5. The Logical Framework Judg ements

(8) Jud . # Therefore we have not only the judgement as in the
a) Judgements.

-calculus
(b) Basic form of rules. a:A
(c) The non-dependent function type and product. but as well a typing judgement A is a type, written (as
(d) Structural rules. (Omitted 2006). we have already seen)

(e) The dependent function set and 8-quanti cation. A - Set

(f) The dependent product and 9-quanti cation. » Before deriving a: A, we rst have to show A : Set

(9) Derivations vs. Agda code. (Omitted 2006). » So any derivation of a: A contains implicitly a
(h) Presuppositions (Omitted 2006). derivation of A : Set

(i) The full logical framework
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(a) Judg ements Equality Judg ements

# Agda will identify terms which have the same normal
form.
E.g. s:= (x A:x) r and r will be identi ed.

# Inthe -calculus, itis easy to determine the correctly
formed types.

In dependent type theory the type structure is richer _ _
and more complicated. # |f one needs at some place r, one can insert s instead

: o of r and vice versa.
» Proof steps are required to conclude that something is

a type. # In Agda this is done automatically, the user doesn't see
such equalities.

o There is not even a direct command available in
Agda, which allows to check whether two terms are
equal (this could probably be added easily).

Jump over example.
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Example

postulate A :: Set
postulatea:: A
postulatef :: A! Set

g (a:A)
TA
= a

a A
:ga

p (x:fa)
o f a0
=fllg

exampleSimpleEquality2.a gda

Since a®= ga = a, we can solve the goal by using x.
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Equality Judgements

5-5

# When using the simply typed -calculus, we could
separate the derivation of -terms, from reductions.

# When using dependent type theory as in Agda,
reductions and derivations have to be integrated.

» Traditionally, instead of introducing reductions, one
introduces in dependent type theory equalities between
terms.

» Written as
r=s:A
for r and s are equal elements of set A.
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5-6

Example

# The rule expressing that o(ha;bi) !
style as follows:

areads in this

a:A b:B
o(he;b) =a: A

( -Edp)

#® = is not directed, so we have as well the rule

a=b:A
=== (Sym
b= a‘ A ( y Elem)

® We can therefore derive:
a:A b:B
o(ha;b) = a: A
a= o(hg;b) A

( -Eqp)
(Symgiem)
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Equality of Types

# We will have as well equality between types, written as
A =B : Set

# This is something novel in dependent type theory.

s In simple type theory, there is only one way of writing
a type.
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Examples (Equality of Types)

Examples (Equality of Types)

® Assumef :A! Set
Ifa= al: A, then
fa=f a: Set:

o We used this in the example above:
s There we had

x:f a
and could by f a= f a’conclude

x:f al

Jump over next examples.

® Above we have dened 02= 0! o.
As a judgement this reads:

02=o0! o0:Set:
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Examples (Equality of Types)
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Four Judg ements

s More precisely this follows by the following
derivation (the equality rule used here will be
introduced in Subsect. (d)).

f:Al A a=a%A
x:f a fa=f a%: Set
x: f al

So we have the following 4 types of judg ements :

A : Set “Ais a type”.

A = B :Set “A andB are equal types”.

a:A “ais of type A”.

a=b:A “a and bare equal elements of type A”.

In Agda, only A : Setand a: A are explicit.

36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (a)
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Dependent Judg ements

Conte xt Rule

# As for the simply typed -calculus, in dependent type
theory, judgements might depend on a conte xt.

#® So we obtain judgements of the form

X1 A1 5 Xn An ) A Set
X1:A1: 5 Xp Ay ) A=B:Set
X1:A1 i Xn Ay ) arA
X1:A1;: 0 Xn Ay ) a=b:A

# Note that we didn't require derivations as above in the
simply typed -calculus, since it was easy to verify
whether something is a valid type.

°

In case of dependent types A : Setrequires a derivation

# It can be as complicated to derive A : Setas it is to
derive a judgement b: B:
One can compute from a statement a : A (of which we
don't know whether it is type correct) an expression B
S.t.

a: A holds iff B : Setholds.

36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (a)

Need for Conte xt Rules
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Conte xt Rule

# To derive such judgements requires that we know

A1 : Set

X1:A1 ) Az:Set

X1:A1;X2:A2 )  Agz:Set

X1: AL X2 AgiiiiXn 1:An 1) Ap:Set

» (Later, when we introduce higher types, this
requirement has to be replaced by A; : Type,
X1:A1) Az:Typeetc.)

Jump over next slide

# In order to organise this in a better way we introduce an
additional judgement ) Context for “ is a valid
context”.

what we had above, i.e.:

36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (a)

A1 : Set
X1:A1 ) Az:Set
X1:A1;X2:A2 )  Ajz:Set
X1: AL X2 Al Xn 1:An 1) Ap i Set
5-14 CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (a)



Five Dependent Judgements

» We have therefore 5 dependent judgements:

X1 A1 5 Xn An ) A Set
X1:A1;: 5 XnAn ) A=B:Set
X1:A1 i Xn s Ay ) arA
X1:A1: 0 Xn Ay ) a=b:A
X1:A1;: 5 Xn Ay ) Context
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Example

#® The assumption rule, which in case of the simply typed
-calculus read

X)) X (if x : does notoccurin forany )

reads in dependent type theory as follows (assuming
that x : B does not occur in  for any B):

;X :A; ) Context
XA ) XA

(Ass)

» Similarly we have to deal with the rule introducing
constants.
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Notations for Judgements, Conte

#® (pronounced “theta”) will in the following denote an
arbitrary non-dep. judgement, i.e. one of the following :

s A:Set
s A= B :Set
s a.A,

s a=Db:A.

# , will usually denote contexts.

# We have the same notations as before, i.e.

s ; s the result of concatenating contexts , ,

s ;X :As the result of extending the context by
XA,

s ; Is the empty context.

s We write for; )  usually simply
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Contexts in Agda

# In Agda, we have no explicit judgements depending on
contexts.

» Not needed, since we don't derive judgements using
rules directly.

However, if we have the open judgement
f (x:B)
DA
=fllg
Then we can make use of x :: B for re ning the goal.
So we have to solve the goal in context x :: B.

o o ©

This context can be shown using goal menu Conte xt.
# See exampleSho wConte xt.agda.
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Conte xts in Agda

# Jump over the next example.
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Example: Derivation of doub le

(See exampleDoub leString2.a gda.)
» Wederive
double:= x S'"9:concatx x : ((x : String) ! String) in
Agda, assuming de nitions of String and concat
» We start with
double (x :: String)
.. String
=fllg
# We can insert into the goal concat:
double (x :: String)
;2 String
= f! concat!g
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Example: Derivation of doub le

#® When using goal-menu re ne , we obtain:

double (x :: String)
.2 String
= concatf! !gf! g

# We can check now using goal-menu Type of Goal (or
Type of Goal (unfolded) that the two new goals require
both type String.

#® We can check using goal-menu Conte xt that the
context of both goals contain x :: String.
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Example: Derivation of doub le

#® We insert x into the rst goal and re ne:

double (x :: String)
.2 String
= concatx f! Ig

» Doing the same with the second goal gives:

double (x :: String)
.. String
= concatx x

o We are done.
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double in Type Theory

A derivation of
double:= x S'"9-doublex x
in Type Theory, assuming global constants

String : Set ;
concat : String! String! String ;

is as follows:
We rst derive x : String) Context:

; . Context String : Set
X : String) Context

(Context)
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double in Type Theory

#® We derive x : String ) x : String using the previous
derivation:

X : String) Context
X : String) X : String

Ass
» We derive
X : String ) concat: String! String! String
using x : String) Context as follows:

concat:String! String! String x:String) Context
X : String ) concat: String! String ! String

(Weak)
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double in Type Theory

® We derive x : String ) concatx : String! String using
the previous derivations:
x:String) concat:String! String! String x:String) x:String (0 -El)

x:String) concat x:String! String

# The remaining derivation using the above derivations is

as follows:

x:String) concat x:String! String x:String) x:String

¢ -El

x:String) concat x x:String

double:= x St :concat x x:String! String

¢ -n
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(b) Basic Form of Rules

Four Kinds of Rules

# For each set or type construction we have usually 4

kinds of rules:
(1) Formation Rules.
(2) Introduction Rules.
(3) Elimination Rules.
(4) Equality Rules.

# Additionally there are equality versions of the

formation, intr oduction and elimination

rules .
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(1) Formation Rules

Logical Framework
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Each set and type construction has one such rule.
#® The conclusion of such a rule will have the form:

e

Ca an . Set :

o where C is a set-constructor. ,

s n = 0is possible.

» Later, we will introduce higher levels Type;Kind;:::.
Then we have formation rules with conclusion
Ca an : Type (or : Kind, etc.) and C is called a
Type-constructor , Kind-constructor. , etc.

# Until we have introduced the full logical framework, it
doesn't make sense to talk about List itself, which woulc
have type

List : Set! Set :

The problem is that Set! Setdoesn't make sense
without the logical framework.

# The full logical framework is conceptually more dif cult,
that's why we delay its introduction.

® When itis introduced, we can introduce
List : Set! Set

similarly for all other set formation constructors.
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Logical Framework
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Logical Framework

# Preliminarily, we will be using type theory without the
full logical framework.

# Forinstance, below we will introduce
List A : Set

for any A : Set, the set of lists of elements of A.

# Agda has the logical framework built in, so in Agda List
will be a function Set! Set, in Agda notation:

List (A :: Set)
o Set
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Example 1. The Set of Lists

—AISEL_ (1jst-F)
List A : Set

The set-constructor is List.
List A is the set of lists of elements of A.
The F in the label (List-F) stands for Formation rule.
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Ex. 2: The Set of Natural Number s

Formation rule for the set of natural numbers:

N : Set (N-F)

The set-constructor is N.
Note that the formation rule for N has 0 premises
(therefore the fraction bar is omitted).

Jump over next example and Agda
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Ex. 3: The Non-Dependent Produc

Formation rule for the non-dependent product:

A : Set B :Set( -F)
A B :Set

A B standsfor( ) AB.
The set-constructor is( ).
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Formation Rules in Agda

The formation of a set is usually done by introducing a
constant of a certain set.

Example 1:

List (A :: Set)
o Set
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Example 2: ( )

Agda syntax for introducing the
non-dependent product :

() (A:Set)
(B :: Set)
i Set

is an Agda de nition of this set (more about this
later).

is ASCII symbol 215 (not the letter x).

Remember that there is as well a prede ned versions
of the product in Agda, based on sig.

Intr oduction Rule, Example la
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(2) Introduction Rules

The set NatList of lists of natural numbers with
formation rule

NatList : Set (NatList -F)
has two introduction rules:

nil : NatList (NatList -1p;)

n:N__ 1:Natlist (ot ist-leone)
consn | : NatList

The | in the labels (NatList -1,;), (NatList -l¢ons) Stands
for Introduction rule.
Jump to Example 2

The intr oduction rule introduces elements of a set.

