g. predicates) can be considered as

types,
where elements of such types are veri cations that
the formula holds ( is true).

formula holds.

The principle to identify propositions (i.e. formulae) with
types is called propositions as types.

SO
Sorted| will be a type,

p : Sorted| will be a witness (proof) that Sorted|
holds.
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Constructive Logic

If p: Sortedl holds, then | should be sorted.

If we have a proof p:: (Sortedl) then | should be not
sorted.
Negation : will be introduced later.

If we know neither that p : Sorted| nor that
p::. (Sortedl), then we know neither that | is sorted nor

that | is not sorted.
Happens e.qg. if | is a variable.

For certain closed quanti ed formula, like A
expressing that for all natural numbers n a certain
formula hold, it might be the case that we can neither

determineap:Anorap:: A.
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Picture

Provably
false

Neither provable
nor provably false
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Postulates as Formulae

If we postulate A : Set, we can consider A as an atomic
formula (i.e. formula which cannot be decomposed
further).

This is similar to a propositional variable (such as
A:B:Cin(A~B)_C)! A).

Formulae like (A~ B) _C)! A) might be generally
true (like A! A), or might be true (like A _C) If
certain of its propositional variables are provably true
and others are provably false.

If we postulate A : Set, we assume nothing about
provability of A, since we assume nothing about the
elements of A.

If we postulate additionally a: A, we postulate that A Is
true.
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Example

We postulate
a set of human beings
a predicate “is student” on the set of human beings,
that John, Mary as human beings,
that Mary is a student:

postulate Human Being :: Set

postulate john :: Human Being

postulate mary :: Human Being

postulate Is Studert :: Human Being! Set
postulate mary _is_studert :: Is_Studert mary
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Constructive Logic

Proofs in dependent type theory will have always a
constructive meaning .

In case of implication the constructive meaning of a
proof of b: A! B will be:

It is a function, which from a proof of A determines a
proof of B.
Thisis what is meantby A! B: if A holds, i.e. If
we have a proof of A, then B holds, i.e. we have a
proof of B.

Sob:A! B isafunction mapping proofs of A to
proofs of B.

This is nothing but the function type A! B.
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Example 1 (Implication)

(x :A)x:A! Aisaproofthat A! A holds:
It takes a proof x : A and maps it to the proof x : A of
A.
In ordinary logic, this -term corresponds to the
following proof that A! A holds:
Assume A.
Then A holds.
Therefore A! A holds.

CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 3 (d) 3-123



Example 2 (Implication)

(x :A! B): (y:A):xylis aproof of
(A! B)! A! B:
Assume a proofx : A! B.

l.e. assume a function x which maps proofs of A to
proofs of B.

Assume a proofy : A.

Then we obtain a proof x y : B.
This proof is obtained by
taking the proof x : A! B, which is a function
mapping proofs of A to proofs of B,
applying it to the proofy : A,
then one obtains the proof x y of B.
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Example 2 (Implication)

In ordinary logic, the -type just introduced corresponds
to the following derivation of (A! B)! A! B:

Assume A! B.

Assume A.

Then from A! B and A we obtain B.
Thisshows (A! B)! A! B holds.
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Shorter Proof

We could have given the following shorter proof of
(Al B)! A! B:

(x:Al B)x:(A! B)! (A! B)

Note that (A! B)! A! Band(A! B)! (A! B)
are the same.

The above given -term corresponds to the following
proof:

Assume A! B.
Then the conclusion, namely A! B holds.

CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 3 (d) 3-126



Curry Howard Isomorphism

That one can write proofs as typed -terms is often

Typed -terms are nothing but proofs of the formula
given by their type!!
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(e) Implicational Logic Iin Agda

We have seen, that implication is nothing but the
function type.

Therefore we can represent implication by ! in Agda.

Elements of formula constructed from ! will be proofs
that the formula holds.
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Example

In the example of Mary and John as human beings and
Mary as a student we can prove that if John is a student
then Mary Is a student as well:

postu
postu
postu
postu
postu

ate Human_Being :: Set

ate john :: Human Being

ate mary :: Human Being
ateIs_Studert :: Human Being! Set
ate mary _Is_studert :: Is_Studert mary

Lemmal o Set

= |Is _Studert john! Is_ Studert mary

proof lemmal ::Lemmal

(X ::Is_Studert john) ! mary is student
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Example (Cont.)

Note that we do not make use of the assumption x Iin
the proof of Lemmal.

If we tried to prove in the above situation the following
wrong Lemma 2:

Lemma?2 . Set
= |s Studert mary! Is_Studert john

proof lemma2 :: Lemma2
= f! Ig

we will fail.
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Example (Cont.)

