6. Data Types

(a) The set of Booleans.
(b) The nite sets.

(c) Atomic formulae and the traf c light example. (The
example will be omitted 2008).

(d) The disjoint union of sets and disjunction.
(e) The -set. (Will be omitted 2008.)

() Natural Deduction and Dependent Type Theory. (Will
be largely omitted 2008).

(g) The set of natural numbers.

(h) Lists. (Will probably be omitted 2008.)

(i) Universes. (Will probably be omitted 2008.)
() Algebraic types. (Will be omitted 2008.)
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(a) The Set of Booleans

Formation Rule
Bool : Set (BoolF)
Introduction Rules
tt : Bool (Bool-ly) : Bool (Bool -l )

Elimination Rule

C:Bool! Set casg :Ctt case :C b: Bool
Casegyoo C casg case b:Chb

(Bool-El)
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The Set of Booleans (Cont.)

Equality Rules

C : Bool! Set casg; : Ctt case :C
Casgyyo C case; case tt= caseg :Ctt

(Bool-Eqy )

C :Bool! Set caseg; : Ctt case : C

(Bool-Eq )
Casggo C casg case = case :C

Further we have equality versions of the formation-

introduction- and elimination-rules.
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Remarks

® Casgyo C case: case bcan be read as
if bthen case; elsecase

where the additional argument C is required in order to
determine the type of case;, of case , and of the result
of this construct.
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Remarks (Cont.)

#® The argument C : Bool! Setdenotes the set into which
we are eliminating.

» Instead of C : Set we demand C : Bool! Set, since
the set into which we are eliminating might depend
on the Boolean valued argument.

» That is necessary in order to de ne functions
f :(b:Bool)! D where D depends on hb.
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Remarks (Cont.)
o |f we de ne
C = bBp
Bool! Set
f := bBo:Casg,, C case case b
(b:Bool)! Chb
where
(b:Bool)! Cb=(b:Bool)! D
we have:
o T Ht: Ctt.
s f 1 C .
s f:(b:Bool)! Ch
6-6
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Remarks (Cont.)

# The argument C above has no computational content.
s Itis not needed in order to compute
Casegyoo C caseg case tt and
Casgyo C case; case

# Cisonly needed in order to obtain decidable type
checking:
s In the presence of arguments like this we can decide
whether a judgement a : B is derivable.
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Remarks (Cont.)

# We can write the elimination rule in a more compact
but less readable way:
o Casgq : (C:Bool! Set)
I (casg; : C tt)
I (case :C )
' (b: Bool)
I Chb

® tt, are the constructors of Bool.
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Remarks (Cont.)

» Notice that we then get for C : Bool! Set,
casg :Citt;case :C

s f := Casegyo C case; case ,

:(b:Bool)! Chb
o f tt = Casepgo C case case tt= caseg: : Ctt,
o f =Casepyo C casg case = case :C

® So we obtain functions from Bool into other sets
without having to write ~ bB°°';

# That's why we choose the argument to eliminate from
as the last one .
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Remarks (Cont.)

# This is similar to the de nition of for instance (+) in
curried form in Haskell
o ():int ! int! int.
s (+) 3 is the function which takes an integer and adds

to it 3. .
s Shorter than writing x ™:3 + x.
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Remarks (Cont.)

# Note that we have the following order of the
arguments of Casgqq:
s First we have the set into which we eliminate
» Then follow the cases, one for each constructor.
» Finally we put the element which we are
eliminating .

#® In some sense Casgqq IS a “then _else if " —the
condition (if :::) is the last one .
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Select Example

# Assume we have introduced in type theory

Name : Booll Set:
Name tt = FemaleName ;
Name = MaleName :

CS_336/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving, Lent Term 2008, Sec. 6(a)



Select Example

® Then we can de ne the function

SelectBool > p:Bool)! Nameb
SelectBool tt = sara
SelectBool = tom

as follows:

SelectBool = Casgyo Name sara tom

» Note that by using twice the -rule we get that

SelectBool

= bBo%:Casegyg (d B°°:Named) sara tomb
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Select Example