The conc lusion of such a rule will have the form
Ca an . A

where

A is a set introduced by the corresponding formation
rule,

C is a constructor or term-constructor ,

or sets or types themselves).
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Intr oduction Rule, Example 1b
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We generalise the previous example to lists of arbitrary
set.

Lists of elements in A have two introduction rules:

A : Set :
List-l
A Lista sthni)

A:Set a:A . | : List A (List-lcons)
consA al : List A

Note that we need the premise A : Setin order to
guarantee that we can form the set List A.
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Conicting Constructor s

We shouldn't use the same constructors for different
sets. So if we want to use both NatList and List A, we
have to choose a notation like natnil instead of

nil : NatList, similarly for cons

We will usually ignore this distinction, if it doesn't cause
confusion.

Canonical Elements
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Example 2: Natural Number s.

an introduction rule.

Canonical elements therefore always start with a
constructor .
Examples:
0, S(2+ 3)in case of N.
Here 2 stands for S(S 0) and 3 for S(S (S 0)).

nil, cons(1 + 1) (concat(consO nil) nil) in case of
NatList.

The natural numbers N can be considered as being
formed from two operations:

0,
Swhere Sn stands for n + 1.

Using these two operations we can form 0, SO = 1,
S1= 2,...and therefore all natural numbers.

So the constructor s of N are 0 and S.
The intr oduction rules of N are:

0:N  (N-lg)

n:N
NN (N
snonN NS
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Non-Canonical Elements
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Terms can usually be reduced further
Example:

2+3=2+S2 | S(2+2):

The underlying reduction system is essentially a term
rewriting system combined with the -calculus.

Therefore we can apply reductions to subterms.

reduces to a canonical element of that set.

Each element of a set (depending on the empty

context) in dependent type theory will either be a

canonical or a non-canonical element of that set.
Consequence of the normalisation theorem.
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Non-Canonical Elements

E.g. 2+ 3is a non-canonical element of N, since
S (2 + 2) is a canonical element of N.

However, we have
X:N) x:N

and x doesn't reduce to a canonical element of N.

However, if we substitute for x any closed element of
N, we get a canonical or non-canonical element of N.

Jump over Constructors in Agda.
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Constructor s in Agda

In Agda the constructor C of a set A is written as
cap).
If A can be inferred automatically, we can replace the
above by C@ .

As set-constructors, in Agda constructor s are as in
dependent type theory with the logical framework,
i.e. we have

nil@(ListN) :: List N
cong@(ListN) :: (n: N)
I (I :: List N)
' List N
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Constructor s in Agda

Since notations like nil@(ListN) are usually too
cumbersome, it is better to introduce abbreviations:

nil :: List N
= nil@_
cons (n::N)
(I :: List N)
o List N
= cons@ n |
Note that the above introduces nil, consfor List N, and

not for the general case List A for any set A. (That
would require an extra argument A : Set).
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(3) Elimination Rules

Elimination rules allow to take an element of a set anc
compute from it an element of another set.

Example 1: The introduction rule for the non-dependent
product is

a . A b:B ( _I)

ha;b :A B
The elimination rules (indicated by label El) are the rst
and second projections:

c:A B c:A B

( -Elo) ( -El)
o(0) - A 1(c) : B
The equality rules will express o(ha;bi) = a,
1(he;bi) = b,
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Example 2: Addition in N

n:N m: N (N'E|+)
n+ m:N
Equality rules will express
n+ 0= n.
n+ Sm= S(n+ m).
The equality rules show that n is only a parameter,
we are eliminating the second argument m.

Proceeding like this would require one elimination
rule for each function from N we want to de ne .

Instead we will later introduce one generic
elimination rule, which will allow to intr oduce all
functions we expect to be de nab le, including all
primitive- recur sive ones.
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Elimination in Agda

5-49

Elimination for builtin sets has special notation.

For user de ned sets, i.e. those introduced using data,
elimination is realized by case distinction .

Example: De nition of addition in N:

(+) (n;m:N)
=N
= casem of
2! n
(SmY!1 S(n+mH
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(4) Equality Rules

Equality rules will express what happens when we rst
introduce an element and then eliminate it.

For instance if we rst introduce 0: N and then
eliminate it by using (N-El; ) we obtain n + 0.
Now n + 0 should reduce to n.
Since in dependent type theory we don't derive
reductions but equalities, which is the transitive,
symmetric and re e xive closure of ! , we obtain
n+ 0= n:N instead.
The equality rule (indicated by label Eq) expresses
this:

n:N___ (N-Eg, )
n+0=n:N
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Equality Rules

Similarly, if we introduce rst Sm : N and then eliminate
it using (N-El+) we obtain n + Sm which should reduce
to S(n+ m).

The corresponding equality rule is therefore:

n:N m:N
n+ Sm=S(n+ m):N

(N'Eq+ ;S)

Jump over next examples
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Example (Equality Rule)

A third example is if we rst introduce an element
ha;b : A B and then eliminate it using ( -Elp) we
obtain o(ha;h) which reduces to a.

The corresponding equality rule is therefore:

a:A b:B

E
ohachi) = a: A ()
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Example (Equality Rule)

5-53

The rst equality rule for A B is as follows:
a:A b:B
o(he;b) =a: A

In the rst judgement we can derive o(ha;bi) : A as
follows:

( -Edp)

a:A b:B ( 'I)
ha;b :A B
: ( -Elo)
o(ha;h) : A
So itis derived by rst introducing ha;b and then
eliminating it immediately.

The equality rule explains how to reduce that element
(namely to a: A).
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Example (Equality Rule, Cont)

The second equality rule for is similar:
a:A b:B

( -Eay)

(ki) = b: B !
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Example 2 (Equality Rule)

The rst equality rule for + is as follows:

n:N__ (N-Eq, o)
n+0=n:N

n+ 0: N can be derived by rst introducing

O:N
(this is an introduction rule with no premises, i.e. an
axiom)
and then by eliminating it using +, using the following
derivation:

n:N O:N (N-EL, )
n+0:N

The equality rule explain how to reduce n + 0.
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Example 3 (Equality Rule)

The second equality rule for + is a s follows:
n:N m:N
n+ Sm=S(n+m):N

(N'Eq+ ;S)

n+ Sm: N can be derived by rst introducing Sm: N
and then by eliminating it using +:

m : N
—————(N-lg)
n:N Sm:N (N-EL,)

n+Sm:N
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Equality Rules in Agda

Equality Rules in Agda are implicit .

The notation for elimination however indicates already
how the reductions take place.

(+) (nm:N)
N
= casem of
2! n
(SmY!1 S(n+mH

Functions corresponding to elimination are de ned by
telling how elimination operates .
Jump over Reduction Strategy
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Reduction Strategy

The canonical element for an element, which is the
result of an elimination, can always be computed as
follows:

Reduce the element to be eliminated to canonical
form.

Then make one reduction step (Red).
The result will be a canonical or non-canonical
element of the target set.
Reduce it to canonical form.
For instance in case of A B, (Red) are the reductions
o(he;b) ! a
1(he;b) ! b
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Reduction Strategy

In case of (+) , (Red) are the reductions
n+0 ! n.
n+Sm ! S(n+ m).
Note that the second argument is the argument
which we are “eliminating”.
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Example of the Reduction Strategy

Consider for instance the term (1 + 1) + (1 + 0), where
1= S0.

It is constructed by using the elimination constant (+) .

The argument we are eliminating using (+) is the
second one (1+ 0).

So we rst reduce this argument to canonical form:
1+0 ! 1
and obtain

(1+ 1)+ (1+0) ! (1+1+1 (1+1)+S0
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Example of the Reduction Strategy

Now the argument we are eliminating in is in canonical
form, and we can use the reduction rule
X+ Sy | S(x+y)inorder to reduce this term:

1+1)+S0 ! S(1+1)+0

The result is in this case already in canonical form.
If it were not, we would continue with our reduction.
However, even if our example is in canonical form, it
can be further reduced:

S(1+1)+0) ! S(1+1) S(A+s0) ! s(S1H=3
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Equality Versions of the Rules

We have equality versions of the formation,
introduction, and elimination rules.

These express: if we replace the terms in the
premises by equal ones, we obtain equal results .

Example: Equality version of the formation rule for List:
A =B : Set
List A = List B : Set

Example: Equality version of the formation rule for N
(degenerated):

(List-F~)

N = N : Set (N-F7)

CS_336/CS-M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (b)

Equality Versions of Rules

Example: Equality version of the introduction rules for
List:

_ AO. _
A = A”: Set (LiSt-IHiI)
nil A = nil AC: List A
A=A%Set a=a%A 1=1%ListA (List-IZ
n
consA al = consA%a10: List A 0

Example: Equality version of the elimination rule for
(+), N

n=n> N m=m%N (N-EI)
n+m=n% mo: N
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Equality Versions of Rules Example

The equality versions of the rules in questions can be For instance, the formation rule of
formed in a straight-f orwar d way, once one knows _ _
the non-equality version. A:Set B :Set  p
We will often not mention them. A B Set
In Agda they are implicit (part of the reduction can be weakened as follows:
machinery). ) A:Set ) B :Set ( -F)
) A B :Set

Jump over Weakening Rule
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Common Conte xts Example (Cont.)
The convention is that all rules can as well be Consider the sample derivation (assuming A : Seb):

weakened by a common context.
X:Ay:A) y:A

X:A) yAy:Al A

1) 1 ) n) n xAryAy AL AL A

we implicitly introduce as well the following rules

()
)

This means that when introducing a rule

The rst rule used is the rule for -introduction,
weakened by the context x : A.

v 1) 1 , ' n) n The second rule used is the rule for -introduction
;) without any weakening.

This convention will not apply to the context rules
(Contextp) and (Context;) (see later).
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Weakening of Axioms

If we have an axiom

for any judgement
e.g. N : Setor O:N

and we want to weaken it by context , we need to
make sure that ) Context holds.

So we need in the weakened form one additional
premise:
) Context

)
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Example
The formation rule for N
N : Set (N-F)
will be weakened as follows:
) Context (N-F)
) N : Set
5-70
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(c) Nondep. Funct. Type and Proc

We introduce in the following non-dependent versions of the

product and the function set.
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The Non-Dependent Product

Formation Rule

Intr oduction Rule

Elimination Rules

Equality Rules

A : Set BSet( 'F)

A B :Set

a:A b:B ( -I)

he;bi A B
M( -Elg) M( -E
o(c) 1 A 1(c) : B

a:A b:B
( -Eqo)
o(hebi) = a: A °

a:A b:B ( -Eqy)

(b)) = b: B
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The -Rule

The Non-Dependent Function Typ

The -rule does not t into the above schema:

c:A B
c=ho(c); 1(c)i :A B

A : Set B : Set |

Formation Rule -F)
Al B :Set
Intr oduction Rule X:A) b:B Lo-)
(x :Ab):A! B
. l .
Elimination Rule f:A! B a:A (" -El

fa:B

X:A) b:B a:A

Equality Rule
(x :Ab)a=Dbx:=4a]:B

(! -Eq)

As for the typed -calculus, x ”:bis an abbreviation for
(x : A):b.
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Equality Versions of the -Rules

5-73 CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (c)

-Reduction

Equality Version of the Formation Rule

A=A%Set B =BY:Set
A B=A% BO:Set

Equality Version of the Introduction Rule

a=aA b=H1:B ( -7)
he;b = G A B

Equality Versions of the Elimination Rules

c=c®:A B c=c®:A B

-F7)

( -Elp)

09 = o) :A 1(0)= 1(H:B

bx := a] was as for the simply typed -calculus the
result of substituting in b every occurrence of variable x

by the term a (after renaming of bound variables as
usual).