We can make an intro

proof lemma2 :: Lemma2
(X ::Is _Studert mary) ! f! Ig

But there is no way of solving this goal (except by using
full recursion, i.e. by calling recursively proof lemmaz2,
which violates the termination checker.)

See later more on the termination checker.
So we have shown Lemmal, which is true,
and failed to prove Lemmaz2, which is false.
See maryjohnstudent.a gda

CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 3 (e) 3-131



Example?2

We can introduce the formula (or set) expressing
A! (A! B)! B asfollows:

Lemmal :: Set
=A! (A! B)! B

In order to prove Lemmal we make the following goal:

lemmal :: Lemmal
=fl lg

CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 3 (e) 3-132



Example 2

The type of the goalisA! (A! B)! B.
When the type of goal is an implication, it is usually
shown

unless one has an assumption which matches the
goal directly

by -abstracting from the premises of the implication.
If one uses goal-menu Intro followed by Solve, in order

to Il inthe types of the -variables, this is done
automatically.
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Example 2

One obtains:

lemmal :: Lemmal
= (h:A)! (h1:A! B)! fllg

After renaming of the variables one obtains:

lemmal :: Lemmal
= (a:zA)! (ab:A! B)! fllg

LemmalwasA! (A! B)! B,
we have abstracted from A and A! B,

so the type of the goal is the conclusion of the
implication, namely B.
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Example 2

At the position of the goal we have context a :: A and
a b:A! B, because we have -abstracted those
variables.

Can be checked by using goal-menu conte xt.

We cantakea b:: A! B andapplyittoa:: A in order
to obtain a_ba:: B, which solves the goal.
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Example 2

We obtain the following proof:

lemmal :: Lemmal
= (a:zA)!' (ab:Al B)! aba

This is exactly the same as introducing a -term of type
Al (A! B)! B.

See examplepr oofpr oplogicl.a gda
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Example 2

Note that in this example
a_bis an element of the function type A! B.
ais an element of A
therefore a_bais an element of B,
therefore the typing is correct.
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Example 2

As for -terms, the following is equivalent to the
de nition of lemmal above, and therefore an equivalent
proof of Al (A! B)! B:

lemmal (a:: A)
(a b::A!l B)
. B
= a ba

See examplepr oofpr oplogic2.a gda
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Recursive De nitions

The type checker in Agda allows recursive de nitions .

For instance, the following passes the type checker:
a:A=a

Necessary, since for instance the de nition of + Is
necessarily recursive, i.e. will make use of +:

(+) (n;m ::N)
e\
= casem of
V4 ' n

SmP ! Stih+mY

CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 3 (e)

3-139



Recursive De nitions and Proofs

Recursive de nitions spoil the principle of propositions
as types:

a:A=a
would give a proof of any formula A.
This does not contradict the constructive meaning of

proofs, since the a above does not carry any
constructive information:

If we try to evaluate it, we get the in nite reduction
seguence

al al a! al

We have only a constructive proof p of A if p can be
reduced to a normal form which is a constructive
withess of A.
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Need for Termination Checker

Therefore we need to restrict Agda to terminating
programs.

In fact we only need the restriction to terminating
proofs.

But proofs and programs are so closely tight
together that it is dif cult to separate them —
In Agda we cannot separate termination-checks of
programs from termination-checks of proofs.
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Termination Checker

Agda has a builtin termination checker:
Menu Check Termination .

If the termination check succeeds , all programs
checked will terminate .

Therefore all proofs will be actual proofs of the
corresponding propositions.

If the termination check fails, it might still be the
case that all programs terminate .

(One cannot write a universal termination checker,
since the Turing halting problem is undecidable).

So the proofs might be proofs, or might not be
proofs.
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Termination Checker

One should use the command Check Termination at
the end of a session , Iin order to avoid
black hole recur sion. and non-v alid proofs.
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Examples

a:: A = awill not pass the termination checker.
f Al A= (a:A)! awill pass the termination

checker.

lemma (a b::A! B)
(a:: A)
. B
= lemmaa ba

will not pass the termination checker.

lemma (a b::A! B)
(a:: A)
. B
= a ba
passes the termination checker.
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Termination Checker

In general, the termination checker will check whether

there is any de nition of a constant or a local variable,
which depends on itself.

When later dealing with natural numbers and algebraic
types, we will see that some circularities can be
acceptable and are accepted by the termination
checker.