The equality rule is a symmetric version of -reduction

(x*ba ! Hx:=a
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-Equiv alence

As for the simply typed -calculus, terms which differ in
the choice of bound variables (i.e. which are
-equivalent) are identi ed:

E.g. x A:x and y Ay are identi ed.
E.g. x \:ix+ xand y N:y + y are identi ed.

A similar rule applies to bound variables in types
(see later).
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Again the -rule does not t into the above schema:
. |
f ALB
f=x2fx:Al B
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Equality Versions of the ! -Rules

Equality Version of the Formation Rule

A=A%Set B =B"Set 0 -F)
Al B=A% BO: Set

Equality Version of the Introduction Rule

x:A) b=1:B 0 %)
xAb= xAHP: Al B

Equality Version of the Elimination Rule

f=f0%:A!l B a=a’: A
f a=f%°:B

(I -EF)

Jump over subsection on structural rules
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(d) Structural Rules

Conte xt Rules
The empty conte xt

;) Context (Contexto)
Extending a conte xt
) A:Set (Context,)

;X :A) Context

The convention that rules can be weakened by a
common context does not apply to the rules (Contextg)
and (Context;).

CS_336/CS_-M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (d)



Example Derivation (Conte xt Rules)

We assume the following formation rule for the set of
natural numbers:

N : Set (N-F)

With this rule, following the convention on the
previous slide we have as well introduced the rules

) Context (N-F)
) N: Set
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Example Derivation (Conte xt Rules)

The following derives x : N;y : N;z: N) Context
(Note that N : Setis the same as; ) N: Sel:

N : Set (Context)
X :N) Context (N-F)

x:N;y:N) Context (N-F)
X:N;y:N) N: Set (Contexty)
X:N;y:N;z:N) Context
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Assumption Rule

;X A; ) Context
XA ) XA
Side condition must not bind x again:

must not be of the form ©%x :B: 9%Yfor some
op; 00

(Ass)

Otherwise the assumption x : B would override the
assumption x : A.

If x : B occursin , we can only conclude
x:A; ) x:B°

only for the last occurrence of x : Bin
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Example Deriv. (Assumpt. Rule)

We extend the derivation of
X:N;y:N;z:N) Context
above to a derivation of x : N;y : N;z:N) y:N:

X:N;y:N;z:N) Context
X:N;y:N;z:N) y:N
Similarly we can derive x : N;y:N;z:N) z:N:

(Ass)

X:N;y:N;z:N) Context
X:N;jy:N;z:N) z:N

(Ass)
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Example Deriv. (Assumpt. Rule)

Assumption Rule in Agda (Cont.)

The full derivation of rst judgement on the previous
slide is as follows:

N : Set (Context1)
X :N) Context (N-F)
x:N) N:Set  (conext,)
x:N;y:N) Cortext (N-F)
Ny NiziN) cone
X:N;y:Niz:N) Conext o
X N;y:N;z:N) y:N

The above corresponds to a derivation

_|)

a:A) fllg:B (
(a:A)f! lg:Al B

If B is equal to A we can use the assumption rule

directly
a:A) a:A (-
(a:A)a:A! A

in order to solve this goal.
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Assumption Rule in Agda
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Assumption Rule in Agda (Cont.)

When we de ne a function:
f(a:A)
B
=f! g
we can make use of a :: A when solving the goal
fl lg.
This is an application of the assumption rule:
When solving f! !g we essentially de ne

under the assumption a:: A an element f! !g:: B.

More generally we might in the derivation of
a:A) f! !g:B make anywhere use ofa: A, as long

as this is in the context.

(Ass)

a:A) a:A

a:A) s:B (l _I)
(a:A)s:A! B
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Assumption Rule in Agda (Cont.) Weakening Rule (Cont.)

Similarly, when solving the goal

.. Remark: One can in fact show that the weakening rule
f:Al B :
= (@a:A)! fllg can be weakly derived .
e 3 Weakly derived means: whenever the assumptions
inf! 'gwe can make use of a:: A. of the rule can be derived in the complete set of
In fact when solving the above, we implicitly use the rules we provide, then as well the conclusion.
rule However, this can't be derived from the premise the
a:A) fllg:B ! P

L) conclusion directly.
(a:A)f! lg:A! B

An exception is when we additionall y assume some
Sowe havetosolvea:A) f! !g:B inorderto

judg ements for instance A : Set(corresponding to

derive “postulate” in Agda).
(a:A):f!'lg:A! B Then ) A: Setdoesn't follow without the
weakening rule.
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Weakening Rule Example Deriv. (Weak. Rule)

. 0) .+ 0) Context We derive a: A;b: B ) a:A, under the global
(Weak) assumptions A : Set B : Set
. . 0) p
. . A:Set
- ——=—=  (Context
- stands for an arbitrar y non-dependent judg ement. A Set Contortyy  BiSeL__ @A) Comtex EWOena(Ii)X 1)
This rule allows to add an additional conte xt piece W (Ass) a'Aét:)"AB)) B(::i;text (Contexty)
( ) to the conte xt of a judg ement. — v SE— - (Weak)
The judgement ; °) s weakened by . o
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Example Deriv.2 (Weak. Rule) General Equality Rules (Cont.)

We derivex :A! (B C);y:A) x:A! (B OQC),

under the global assumptions A : Set, B : Set, C : Set Transitivity.
B:Set C:Set( p A=B:Set B=C:Set g
A : Set B C: St( F) A= C: Set
|
. . ' —_— .
A:Set x:A! (B C)) Context (Weak) a=c:A
x:Al (B C)) A:Set Transfer
(COnteth) ...........
. I . .
x:Al (B C);y:A) Context (Ass) a: A A =B Set

Xx:Al (B C)y:A) x:A! (B C) 2B (Transfer)

a=b:A bA 5 B : Set (TranSfeﬁ)
a=
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General Equality Rules Example Deriv. (Gen. Equal. Rule
Re e xivity.
A : Set NSt conten
m (Re Set) yZN) Context No_r::te ‘
- ’ e y:N) N:Set (Con text 1) —N:Set
a: A Ny .
S (Re Elem) N:Set Con tox 1 y:N;x:N) Context (s9) y:N) Context (
a=a:A y:N) Context y:N:x:N) x:N y:iN) y:N .
.. . ————— (As9) ’
(Re e xivity can be weakly derived, except for global yN) yN y:N) (x ":x) y=y:N S o)
assumptions). y:N) y+0=y:N ’ y:N) y=( x N:x) y:N (rrans )
em
Symmetry y:N) y+0=( x N:x) y:N @
A =B : Set (SyMeey) y Niy+0= y Ni(x Mix) y:NT N
B = A:Set
a=b:A
= (SymEIem)
b= a:
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Example Deriv. (Gen. Equal. Rules)

In the previous derivation, the most complicated step
was:

N:x:N) x:N : N N
y ) . y:N) viN | gq
y:N) (xVx)y=y:N

This is an example of the equality rule for the
non-dependent function set:

x:A) b:B a:A (I -Eq)
(xA:ba=Hx:=a]:B

with A:= B := N,b:=x,a:=y.

Therefore fix := a] = y.
This instance of the rule was weakened by an
additional context y : N.
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Example Deriv. (Gen. Equal. Rules)

Note that from the premises of that rule

"N;x: N XN "N N
y ) . y:N) vy (I -Eq)
y:N) (xVx)y=y:N
we can derive using the introduction and elimination
rule
y:N) (xNx)y:N
as follows:
y:N;x:N) x:N
y:N) xN:x:N! N
y:N) (xN:x)y:N

(t -

y:N) y:N 0 -El
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Example Deriv. (Gen. Equ. Rules)

The equality rule expresses how the function x N:x
applied to y is evaluated as follows:
We evaluate the body of the function (x) by setting
for x the argument of the function (y).
This is the same as substituting in the body for x the
argument of the function, i.e. y.

This explains how the detour above of rst introducing
and then eliminating an expression can be reduced
(namely to y or in general to bx := a]).
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Substitution Rules

The following rules can be weakly derived:

Substitution 1
XA ) ) a:A
; Ix=a]) [x:= 4

( 9x := a] is the result of substituting in °all occurrences o
x by a).

(Substy)

Substitution 2

x:A; %) B:Set ) a=a’:A

(Subsb)
- Ox:= a]) B[x:= a]= B[x:= aJ: Set
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Substitution Rules

Substitution 3

x:A; 9 b:B a=a’: A
) ) (Substs)
» Ix:=a]) bx:=a]=Hx:= aj:B[x:= 4]
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Example Deriv. (Substitution)

- (Ass) —————————— (As9)
X:N;y:N) x:N Xx:N;y:N) y:N N
e

X:N;jy:N) x+y:N O:N
y:N) O+y:N
yN:0+y:N! N

(Subst 1)

(r-n
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Example Deriv. 2 (Substitution)

%(Contextl)
z:N) Context (N-F)
ZN) Nset (Contextl) NSet ((
z:N;u:N) Context (Ass) z:N) Context 0
Zz:N;u:N) u:N z:N) zN
(N-Is) (
z:N;u:N) Su:N z:N) z+0= z:N (
Z:N;x:N;y:N) x+vy:N z:N) S(z+0)=S z:N
y:N) x+y ) S(z+0) (Substs)
Z:N;y:N) (S z+0)+ y=S z+y:N 0 -)
zN) y V(S z+0)+ y)= y V:Sz+y:N! N (¢ )
zN:y N(Sz+0)+ y= zN:y N:Sz+y:NI NI N
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(e) The Depend. Function Set and

The dependent function set is similar to the
non-dependent function set (e.g. A! B), except that
we allow that the second set to depend on an element
of the rst set.

Notation: (x : A) ! B, for the set of functions f which
map an element a: A to an element of B[x := a].

In set-theoretic notation this is:

ff jf function
Ndom(f) = A
"8a2 A:f(a) 2 B[x:= alg
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Example (Dep. Function Set)

Example (Dep. Function Set)

Let Genderbe the set of genders,
informally written

Gender= ffemale maleg : _
since we don't have
Let for g : Genderthe set

Namesg

be the collection of names of that gender, e.g.
informally written

Namesfemale= f Jill; Sarag,
Namesmale= f Tom; Jimg.

Note that for instance we don't have

g Gender-Tom ! (g: Gender)! Namesg

( g Gende" . Tom) female: Namesfemale
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Example (Dep. Function Set)

Rules of the Dep. Funct.

Set

‘™

De ne Formation Rule
select : (g: Gender)! Namesg A:Set x:A) B:Set
selectfemale = Jill (x:A)! B:Set
selectmale = Tom

Introduction Rule

selectselects for every gender a name. X:A) b:B (!

selectmale will be an element of xAb:(x:A)! B
Namesmale= (Namesg)[g := male]

It wouldn't make sense to say (selectmale) : Namesg,
without knowing what g is.

-F)

36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (e) 5-106 CS_336/CS_-M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (e)

™



Rules of the Dep. Funct. Set

Equality Versions of the above

Elimination Rule

. . | .
f:(x:A)! B a:A 0 -El)
f a:B[x:= a]
Equality Rule
X:A) b:B a:A (I -Eq)

(xA:b)a=bx:= a]: B[x := 4]

Equality Version of the Formation Rule

A = AC: Set
(x:A)!

x:A) B=B%Set
B=(xx:A9! BPO:Set

-F7)

Equality Version of the Introduction Rule

x:A) b=H:B
x A:b= x AP (x:A) !

(

)
B

Equality Version of the Elimination Rule

f=f%x:A)! B a=a’A
fa=f%°:B[x:= 4

(I -EF)
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The -Rule Non-Dep. Funct. Set as an Abbre:
The -rule has a special status: The non-dependent function set
-Rule Al B
f:(x:A)! B .
A( ) (! can be regarded as an abbre viation for the
f=x"fx:(x:A)! B dependent function set
As before, the -rule expresses that every element of (x:A)! B :
(x:A)! B is of the form x A:something S ’
The -rule cannot be derived, if the element in question where B does not depend on x.
is a variable. As for the product one can see that the rules for the
non-dependent function set are special cases of the
rules for the dependent function set.
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The Dep. Function Set in Agda The Dep. Function Set in Agda

We have seen that the non-dependent function set is Elimination is application using the same notation as
writtenas A! B in Agda. before.
The notation for the dependent function set is E.g.,iff i (x:A)! Canda:A,then
(x: A)! C. fa:xClx:=al
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The Dep. Function Set in Agda Abbre viations

Elements of (x :: A) ! C are introduced as before by We can write
using
either -abstraction, i.e. we can de ne (nmzN) I A
f = (x:A)! B instead of
= (x:A)! b

(n:N)! (m:zN)! A
Requires that b:: B depending on x :: A.
Note that the type B of bdepends on x :: A.

or by writing
f (x:A)
T B
= b
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(X 2 A)! vs. (X A)!

Sometimes users of Agda (including the lecturer
himself) confuse (x :: A) ! and (x:A)!

Happens probably because of the similarity of both
notions.
(x::A)! B is aset (or type).
the set/type of functions, mapping x :: A to an
element of type B.
Therefore it makes sense to talk about
si:((x:A)!I B).

36/CS-M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (e) 5-116

(X 2 A)! vs. (X A)!

(x:A)! tisaterm.
the function, mapping an element x :: A to the
element t.
It does not make sense to say s is an element of a
function.
Correspondingly it does not make sense to talk
abouts:( (x:A)! t).
( (x:A)! t)never occurs in a position where a
set/type is required.
It therefore never occurs on the right hand side
of :.
It does however make sense to talk about
( (x:A)! t)::B for some set (or type) B.
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The “select”™-Name Example in Ac

The code for the select-Name example in Agda is now
as follows (the rst de nitions are as before):

data Gender = female j male
data femaleNames = Jillj Sara

data maleNames  =Tom j Jim
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The “select”-Name Example in Ac

Names (g :: Gender)

i Set
= case g of
(female) ! femaleNames
(male) ! maleNames
select ::(g:: Gender)! Names g
= (g:: Gender)! case g of
(female) ! Jill
(male) I Tom

See exampleNamesFunction2.a gda.

™

CS_336/CS_-M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (e)



The “select”-Name Example in Agda

Alternatively, select can be de ned as follows:

select (g:: Gender)

Names
= caseg of
female ! Jill
male I Tom
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The “select’-Name Example in Agda

An attempt to de ne select s.t. select male is not in
maleNames, e.g.

select male = Jill
or that select female is not in femaleNames, e.g.
select female = Tom
will result in a type error.
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Predicate Log. in Dep. Type Theo

We have already seen how to represent the
propositional connectives and decidable atomic
formulae in Agda and therefore as well in dependent
type theory:
Implication
Al B

is represented as the nondependent function set
Al B

Conjunction
A™B

is represented as one of the two versions of the
product of A and B.
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Predicate Log. in Dep. Type Theo

Disjunction will be introduced later (as the disjoint
union).

: A has been introducedas A! ?.

Iff :Aq! I A, ! Boolis a function, we can
represent the predicate “f a; an IS true” as

atom (f a1 an)

Jump over next slide
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Predicate Log. in Dep. Type Theo.

The de nitions of : A, atom rely on the rules for ?, >,
Bool and atom.

They have been only introduced in the -calculus (and
the rules for atom have not been introduced at all), but
not yet in the context of dependent type theory.

They will be introduced in detail later.

In this Subsect. we will deal mainly with the predicate
calculus in Agda.

Therefore an understanding of the rules as they occur

in the -calculus (or in case of atom an understanding of

how to use it in Agda) suf ces .

The rules of the typed -calculus can easily be
translated into type theory.

Univer sal Quanti®cation
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Predicate Log. in Dep. Type Theo.

8xA:B is true iff, for all x : A there exists a proof of B
(with that x).

Therefore a proof of 8x~:B is a function, whic h takes
an x:A and computes an element of B.

Therefore the set of proofs of 8x*:B is the set of
functions, mapping an element x : A to an element of B

This set is just the dependent function set
(x:A)! B.

Therefore we can identify 8x”:B with (x : A)! B.
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We will investigate, how to represent universal and (in
the next section) existential quanti cation in dependent
type theory.

Since we have many types, we have to write when
using quanti ers explicitly the type, the bound variable
IS ranging over:
We write therefore

8x : A:B or 8x":B for

“for all x of type A, B holds”

(where B usually depends on x);

9x : A:B or 9x” B for
“there exists an x of type A, s.t. B holds”
(again B usually depends on x).

‘™

8 in Agda
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8xA:B is represented by (x : A) ! B in Agda.
Remember that 8x : A:B is another notation for
8x":B.

As an example,

we de ne a <-operation on Bool using < tt is true
and b< His false, otherwise.

Then we show 8xB°%:: (x < x).
See examplepr oofpr oplogic10b.a gda.
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Example (8, Cont.) LessBool, Long Version

First we de ne a Boolean valued less-than relation on Proving properties for LessBmlLongis more
Bool as follows: complicated since the proof usually requires the same
more complicated case distinction.

LessBml (a;b:: Bool _ . . .
(__ ) It is usually easier to proof properties for versions of

o Set functions, in which the number of case distinctions is
= casea of reduced to a minimum.

(tt) !

() ' b

Explanation of this de nition:
if ais true, then ais never less than b.

if a is false, then a is less than biff bis true, so the
truth value of LessBml a bis the same as b.

‘™
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LessBool, Long Version Example (8, Cont.)
Then we de ne (<) as follows
(<) (a;b::Bool)
o Set
The above de nes the same function as the following = atom (LessBwl a b)
long version:

LessBwlLong (a;b:: Bool) :: Set

= casea of
(tt) ' casebof f(it) ! ;
() ' g
() ! caseboff(tt) ! tt;
() ! g9
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Example (8, Cont.)

(<) can be used in x, i.e. we can write a< bfor (<) ab.

We introduce Not A:

Not (A :: Set)
o Set
= A! False

The statement that (<) is antire e xive is
8aB°%:: (a< a)
which is represented in Agda as follows:

Lemma4d :: Set
= (a:Bool)! Not(a< a)

Example (8, Cont.)
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Example (8, Cont.)

Lemmad= (a::Bool)! (a< a)! False

We want to prove Lemma4.

A proof of Lemma4 will be an element
lemma4::Lemma4.

So we have to solve the following goal:

lemmad :: Lemma4
= fllg

The type of the goal is

Lemmad= (a::Bool)! (a< a)! False

Lemmad :: Set
= (a:Bool)! Not(a< a)

Since Not (a< a) = (a< a)! False we have

Lemmad4 = (a: Bool)! Not(a< a)
(a::Bool)! (a< a)! False
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Example (8, Cont.)

‘™
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lemma4 :: Lemma4d
= fllg
Type of goal is Lemmad= (a::Bool)! (a< a)! False
An elementof (a::Bool)! (a< a)! Falsecan be

introduced by -abstracting (a:: Bool) and
(aa:: (a< a)):

lemmad4 : Lemma4d
= (a::Bool)!
(aa::a< a)!
fl lg

The type of goal is now the conclusion of
(a::Bool)! (a< a)! False namely False
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Example (8, Cont.)

lemma4 :: Lemma4
= (a::Bool)!
(aa::a< a)!
fl lg
Type of goal is False

We need to make use of our assumptions, namely
a: Boolandaa: a< a.

a< bis de ned by case disjunction on a and b.
Unless we know thata= tt ora= , we don't
know much about a< a.

So it seems to be a good step to make case
distinction on a.
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Example (8, Cont.)

lemmad4 : Lemma4
= (a::Bool)!
(aa::a< a)!
casea of
(t) ' fllg
() ' fllg

The type of both goals is the same as before, namely
False since it didn't depend on a.
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Example (8, Cont.)

lemma4 :: Lemma4
= (a:: Bool)!
(aa::a< a)!
casea of
(t) ' fllg
() ' fllg

However, we know now more about the assumptions

aa:a< a
In case ofa= tt, we have a< a= (it < tt) = False
Incaseofa= ,wehavea<a=( < )= False

‘™
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Example (8, Cont.)

lemma4 :: Lemma4
= (a:: Bool)!
(aa::a< a)!
casea of
(t) ' fllg
() ' fllg

Since in both goals we have aa:: (a< a) = Falseg we
can can make case distinction on aa, which is the empty
case distinction.

™
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Example (8, Cont.)

(f) The Dependent Product and 9

We nish our proof as follows:

lemma4 : Lemma4d
= (a:: Bool)!
(aa::a< a)!
casea of
(tt) ' caseaa off g
() ! caseaa off g

The dependent product is similar as the non-dependent
product (e.g. A B), except that we allow that the
second set to depend on an element of the rst set.

The type theoretic notation is
(a:A) B

Elements of (a: A) B are pairs
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Example (8, Cont.)

Q
e’
S.t.
al: A
K: Bla:= aj.
5-139 CS_336/CS-M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (f) LS

Example 1 (Dep. Products)

In the previous example,
the type of goal was Falseg
and aa: False

So, instead of using the empty case distinction directly,
we could have as well inserted aa in those goals:

lemmada :: Lemma4d
= (a::Bool)!
(aa::a< a)!
casea of
(tt) ' aa
() ! aa

One example for its use are the set of sorted lists:

Sortedl is a predicate on NatList expressing that | is
sorted.

An element of
SortedList:= (I : NatList) Sorted|

is a pair
H; pi
S.t.

| : NatList,
p : Sortedl, i.e. pis a proof that | is sorted.

So elements of SortedList are lists | together with a
proof that | is sorted.
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Example 2 (Dep. Products)

Remember the Genderexample as in the last section:
Gender= fmale female :
For g : Gender
Namesg
is a collection of names of that gender, e.g.
informally written

Namesmale= f Tom; Jimg,
Namesfemale= f Jill; Sarag.