But until then in general the rule is that recursive
de nitions, in which the de nition of a constant refers
directly or indirectly to itself, are not allowed.
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(f) More on the Typed -Calculus

The -Rule
If we have a functionf : ! | then this function
appliedtoa: givesresultf a.
Ifweapply x f x: ! toa: ,we getthe same
resultf a.
Therefore f is as a function the same as x:.f x (where
X Is fresh).
However, if for instance f is a variable, we don't have
f = xf Xx
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The -Rule

Especially, when working later in dependent type theory
we want to identify as many terms as possible, which

are equal.
This will make it easier to prove certain goals.

-expansion expresses that subtermst: ! can be
-expanded to x:it x (where x does not occur free in t).

Thenanyf : | IS always equal to x:f x w.r.t.
, -reduction (where x is fresh).

One needs to restrict -expansion slightly in order to
obtain a normalising reduction system.

Details can be found on the next few slides, but won't
be treated in the lecture.

We jump directly to the -rule in Agda.
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The -Rule

However, we need to impose some restrictions, in order
to avoid circularities (i.e. that a term reduces to itself)

which destroy normalisation:
If t is of the form y :s and if we then allowed to
expand t, we would obtain the following circularly:

t I xtx x(y:sx ! XSsly=x] t;

If t is applied to some other term, e.g. t occurs astr,
and if we allowed to expand t we would get the

following circularity:

tr ! (xt x)r ! tr

All other terms can be expanded without obtaining a
new redex.
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-Expansion

subterm of a -term

of the formr : |

s.t. r I1s not of the form u :t

and such that r is not applied to some other term
to x :r x, where x does not occur freeinr.

We write
r ! sforsis obtained fromr by the -rule,
r| s for s is obtained from r by using

-reduction or -expansion.
Notions like ! . ,= .,=, ; -normal form,

etc. are to be understood correspondingly.
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Example

Assume f : 03. Then

ro=(f 9% x9%f x)f

| X %%f x

I x%2:yO%f xy (by -expanding f x : 02
to y °%f xvy)

| x%%yOo%f (z%« z)y=:s (by -expanding x : 0?
to z °:x 2)

Note that in the last step, x was not in an applied
position, since f x y stands for (f x) vy.
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Example

There are no more -expansions or -reductions
possible in s:

The terms f and x occur in a position where they are
applied to another term, so they are not supposed to
be -expanded.

z and y are of ground type and therefore not to be
-expanded.
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Example

ro=f %:x%%f x)f ! X 9%:f X
| X %%y Of (z%x z)y=:s

Because s cannot be expanded any further, it is the
;.-hormal form ofr.

Sincef ! x9%f x, the term sis as well the
- -normal form of f :; 03,
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Example 2

If we replace in the above example o by 02 (and therefore 02
by o3 and o3 by 04) we obtain

(f %% x O:f x) f

x %:f x

x %y % xy
X 03:)/02:

X 03:y02:

X 03:y02

X 03:y02

X 03:y02

z%f (U®:voxuv)yz

z%f (U vox(wouw)v)yz

2z %f (U vox (wuw)v)(u®yu)z

which is as well the ;

-normal form of f : 04.
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Intuitive Application of -Expansion

Intuitively, -expansion for terms in -normal form is
obtained as follows:

Consider subterms
r.=1110 th

of the term to be -expanded which are longest,
l.e. they don't occur as

t1 to th th+1

for some ty+1.
Ifr: | itis an -redex.
Otherwise r is of ground type and not an -redex.
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Intuitive Application of -Expansion

If
r:=1t11t th

IS an -redex, expand it to
X 111 th X :

Continue until there are no -redexes left.
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Theorem

The typed -calculus with -reduction and -expansion
IS con uent and strongly normalising.
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-Rule

With the -rule, we obtainthatifr: ! | then
r=. X X
Ifr: | IS of the form u :t then we have
r= X X
X X X (u )x
! X t[u = X]
= u :t
r
Otherwiser ! X I X.

Therefore one can say the rule expresses: every
element of a function type is of the form
X: something .
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-Reduction

In the literature one often uses instead of -expansion
-reduction , which allows to reduce x :r xtor, if x

doesn't occur free inr.

The computation of -reduction is more dif cult than
-expansion, since one has to check, whether x

doesn't occur free inr.

Therefore in the context of interactive theorem

proving, we prefer -expansion.
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-Rule In Agda

In Agda syntax, the -rule would state that if
f Al B
then
f= (X:A)! f x:

-rule Is computationall y expensive and therefore
not implemented .

The lack of the -rule causes sometimes
problems.
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Problem of the Missing -Rule

Most problems of the missing -rule occur in context

with the missing -rule for the product, to be discussed
later.