The set of names with their gender is the set of pairs
hg;ni s.t. gis a Gender and n : Namesg.

This set is written as

NamesWithGender.= (g : Gender) Namesg
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Rules of the Dependent Product

Formation Rule

A : Set X:A) B:Set(_F)
(x:A) B:Set

Introduction Rule

x:A) B:Set a:A b:B[x::a]( )
ha;bi : (x:A) B
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Extra Premise in the Introd. Rule

In the last introduction rule, an extra premise
x:A) B :Setwas required.

This is required in order to guarantee that we can
form the set (x : A) B.

In case of the non-dependent product, this premise
was not necessary:

a: A and b: B indirectly implies that we know A : Set
and B : Set, from which it follows A B : Set

‘™
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Example

Assuming we have de ned the set of genders
Gender: Setand the set of names
g: Gender) Namesg: Set we can introduce the set

NamesWithGender.= (g: Gender) Namesg : Set
by using the formation rule:

Gender: Set  g: Gender) Namesg: Set
(g: Gender) Namesg: Set

(-

™
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Example

Furthermore we can introduce
hmale Tomi : NamesWithGender

as follows:
male:Gender

:(g: Gender) Namesg

g:Gender) Namesg:Set
hmale Tomi

Tom:Names male ( )

Note that we need the premise
g: Gender) Namesg: Set

Otherwise we only know that Namesmale: Set, but not
that Namesfemale: Set

Jump to the elimination rules for the product.

36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (f) 5-147

Example

Note that we don't have
Hemale Tomi : NamesWithGender
since we don't have
Tom : Namesfemale

So here dependent types prevent errors. In an ordinary
programming language without dependent types, we
can't de ne a corresponding type NamesWithGender
which allows at compile time to de ne

hmale Tomi : NamesWithGender

but not
Hemale Tomi : NamesWithGender
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Rules of the Dependent Product

Elimination Rules

c:(x:A) B ( -Elo) c:(x:A) B ( -Elp)
o(c) 1 A 1(0) 1 B[x = o(c)]
Equality Rules
Xx:A) B:Set a:A b:B[x := a]
-E
o(he;hi) = a: A (-Eo)
Xx:A) B:Set a:A b:B[x = a]( Eqy)

1(ha;bi) = b: B[x := 4]
Note that the last two rules require the extra premise x : A)

B : Set(which is not implied by the premises).
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Example

‘™

In the “Namesexample we have that, if
a : NamesWithGender then o(a) : Genderand
1(a) : Names o(a):

a: (g: Gender) Namesg( Elo)
-Elg

o(a) : Gender

a: (g: Gender) Namesg

( -Eh)
1(a) : Names o(a)
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Example

Furthermore

male: Gender

o(hmale Tomi)
therefore
Names o(hmale Tomi)

Namesmale

Equality Versions of the above

1(hmale Tomi) = Tom: Names o(hmale Tomi)
therefore as well
1(hmale Tomi) = Tom: Namesmale
36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (f) 5-151

Rules of the Dependent Product

Equality Version of the Formation Rule

A=A%Set x:A) B=B0Set )
(x:A) B=(x:AY BOY:Set

Equality Version of the Introduction Rule

Xx:A) B:Set a=a%A b=b:B[x:= 4]

We have the following -rule:

c:(x:A) B
c=ho(c); 1(0i:(x:A) C

As before, the -rule expresses that every element of
(x : A) B is of the form hsomething,; somethingi.

(-)

The -rule cannot be derived, if the element in question
is a variable.

( -17)
;b = O : (x:A) B
Equality Versions of the Elimination Rules
c=c:(x:A) B R c=c%(x:A) B
“Elo
0o(0 = o(c): A 1) = 1(ch:Bx:= o(0)]
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The Non-Dep. Product as an Abbr
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The non-dependent product A B can now be seen as
an abbreviation for (x : A) B for some fresh variable
X.

Taking A B as an abbreviation, we can see that the
rules for the non-dependent product are special
cases of the rules for the dependent product .

Jump to the dependent product in Agda.
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The Non-Dep. Product as an Abbrev.

More precisely this can be seen as follows:

From A : Setand B : Setwe can derive
X :A) B :Setusing the weakening rule.

Therefore the premises of the formation rule for
the non-dependent product imply those of the
formation rule for the non-dependent product.
From a derivation of a: A we can derive A : Set(we

need the concept of presupposition for that, as
introduced later).

Therefore the premises of the intr oduction rule for
the non-dependent product imply those of the
dependent product .

Similarly for the elimination, equality and -rule.

The Dependent Product in Agda

The same applies to the dependent product using data.
Assume A :: Set, and B :: Set, possibly depending on
a:A.

Then we can form

AB = dataprod(a:: A) (b::B) :

Elements of this set can be introduced in the same
way as before, i.e. if a%:: A and b°:: B[a := a9 then we
can form

prod@ a’t’:: AB :

Note that b°:: B[a:= a9, so the type of b’ depends on
al
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The Dependent Product in Agda The Dependent Product in Agda

In Agda, the record type allows already dependencies
of later sets on previous ones:

Assume A :: Set, and B :: Set, possibly depending on

a:A. casec of

Then we can form sigfa :: A;b:: Bg. (prodab) !
Elements of this set can be introduced in the same

way as before, i.e. if a%:: A and i°:: B[a := a] then we

can form

Furthermore, if c: AB, then we can apply case
distinction and obtain

structfa= a®b= by ::sigfa:: A;b:: Bg :
Note that b°:: B[a:= aJ, so the type of b’ depends on
0
al
Furthermore, if c: sigfa:: A;b:: Bg, then c:a:: A and
c:b::Bla:= ca.
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The “Names”-Example in Agda The “Names”-Example in Agda

Although we haven't introduced yet a notation for Note that in the above example we have
algebraic data types, the following is readable for those
familiar with Haskell:

Names male = maleNames = data Tom j Jin
Names female femaleNames data Jill j Sare

Further we have for instance

data Gender male j female

structf g=male,n=Tomg :: NamesWithGender

data maleNames = Tom j Jim
whereas we don't have
data femaleNames = Jill j Sara structf g=male,n=Jillg :: NamesWithGender
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The “Names”-Example in Agda Existential Quanti®cation

9xA:B is true iff there exists an a: A such that B[x := a]

Names (g :: Gender) .
- Set is true.
= case g of Therefore a proof of 9x*:B is a pair ha; pi consisting
(male) | maleNames of an element a: A and a proof p of B[x := a].
(female) | femaleNames Therefore the set of proofs of 9x*:B is the dependent
product (x : A) B.
NamesWithGender :: Set We can identify 9x*:B with (x : A) B.
= sig
g :: Gender

n:: Names g

See exampleAllNames.a gda.
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9in Agda

9xA:B is represented therefore in Agda by one of the
two dependent products in Agda.

Using meaningful names, we can de ne 9x*:B as
follows:

Versionl :: Set
= sig
a . A
b : B[x:= 3]

Version2 :: Set
= dataexists(a:: A) (b: B[x := a])
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9 in Agda

Above B|[x := @] is the result of substituting in B for x the
variable a.
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Example (9)

As an example,
we de ne negation neghool on Bool,
de ne an equality (==) on Bool,
and show 8aB°°:91P00l:a == neghool b.

See examplepr oofpr oplogicll.a gda.
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Example (9, Cont.)
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neghool is de ned as follows:

neghool (a:: Bool)
Bool
= casea of
(tt) !
() ' tt
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A Boolean valued equality on Bool is de ned as follows:

EqBool (a;b:: Bool)
Bool
= casea of
(t) ' b
() ! negloolb

Then we de ne

(==) (a;b::Bool)
Bool
= atom (EgBool a b)
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Example (9, Cont.)

(==) can be written in x, i.e. we can write a== bfor
(==) ab.
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Example (9, Cont.)

In order to introduce the statement mentioned above,
we introduce rst the formula 9b8°°:a == neghool b
depending on a: Bool:

LemmaS5aux (a:: Bool)
o Set
= sig
b : Bool
ab :: a== neghoolb

The statement 8aB°°:91P°%:3 == neghool bis now as
follows:

Lemma5 :: Set
= (a::Bool)! |Lemmabauxa
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Example (9, Cont.)

A proof of Lemmab is an element
lemma5:: Lemma5

and we get the goal

lemma5 :: Lemmab
= fllg

The type of goal is
Lemma5 = (a: Bool)! Lemmabauxa

Any goal of function type is usually best solved by using
-abstracting.

™
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W
Lemma5 :: Set e get
= (a: Bool)! Lemmabauxa lemma5 = Lemma5s
= (a:: Bool)
We get I casea of
lemma5 : Lemma5 tt) ! fllg
= (a:: Bool) () ! flig
I fllg
The type of the goal is
Lemmab5auxa = sig
b : Bool
ab :: a== neghool b
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Example (9, Cont.) Example (9, Cont.)

lemma5 :: Lemmab lemma5 :: Lemmab
= (a :: Bool) = (a:: Bool)! casea of
I fl g (t) ' fllg
Type of goal is () ! fllg
sig In case of a = tt, the type of goal is
b : Bool _
ab :: a== neghool b Lemmabauxtt = sig
b : Bool

: : : ab : tt == neglool b
We cannot show this goal universally for all a directly. J

We have to provide a different b depending on So we can use goal menu intr o and obtain:
whethera= tt ora=

So we need to make case distinction on a.
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Example (9, Cont.)

lemmab Lemma5b
= (a::Bool)! casea of
(tt) ! struct
= fllg
= fllg
() ! fllg
The rst goal can be solved by setting b:=
Then the type of the second goal is
(tt == negloolb) = (tt == neghool )
= (it == tt)
= True
which can be solved by setting ab:= true.
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Example (9, Cont.)
So we get:
lemmab Lemma5b
= (a::Bool)! casea of
(tt) ! struct
= true
() ! fllg
In case a= , we use again intro and obtain:
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Example (9, Cont.)

lemmab Lemmab
= (a:Bool)! casea of
(tt) !
() !
The case a =

setting b= tt, ab= true.

struct

b

ab

struct

b

ab =

true
fllg
fllg

can be solved in a similar way by
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Example (9, Cont.)
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The resulting proof is as follows:

lemmab Lemmab
= (a:Bool)! casea of
(tt)
()

struct
b
ab

struct
b
ab

= ftrue

= tt
= ftrue
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Comple x Example

We assume A; B : Setand equality relations on A; B:

postulate A . Set
postulate EqA :: A! A! Set
postulate B .. Set

postulate EqB :: B! B! Set

We will introduce
the disjoint union AB of A and B
an equality EQAB on AB

and show that if EQA and EqB are symmetric, so is

EqAB.
See exampleDisjointUnionEqual.a gda.
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Equality Sets
EqgA (and EgB) could be decidable equalities,
i.,e. EQA= (a;b:: A)! atom (eqboolA aby),
where eqboolA :: A! Al Bool,
Or an undecidable equality.
E.g. the equality on N! N is in standard logic
f =g: 8nN:if(n)=g(n)
which reads in Agda as follows:
EgQN.N (f;g::N! N)
Set
= (n:N)! fn==gn
where == is the equality on N.
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Undecidab le Equalities

The last equality is undecidable, since in order to check
whether EQN_N f g holds we have to check for all n : N

whether f n = gn holds
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Comple x Example (Cont.)

The formation of A + B is straightforward:

(+) (A;B :: Set)
o Set
= datainl(a: A)jinr(b:: B)

inl stands for in-left , i.e. left injection.

inr stands for in-right , i.e. right injection.
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Comple x Example (Cont.)

We de ne the equality EQAB on A + B as follows:
Assume ab;alP: A + B,

If one is of the form inl a and the other of the form
inr b, then EQAB abalf’ should be false, so we de ne

EQAB (inl a) (inr b) = EgAB (inr b) (inl a) = False :

If they are of the form inl a and inl a% respectively,
then EqAB abalshould be true if EqA a a’holds.
This can be achieved by de ning

EgAB (inl a) (inl &% = EqA aa’ :
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Comple x Example (Cont.)

If they are of the form inr band inr b°, respectively,
then EQAB abalf should be true if EqB bb°holds.
This can be achieved by de ning in this case

EgAB (inr b) (inr Y = EqB b :

The above equations will be de nitional equalities, i.e.
for instance EqAB (inl a) (inl a3 will rewrite to EqA a a°
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Comple x Example (Cont.)

The de nition of EqQAB is as follows:

EgAB @ (A+B)! (A+B)! Set
= (abjaP: A+ B)!
caseab of
(inla) ! casealfof
(infa ! EgAaal
(inr P ! False
(inrb) ! casealf of
(inla® ! False

(inr® ! EqBbH
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Comple x Example (Cont.)

The following code is equivalent to the previous code:

EqAB (abal’: A+ B)

o Set
= caseab of
(inl @) ! casealf of
(inta ! EgAaad®
(inr® ! False
(inrb ! casealfof
(infa% ! False

(inr® ! EqgBbH
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Comple x Example (Cont.)

We introduce the formulae expressing that EgA, EqB,
EqAB are symmetric:

Symmetry of EgA is the formula
8a;a’: A:EgqA aa’! EgA ala
which translates as follows:

SymA o Set
= (a;a’:A)! EgAaa’l EgA ala
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Comple x Example (Cont.)

The others are similar:

SymB 1 Set
= (b;i’:B)! EgBbK! EgBHb
SymAB : Set
= (abja’: A+ B)! EQAB abad! EQAB aPab
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Formulae vs. Proofs

Note that SymA is the statement expressing that EqA is
symmetric.

It is not a proof that EgA is symmetric.

We can de ne SymA independently of whether EgA
IS symmetric or not.

A proof that EQA is symmetric is an element of
SymA, i.e a term symA s.t.

SYmA :: SymA

Note that we don't have to show that SymA holds.

We have to show that if SymA and SymB hold, then
SymAB holds.
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Comple x Example

What we want to show is that SymA and SymB implies
SYmAB.

So we need to solve

symAB : SymA! SymB! SymAB
= fllg

As pointed out before, it is equivalent and more
convenient to de ne symAB as follows:

SYymAB (symA :: SymA)
(symB :: SymB)
SymAB
= fllg
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Comple x Example

The type of the goal is SymAB which is
(abaP:: A+ B)! EqAB abal! EgAB aPah

An element of this type can be introduced by a -term,
and using agda-goal-menu “intro” results in the code on
the next slide.
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Comple x Example

symAB (symA :: SymA)
(symB :: SymB)
SymAB
= (abal:A+B)!
(aball:: EQAB abalf) !
fl lg
The type of the goal is now EqAB alfah

We make case distinction on aband atf and obtain the
following:
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Comple x Example

SYmAB (SymA :: SymA)
(symB :: SymB)

SymAB
= (abaP: A+ B)!
(abal:: EQAB abalf) !
caseab of
(inla) ! casealfof
(infay 1 fllg
(infr® 1 flig
(inrb) ! casealf of
(infad ' fllg
(infr® 1 flig
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Comple x Example (Cont.)

In case ab= inl aand al’= inl a%we
have to show

EqAB aab, which is equal to EqA a°a
and have as assumption
aball:: EqAB abalf , which is equal to EqA a a’ :

So we have to derive from abalf: EqA aa’an
element of EqA a%a.

We have
symA : (a;a’::A)! EgAaa’! EgAa’a:

Therefore we can apply symA to a, a®and abald.
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Comple x Example (Cont.)

Comple x Example (Cont.)

(Case ab= inl a, alP’= inl a9
We obtain

symA a a’aball: EqA a’a
Since EqA a’a = EqAB alPabwe get as well
symA a a’aball: EqAB atPab

and can use this to solve our rst goal.

In case ab= inr band al’= inr P’we can similarly use
symB bb’aball

in order to solve our goal.

In case ab= inl a, and al’= inr b
we have EqAB abal= False

therefore
abald: False :

therefore empty case distinction on abal solves the
goal.
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Comple x Example (Cont.)

SYymAB (SsymA :: SymA)
(symB :: SymB)

SymAB
= (abjaP: A+ B)!
(abal:: EQAB abatf) !
caseab of
(inl @) ! casealf of
(infa% ! symA aa’aball
(inr® 1 flig
(inrb ! casealfof
(infad ! fllg
(inr® 1 fllg

Similarly, in case ab= inl a, and al’= inr bwe have that
aball: False

and again empty case distinction on abal solves the
goal.

The complete solution is on the next slide.
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Comple x Example

SymAB (symA :: SymA)
(symB :: SymB)

SymAB
= (abjaP: A+ B)!
(aball:: EQAB abalf) !
caseab of
(inla) ! casealfof
(inl &9
(inr B9
(inrb) ! casealf of
(inl &9
(inr BP)

!
!

!
!

symA a a%abal
caseabald of f

caseabald of f
symB bt aball

g

g
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When we made the empty case distinctions, our goal

was of type False

Since in those cases abal¥: False we could have solved
the goal as well by directly inserting abatyin those

cases.

The next slide shows this alternative solution.
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Alternative Solution

symAB? (symA :: SymA)
(symB :: SymB)

SymAB
= (abaP: A+ B)!
(abal:: EQAB abalf) !
caseab of
(inla) ! casealfof
(inl &9
(inr B
(inrb) ! casealf of
(inl a9
(inr BB

symA a a’aball
aball

abal
symB b aball
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Remark on Case Distinction

Case distinction over complex expressions causes

problems in Agda.
Example

(exampleCaseDistinctionComple xExpression.a gda)
Assume we have de ned ProdBool as the product of

two Boolean values:

ProdBool :: Set
= sig

rst

snd

Bool
Bool
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Remark on Case Distinction

Assume we want to de ne a function as follows:

f (pair :: ProdBool)
(p :: atom (and pair: rst pair:snd))
atom pair: rst
= casepair: rst of
t) ' fllg
() ! fllg

Although in the case distinction
we know that pair: rst = tt,

therefore the type of the goal should be
atom pair: rst = True,

Agda won't accept to insert true there.
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Remark on Case Distinction

The reason is that Agda will use in its reduction
mechanism
only reductions from variables to other expressions,

but no reductions of comple x expressions to
other expressions.

It would be very expensive to check reductions for
complex expressions:
This would mean to check whether any
sube xpression of an expression matc hes the left
side of any of those reductions.
Checking whether a variab le which reduces occur s
in a expression is instead a cheap operation .
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Workar ound

One can work around this problem by de ning an
auxiliar y function , which depends on a variable
representing the complex expression.

Then make case distinction on this single variable.
In the example above de ne:

h (a;b:: Bool)
(p :: atom (and a b))
atom a

= casea of
(tt) ! true
() ! casep off g
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Workar ound

Now one can de ne the function in question in terms of
the auxiliary function:

f (pair :: ProdBool)
(p:: atom (and pair: rst pair:snd))
atom pair: rst
= h pair: rst pair:secondp

In the example h had only as arguments the
subexpressions of the complex expression in question.

In general it might depend on other variables which
form the context of the complex expression in
guestion.

Jump over next 2 sections:

Derivations vs. Agda Code and Presuppositions
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(g) Derivations vs. Agda Code

In this subsection we look at the relationship between
Agda code and the corresponding deriv ations .

We consider various examples.
First we will go through the development of the
Agda code.
Then we will look at, how the corresponding
derivations are developed, following each step in
the development of the Agda code.
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Example 1

We want to derive in Agda
(aA)azA!l A

(See example le exampleldentity .agda)
Step 1:
We need to introduce the type A rst.

Since we want to to have the de nition for an
arbitrary type A, we postulate (i.e. assume) one type
A:

postulate A ::Type
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Example 1 (Cont.)

Step 2. We state our goal:

fAl A
=fllg
Agda is an indentation-sensitive language.

The complete de nition of f must be intended
otherwise Agda regards this as a new de nition.
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Example 1 (Cont.)

Step 3:
We want to derive an element of function type
Al A
Elements of the function type A! A are introduced
by using -terms.
If introduced as a -term, the term in question will be
of the form (a:: A)! something .

Agda has a command agda-intr o (Intro) which does
this step automatically.
Has to be executed while the cursor is inside one
goal.
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Example 1 (Cont.)

Example 1 (Cont.)

Step 3 (Cont)
After executing it we get:
foAl A
= (h=zftlg! f!lg

(The precise Agda code uses ninstead of , and
> instead of ! ).

Step 4 (Cont)

It is a good idea to rename the variable to

something, for instance to a:

This can be done by simple editing.
We can always edit the current code.
If one wants to edit parts involving goals, one rst
has to execute:
agda-restar t ( (Re)Start Agda)
Then one is in a mode where the goals are
converted to ordinary symbols and can edit
everything.
At the end of any editing one should execute:
agda-load-b uffer (Load Buffer)
Otherwise the changes will not be known by Agda.
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Example 1 (Cont.)
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Example 1 (Cont.)

Step 4:
The rst goal, the type of the variable h can be
solved automatically.
Use agda-solve (Solve )
We obtain:
foA!l A
= (h:A)! fllg

Step 4 (Cont)
We obtain:
fAl A
= (azA)! fllg
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Example 1 (Cont.)

Step 5:

In order for (a::A)! f! Igtobeoftype Al A,
f1 1g must be of type A.

Then this -term computes an element of type A
depending on some a of type A, which means it is

a function of type A! A.

So the type of the goal is A.

This can be inspected by using the menu

agda-goalT ype-of-meta-reduced

(Type of goal (unfolded)),

which shows the type of the current goal.
Has to be executed while the cursor is inside
one goal.

It shows A.

Termination Check
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Example 1 (Cont.)

On the last slidewe had f :: A! A in the context.

This appears, since the type checker allows to de ne
functions recursively, independently of whether the
recursion terminates or not.

For the type checker a de nition b:: A = bwould be
legal, although evaluating b doesn't terminate (black
hole recursion).
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Step 5 (Cont.)
We can inspect the context.