In case of the -rule for the function type, the problem
occurs if we have
a dependent type C[x] dependingonx : A! B.
know that s[x] : C[x] for some term
and want to prove s[t] : C[t9 wheret = t°
e.g. s[f]: C[x:if x].
C[x] can involve an equality type on A! B, or it

can be a predicate C[x] D x for some
D:(A! B)! Set

In this case it might not be provable that s[t] : C[t9,
although intuitively one expects so.
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Expensiveness of the -Rule

The reason for not having the -ruleis thatitis
computationally expensive.

Whether we can expand sto x :sx depends on,
whethers: ! for some

All other reductions can be applied to terms without
knowing the exact type of the term —
In case of , we need to know this type.

So, in order to allow -rule as part of the reduction
system, we need to carry along with each term (and
as well with each subterm) its type, which requires a
substantial additional overhead.

We will in this lecture omit the remaining parts of this section.
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Remark on Weakening

If we have derived t : under some context, then the
same holds for any other context, which expands the

original one.
Formally, this means: Assume

;) L

Then we have as well

X)) too
provided ;x: ; Isacontext (i.e. provided x does not

occurin ; ).
The process of extending the context is called
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Weakening In Logic

Weakening occurs in many logic calculi as well.

It occurs in natural language reasoning as well:

For instance from “| am living an Swansea” and “In
Swansea the sun is shining” follows “Where | am
living, the sun is shining”.

However, we can derive the above as well from the
additional (unused) assumption “Assuming that | am
a lecturer”.

So we have as well “Under the assumption that | am
a lecturer, where | am living the sun is shining”,
which is a weaker statement.
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Proof of the Remark

Assume a derivation of ; ) t:

Insert at all corresponding positions in the contexts In
the derivation X :
One needs to rename variables, in order to avoid
con icts with x.

The result is a derivationof ;x: ; ) t:
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Example (Weakening)

From the derivation
Yy:0;X:0) X:O(Abs)
y:0) Xx%x:02 y:.0) y:O(Ap)
y:0) (x%)y:o

we obtain a derivation of
y:0;x:0) (x%x)y:o

by inserting in each context in the derivation, aftery : o
the context x : o.
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Example (Weakening)

Y:0;X:0) X:0

o (bs)
y:0) XxX9X:o0 y:0) y'O(Ap)

y:0) (x%)y:o
We obtain the following derivation of
y:0o;x:0) (x%)y:o

Y:0;X:0;X:0) X:O(Abs)
y:0;X:0) X9%Xx:02 Yy:0;X:0) Yy:O

A
y:oX:0) (X%X)y:o (Ap)
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Weakening

Because of the possibility of weakening, we will usually
omit unused parts of contexts.

So aderivationof x : 02y :0) x (xYy):o,whichin full
reads as follows

X:02;y:0) X:.02 X:02y:0) Vy.0
X:02;y:0) X:02 X:02y:0) Xy:o0
X:02Zy:0) X(xy):o

(Ap)
(Ap)

will usually be presented as follows:
X:02) X:.02 y:0) Y0
X:02) X:02 X:02y:.:0) Xy:o0
X.:02y:.:0) X(Xy):o
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Self-Application

We introduced the typed -calculus, in order to avoid

non-normalising terms, as they occur in the untyped
-calculus.

The non-normalising terms we introduced used some
form of self application.

For instance we introduced
I = XX X, (where x was applied to itself)
=1 |

and had
!

In the following, we will investigate, how self-application
IS avoided in the typed -calculus.
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Self-Application

In the simply typed -calculus we cannot assign a type
to x:xx x, l.e.therearenotypes ; sS.t X XX:

Assume we could derive this.
The only way to derive x :x x: Is by the rule of
-abstraction.

Then mustbeequalto ! ;forsome 1, andthe
derivation reads then

X. ) XX: 1
X Xx: 1 1

(Abs)
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Self-Application

X: ) xXx: musthave been derived by the rule of
application, so the derivation must look like this:

X.: ) X: 2! 1 X. ) X:
X: ) XX:1 (Abs)

2 (Ap)
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Self-Application

Theonlywaytoderivex: ) x: 2! qand
X: ) X: 2I1s by using the assumption rule.

Inorderforx: ) x: 2! 1tobe derivable by the

assumption rule, we need = >! 1.

Similarly, in orderto derive x : ) Xx: 5, we need
2 —

Sowe have ! 1= = .

But o= ! 1cannotbe fullled, since »! jis
longer than ».

So we cannot nd types ; S.t. X XX:
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