The context contains everything we can use when

solving our goal. It contains:
A Set
f oAl A
See next slide.
a:A.
Since we are de ning a an element of type A
depending on a:: A, we can use a.

‘™

Termination Check (Cont.)
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Agda has a command
agda-term-c heck-buffer (Check Termination) , which
checks, whether recursive de nitions are done properly

One should
use this command at the end of a session , to avoid
black hole recur sion.

If the termination check succeeds , all programs
checked will terminate .

If the termination check fail, it might still be the case
that all programs terminate .

(One cannot write a universal termination checker,
since the Turing halting problem is undecidable).

CS_336/CS_-M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (g)

™



Example 1 (Cont.)

Step 5 (Cont.)

the right side of the arrow A) can be used in order to

solve the goal.
f would result in black-hole recursion.

So we take a.
We type in ainto the goal and then use the command
agda-re ne (Re ne)

We obtain:
frAl A
= (a:xA)! a
and are done.
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Example 1, Using Rules

In Agda step 1 we postulated A :: Set
This corresponds to having the global assumption
A : Set

In Agda step 2 we stated our goal:

fAl A
=fllg

In terms of rules this means that we want to derive
something of type A! A.
We write for this something dp and get as conclusion of
our derivation:

d:A! A
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Example 1, Using Rules (Cont.)

In Agda step 3 and 4 we replaced f! !g by
(a:xA)!l fllg

foA!l A

= (a:A)! fllg

In terms of rules this means that we replace dg by
a ”:dy which is derived by an introduction rule

a:A) di:A (
afdi Al A

1)

‘™
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Example 1, Using Rules (Cont.)

In Agda step 5 we replaced f! !gin (a::A)! f! Igby
a

fAl A
= (a:zA)! a

In terms of rules this means that we replace d; by a.
a:A) a:A follows by an assumption rule:

a:A) a:A (l _|)
afa:Al A

The assumption rule will be discussed later.

Essentially it allows to derive if x : B occurs in the
context that x : B holds.

™
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Example 2

We consider a derivation of

x=z(A! A)! A)x((a:zA)! a
S((AY A A)TA

(See example exampleSampleDeriv ation2.a gda).

Step 1:
We postulate A:

postulate A ::Type

We state our goal:

fi((A! Al Al A
=fllg
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Example 2 (Cont.)

Step 2:
The type of the goal is a function type, and we can
use agda-intr o (Intro):
We obtain
f((A! Al Al A
= (h=zftlg! fllg

Using agda-solve (Solve ) we obtain:

fr((Al Al A A
= (h:(A! A)! Al flig
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Example 2 (Cont.)

Step 2 (Cont.):
We rename the variable h to x and use
agda-load-b uffer (Load Buffer)
so that Agda realizes this change:

fo((AD A A A
x=z(A!D AT A)! fl g
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Example 2 (Cont.)

Step 3:
The type of the new goal is A, which is the result
type of the function we are de ning.
The context contains f (for recursive de nitions), A
and x.
x is a function of result type A. Applying it to its

argument would have as result the type of the goal ir
guestion.
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Example 2 (Cont.)

Step 3 (Cont):

Therefore we type into the goal x and use
agda-rene (Rene) .
Agda will then apply x to as many goals as needed
in order to obtain an element of the desired type.
In our case itis one (of type A! A).
We obtain

fo((Al Al A A
= (x:(A! A)! A)! xfllg
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Example 2 (Cont.)

Step 4:

The type of the new goalis A! A.
Thisissincex :: (A! A)! A needs to be applied
to an element of type A! A in order to obtain an
element of type A.
We try agda-intr o (Intro) and obtain:

fo((A!1 A A A
= (xX=z(A! A A)! x((hzfrig! f!lg)
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Example 2 (Cont.)

Step 4 (Cont)
Using agda-solve (Solve ) we obtain:

fo((AY A A A
x=z(Al A A)! x((h=zA)! fIlg)

We wanted to de ne an elementof A! A, so the
domain of the term will be A.
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Example 2 (Cont.)

Step 4 (Cont.)
We rename h by a, reload the buffer, and obtain:

fo((A!Y A)! A A
x=z(A!D A A x( (azA)! fllg
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Example 2 (Cont.)

Step 5
The new goal has type A.
The complete expression (a::A)! f! Igshould
have type A! A, sof! Igmust have type A.

The context contains A :: Set f, x and a.

We can use both x and a here.
There is usually more than one solution for
proceeding in Agda.
This means that we sometimes have to backtrack
and try a different solution.
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Example 2 (Cont.)

Step 5 (Cont.)

We try a :: A. After inserting it and using
agda-re ne (Re ne) we obtain the following and are
done.

fo((AY A A A
= (x:z(Al A A)! x((a:xA)! a
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Example 2, Using Rules

Postulating A :: Setcorresponds to that we make a
global assumptionA : Set

Stating the goal means that we have as last line of the
derivation:
do:((A! Al Al A

‘™
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Example 2, Using Rules

The next step in the Agda-derivation was to replace the
goal by
x=z (Al A A)! fllg.

This corresponds to replacing dyp by
(x:(A!' A)! A):.d; and having as last step an
introduction rule:

x: (Al A)! A) di:A
x (ALALA)d (AT AL AL A

¢ -

™
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Example 2, Using Rules

The next step in the Agda-derivation used re ne .
f1 Igwas replaced by x f! Ig.

This corresponds to replacing d; by x do, and using one
elimination rule in order to derive it:

x:(A!l A)! A) x:(A! A)! A x:(Al Al A) d2:Al A

(1 -El
x:(Al A)! A) x dz:A o -n
x (AL A A da: (AL A AL A
The left top judgement can be derived by an
assumption rule (more about this later).
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Example 2, Using Rules

We then used intro on the goal which was then
replaced by (x::A)! f! lg.

This corresponds to replacing d, by x #:dz which can
be introduced by an introduction rule:

x:(A! A)! Aa:A) ds:A

(N
x:(Al A A) x:(A! A A x:(Al A A) a”:ds:Al A (0 -EN
x:(Al A)l A) x (a”:ds):A -
(x AY A Asg (a®:da)i((A A) A A
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Example 2, Using Rules

Finally we used re ne with a, which replaced the goal
by a.

This corresponds to replacing ds by a.

x:(Al A)! Aa:A) aA
x:(Al A) A) x:(A! A A x:(Al A)! A) a®:aAl A
x:(Al A)l A) x (a”:a):A
(x AU A Ay (a®:a)((Al A A A

)
(! -El)

(¢ -n

The right hand derivation can again be derived by an
assumption rule (more about this later).
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Example 3
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We derive an element of type
A! B! AB

where AB is the product of A and B.
(See examplePr oductintr o.agda).
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Example 3 (Cont.) Example 3 (Cont.)

Step 1: Step 3:
We postulate types A, B: We use intro.
Anelementof A! B! AB will be of the form
postulate A :: Set
postulate B :: Set @: Ay @:B)! fllg
which is introduced by two introduction steps.

Agda will immediately carry out both of them.
We choose to use a’instead of a, BPinstead of b,

We introduce the product of A, B:
This will be a record with elementa: A, b: B.

AB:: Set since a;bare used as labels of AB.
= sigfa: A;
b::Bg
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Example 3 (Cont.) Example 3 (Cont.)

Step 2: Step 3 (Cont)
Our goal is: After applying intro we get
f.:A! B! AB
f:A! B! AB
=fllg

= (hufllg! (h9:fl1g)! fllg

After applying agda-solve and renaming of variables
we get

f:A!l B! AB
= (@A) P:B)! fllg
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Example 3 (Cont.)

Step 4:

The new goal is of type AB which is a record type.

An element of it can be introduced by an introduction
rule.

Elements of type AB introduced by the introduction
principle will have the form

structfa= f! lg;
b=f! !gg
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Example 3 (Cont.)

Step 4 (Cont):
When using intro we get:

f:Al B! AB
= (@:A)! (:B)! structfa= f! g
b= f! Igg
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Example 3 (Cont.)

Step 5:

The rst goal has as context:
A: B : Set,
AB : Set
f:Al B! AB,

T 9

B,
A,
B

T o

a: A, b: B are the projections of the record we are

de ning, which might be used recursively.
Using a and bwould in our example result in

non-termination.
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Example 3 (Cont.)
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Step 5 (Cont)

We insert a, use re ne and solve the rst goal:

f:A! B! AB
= (@:A! (:B)!

structfa = al
b= f! Igg
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Example 3 (Cont.)

Step 6:
Similarly we can solve the second one:

fi:A! B! AB
= (@:A)!  (BP:B)! structfa= a°

b= by
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Example 3, Using Rules
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The de nition of AB means that AB abbreviates A B,

which can be derived as follows
(assuming the global assumptions A : Set, B : Sef):

A : Set BSet( _F)
A B :Set

We won't use this however, since it is required for the
assumption rules only, the treatment of which will be

delayed until later.
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Example 3, Using Rules (Cont.)

Stating the goal corresponds to having as last line of
the derivation:

do:A! B! (A B)

Using intro means that we replace dg by a *:p g,
which is introduced by two introduction rules:

a%: A;P:B) di:A B
O:A) b®.d:B! (A B)
a®™b®:d Al B! (A B)

(t -
(t -
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Example 3, Using Rules (Cont.)

Using intro again means that we replace d; by hdy; dsi,
which can be introduced by an introduction rule:

a%:AP:B) do:A &% AHFP:B) d3:B

a%:A;’:B) hh:dsi :A B (¢ )

O:A) b®:y;dsi:B! (A B) @
a®: b®:dydsi Al B! (A B)
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Example 3, Using Rules (Cont.) Example 4 (Cont.)

Solving the goals by re ning them with a® B’ means that Step 1:
we replace dz by b, d3 by c: We postulate types A, B, C:

a%:A:B) a%:A &% A K:B) B:B

( - postulate A :: Set

A P:B) A B (- postulate B :: Set

a@:A) b®:rlH:B! (A B) ¢ postulate C :: Set
— -l

a®:b%B:hlHi:A! B! (A B) We introduce the product of B, C:
The premises require an assumption rule (which will

oo ) BC:: Set
use the derivation of A B), see later for details. - Sigfb: B:
c:Cg
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Example 4 Example 4 (Cont.)
We derive an element of type
Step 2:
(At BC)! Al B Our goal is:
where BC is the product of B and C. (See f: (Al BC)! Al B
examplePr oductElim.a gda). B () '| ' '
=fllg
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Example 4 (Cont.) Example 4 (Cont.)

Step 3: Step 4 (Cont):
We use intro and get (after using agda-solve and Using agda-let (Make let expression) with variable
renaming of variables): bcwe obtain:
fi:(A! BC)! Al B fu:(Al BC)! Al B
= (x:A! BC)! (a:A)! fllg = (x:A! BC)!' (a:zA)! let bc :f!lg
=fllg
in fllg
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Step 4: Step 5:
The context has no element with result type B We insert as type of variable bcthe type BC (using
(except of f which results in a circular de nition). re ne) and obtain:
However, x has function type with result type BC,
which can be projected to B. f:(A! BC)! Al B
We introduce rst an element of type BC by a = (x:A! BC)! (axA)! let bc =BC
let-expression, and then derive from it the desired =fl lg
element of type B: in fllg
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Example 4 (Cont.)

Step 6:
For solving the rst goal (de nition of bg we can
re ne x, which has as result type BC.

f:(A! BC)! A! B
= (x:Al BC)! (a:xA)! let bc :BC
=xfllg
in fllg
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Example 4 (Cont.)
Step 7:
The new goal can be solved by re ning it with
variable a:
f:(A! BC)! A! B
= (x:A!l BC)! (a:xA)! let bc :BC
=xa
in fllg
5-258
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Example 4 (Cont.)

Step 8:
Currently, Agda doesn't have any direct support for
re ning bcto an element of type B.

We have to do this by hand, insert bc:h choose re ne
and obtain:

fi(A!
= (x:Al

BC)! A! B
BC)! (a:xA)! let bc :BC
=Xxa

in bc:b
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Example 4 (Cont.)

In our rule calculus we don't introduce a let constructior
(we could add this).

In order to get close to the derivations, we omit in the
Agda derivation the let expression, and replace in the
body of it bchy its de nition (x a).

We get

fio(A!
= (x:A!

BC)! A! B

BC)! (a:A)! (xa)b
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Example 4, Using Rules

Example 4, Using Rules (Cont.)

Using rules we make the global assumptions
A :SetB : SetC : Set

Then we start with our goal

do:(A! (B C)! A! B

In Agda, we then replace the goal corresponding to di
by (x a):b.
In our rule calculus, this reads o(x a).
This can be introduced by two applications of
elimination rules:
x:Al (B C);a:A) x:Al (B C) x:Al (B C);a:A) aA
x:Al (B C);a:A) xaB C
x:Al (B C);a:A) o(x a):B
x:Al (B C)) a”: o(xa):Al B
x AL (B Cg A s(xa)(Al (B C)! Al B

( -El

-El)
(¢ -n

¢ -n

The two initial judgements can be introduced by
assumption rules.
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Example 4, Using Rules (Cont.)
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(n) Presuppositions

The intro step amounts to replacing do by
x AL (B C). g A,

introduced by two applications of an introduction rule:

x:Al (B C)a:A) di:A

x:Al (B C)) a®:d:A! B
x Al (B C:-aAdi:(A! (B C)! A! B

(-
(-

In order to derive x : A;y : B) C : Setwe need to show

A : Set
x:A) B :Set
So the judgement

X:A;y:B) C: Set
implicitl y contains the judg ements
A : Set ;

X:A) B :Set:
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Presuppositions (Cont.)

judgement
X:A;y:B) C:Set:
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Presuppositions (Cont.)

5-265

judgement
A! B :Set:

and of the judgement
A B :Set:

The next slide shows the presuppositions of
judgements.
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Presuppositions

Judg ement Presuppositions

;X :A) Context ) A:Set

) A:Set ) Context

) A=B:Set ) A Set,
) B :Set

CS_336/CS-M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (h)
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Presuppositions

Judgement | Presuppositions

) a:A ) A:Set
) a=Db:A ) a:A,
) b:A.
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Presuppositions Example of Presuppositions

Judg ement Presuppositions x:Ajy:B) a=b:(z:C) D presupposes :
;) Context,

: Set,

:A) Context,

:A) B :Set

:A;y:B) Context,
:A;y:B) C:Set
:A;y:B;z:C) Context,
:A;y:B;z:C) D :Set
A;y:B) (z:C) D :Set
A;y:B) a:(z:C) D,
A;y:B) b:(z:C) D.

) (x:A)! B:Set| ;x:A) B:Set

) (x:A) B :Set 'X:A) B :Set

X X X X X X X X X >
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Presuppositions Remark on A! B,A B
Furthermore, presuppositions of presuppositions of Note that A! B is an abbreviation for (x: A)! B for

some fresh x.

) Similarly A B is an abbreviation for (x : A) B for
are as well presuppositions of some fresh x.

) Therefore the presupposition of A! B : Set
(which abbreviates; ) A! B : Sef) are:

;) Context,

A : Set,

x:A) Context,
Xx:A) B :Set
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() The Full Logical Framework

We would like to add operations on types, such as
prod : Set! Set! Set

which should take two sets and form the product of it.

The problem is that for this we need
Set! Set! Set: Set

and our rules allow this only if we had

Set: Set
36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (i) 5-273
Adding
Set: Set

as a rule results however in an inconsistent theory:
using this rule we can prove everything , especially
false formulas.
The corresponding paradox is called
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Jean-Yves Girard
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Set (Cont.)

‘™

Instead we introduce a new level on top of Set called
Type.
So besides judgements A : Setwe have as well
judgements of the form

A :Type
One rule will especially express
Set: Type

Elements of Type are types, elements of Setare
small types.
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Set (Cont.) Set (Cont.)

We add rules asserting that if A: Set then A: Type. However, we cannot use prod in order to form the
Further we add rules asserting that Type is closed product of two sets, ie. we cannot introduce
under the dependent function type and product.

Since Set: Type we get therefore (by closure under the _
function type) since Set: Setdoes not hold.

prod SetSet: Set ;

Set! Set! Set: Type
and we can assign to prod above the type
prod : Set! Set! Set

(The de nition of prod will be given later.)
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Set and Type Rules for Set (as an El. of Type)

Formation Rule for Set

‘™

Type
Set: Type (SetlsType)

Every Set is a Type

Set! Set A - Set
x . o€

—-== (Set2Type

A Type ( ype)

Set

36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (i) 5-278 CS_336/CS_-M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (i)

™



Closure of Type

Further we add rules stating that Type s closed under
the dependent function type and the dependent
product:

Closure of Type under the dependent product

A:Type x:A) B :Type

-EType
(x:A) B :Type ( )

Closure of Type under the dependent function type

A:Type x:A) B :Type

(1 -FType)
(x:A)! B :Type
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Nondependent Case

A special case of the above rule is the closure under
the non-dependent function type and product.

This rule can be derived (e.g. from the premises one
can derive using the other rules the conclusion).

Closure of Type under the non-dependent product

A Type B : Type
A B :Type

( -FTP9)

Closure of Type under the non-dependent function type

A :Type B : Type
A! B :Type

(I -FType)
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Equality Versions of the Rules

Formation Rule for Set
Set= Set: Type (SetlsType™)

Every Set is a Type

A = B : Set -
Set2Type
A =B :Type ( ype')
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Equality Versions of the Rules

Closure of Type under the dependent product

A=A%Type x:A) B=B%Type
(x:A) B=(x:A9 B Type

( -F~ ;Type)

Closure of Type under the dependent function type

A=A% Type x:A) B:BO:Type(I ]

F=:Type
(x:A)! B=(xx:A9! BO: Type )

Similarly for the non-dependent versions of the above.
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De®nition of prod Example: prod

Now Set! Set! Set: Type.

We can now introduce prod : Set! Set! Set:
First we derive X : SetY : Set) X : Set

prod = (X;Y :Set)X Y Set: Type
Set! Set! Set X :Set) Context

X :Set) Set: Type
We jump over the details. Jump over the details. X :SetY :Set) Context

X :SetY :Set) X :Set

And we can derive

(Contextj)
(SetlsType)

(Context1)
(Ass)

Similarly we derive X : SetY : Set) Y :Set
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Conte xt Rules Example: prod (Cont.)
The types in the contexts, which were before only

‘™

Now we can derive our desired judgement:
elements of Set, can now be as well elements of Type.
Therefore we need an additional context rule

_ X :SetY :Set) X :Set X :SetY :Set) Y :Set
) AITYPE  ontext¥P9) X :SetY :Set) X Y :Set (
;X :A) Context ! ' ' ' )
X :Set) Y Setx Y :Set! Set )
(X;Y :Sety)X Y :Set! Set! Set
and de ne
prod = (X;Y:Set)X Y

Set! Set! Set
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Hierarchies of Types

If one wants to form
prodO:Type! Type! Type ;

one needs to have a further level Kind above Type, s.t.

Type: Kind :
Then
Type! Type! Type:Kind :
36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (i) 5-288

Hierarchy of Types (Set, Type, Kind)

Type

Type! Type

Sat
oCt
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Rules for Type as a Kind

Type is a Kind
Type: Kind
Every Type is a Kind
A : Type ,
—— (Type2Kin
A : Kind (Typ ?

CS_336/CS-M36 (part 2)/CS_-M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (i)

Closure of Kind

Closure of Kind under the dependent product

A : Kind Xx:A) B :Kind ( -FKind)
(x:A) B :Kind

Closure of Kind under the dependent function type

A : Kind Xx:A) B :Kind (I -FKind)
(x:A)! B :Kind '

Plus equality versions of the above rules.
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Conte xt Rules

Again, the context rules have to be expanded:

) A :Kind
;X :A) Context

(Context {ind)

36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (i) 5-292
Now we can de ne
prod® :=  (X;Y :Type)X Y
Type! Type! Type
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Hierarchies of Types (Cont.)

This can be iterated further, forming

Type= Types;Kind = Typey;Types;Types

Agda has a hierarchy of types built in, written as #0
(which is Sef), #1 (which is Type), #2 (in the rule

calculus called Kind), #3 etc.

Type: #4,#2 1 #4, #3  #4,

So we have
#0 = Set: Type,
#0 = Set: #2,#1 = Type: #2,
#0 = Set: #3,#1 = Type: #3,#2 : #3,
#0 = Set: #4 ,#1 =
etc.
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Hierarchy of Types (#0, #1, #2, ...

Type; = #3

Kind = Type, = #2

Type= Type, = 4
Set= #0
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Chang es To Presuppositions

If we have the two type levels Setand Type, the
presuppositions change.

E.g. the presupposition of ) a:Aisno longer A : Set
but A : Type.

It might be that the derivation derives actually A : Set,
but that implies A : Type.

But it might be that we can only derive A : Type.

Therefore the presuppositions have to be changed as in
the following table.
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Presuppositions (with Set, Type)

Judg ement Presuppositions

;X :A) Context ) A:Type

) A:Set ) A:Type

) A:Type ) Context.
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Presuppositions (with Set, Type)

Judg ement Presuppositions

) A=B:Set ) A Set,
) B :Set
) A= B :Type

) A=B :Type| ) A:Type
) B :Type

) a:A ) A:Type
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Presuppositions (with Set, Type)

Judg ement Presuppositions

o 9

) (x:A) B :Set ) A:Set
;X:A) B :Set

) (x:A) B:Type| ;x:A) B :Type
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Presuppositions (with Set, Type)

Judg ement Presuppositions

) (x:A)! B :Set ) A:Set
i X:A) B :Set

) (x:A)! B:Type| ;x:A) B :Type

36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving; Lentterm 2006, Sec. 5 (i)

Chang es To Presuppositions

5-299

If we have more levels (Kind or #1i), then the
presuppositions have to be changed again.

E.g., if we have levels Set, Type, Kind, the
presupposition

of ) A:Setis ) A:Type,

of ) A:Typeis ) A :Kind,

of ) A:Kindis ) Context.
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