6-13

» We verify the correctness of SelectBool

SelectBool tt = Casgy, Name sara tom tt = sara ;
=tom :

SelectBool = Casezgo Name sara tom

Jump over * ggol
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6-14

Example: " ool

# We want to introduce conjunction
" Bool - Bool! Bool! Bool :
# This will be of the form
NBool = (b;c: Bool):t

for some term t.
# t will be de ned by case distinction on b, so we get

NBool = (b;c: Bool):Casgyq Cefb

for some e;f.
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Example: " ool

NBool = (b;c: Bool):Casgyq Cefb
# C will be the set into which we are eliminating,
depending on a Boolean value.
s It need to be an element of Bool! Set
s Therefore we have C = d B°:D for some D which
might depend on d.
s The set, into which we are eliminating, is always the
same, namely Bool.
s So D = Bool and therefore we have

C = dBo:Bool :
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Example: " ool

Example: " ool

# Note thatin
d Bool-Bool

Bool occurs in two different meanings:
o The rst occurrence is that of a set.
s dis chosen here as an element of that set.
o The second occurrence is that as an element of

another type, namely Set
s So here Bool is a term.

® SO

(b; c: Bool):Casgo (d B°°:Bool) e f b

N —
Bool —

for some g, f.

# For conjunction we have:
s If bis true then

brc=tt "c=c

s So the if-case e above is c.

» If cis false then
brc= "c=

s So the else-case f above is
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Two Meanings of Elements of Set
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Example: " ool

» All elements A of Sethave these two meanings:

o They can be used as terms, which are elements of
the type Set

s The corresponding judgements are A : Set,
A = AD: Set

» And they can be used as sets, which have elements.

s The corresponding judgements are a: A and
a= a’: A.

# In total we de ne therefore

N —_
=.Bool =

(b: c: Bool):Casggo ( d B°:Bool)c b

Bool!

Bool! Bool

# We verify the correctness of this de nition:

® Mool tt €= Casegoo (d B:Bool)c tt= c
as desired.

s "Npool €= Casegyo (dB%:Bool)c =
Correct as desired.

Jump over derivation of ~ gy
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Derivation of " ggg

» We derive in the following ~ goo : Bool ! Bool ! Bool.

o We write Bool, if it
s is atype in boldface red ,
o and if itis a term, in italic blue.
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Derivation of " ggo|

o First we derive

b:Bool;c:Bool ) (d®°°):Bool : Bool ! Set

Bool : Set (Contextl)
b:Bool ) Context (Bool-F)

b: Bool ) Bool : Set (Contexty)
b:Bool;c:Bool ) Context 5

b: Bool;c: Bool ) Bool : Set
(Context;)
b: Bool;c: Bool;d: Bool ) Context
(Bool-F)
b: Bool;c: Bool;d: Bool ) Bool: Set )

b: Bool;c:Bool ) dB°:Bool:Bool | Set
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Derivation of ” ggg

» We derive
b: Bool;c:Bool ) Bool =( dB° :Bool)tt: Set

(using part of the derivation above):

b:Bool ;c:Bool ;d:Bool ) Context b:Bool ;c:Bool ) Context

(Bool ~F)
b:Bool ;c:Bool ;d:Bool ) Bool:Set b:Bool ;c:Bool ) tt: Bool

b:Bool ;c:Bool ) (d B°° :Bool) tt= Bool:Set
b:Bool ;c:Bool ) Bool =( d B :Bool) tt:Set

(Sym Elem )

(!
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Derivation of " ggg

» Similarly follows

b:Bool;c:Bool ) Bool =( d&° :Bool) : Set
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Derivation of " ggg

» Using part of the proof above, we derive
b: Bool;c:Bool ) c:(dEB° :Bool) tt

b:Bool ;c:Bool ) Context

(Ass) Bool
b:Bool ;c:Bool ) c:Bool b:Bool ;c:Bool ) Bool =( d °° :Bool ) tt:Set

b:Bool ;c:Bool ) c:(d B :Bool) tt
» We derive using (Transferp)

b:Bool;c:Bool ) :( dB°° :Bool)

b:Bool ;c:Bool ) Context

(Bool =1 )
b:Bool ;c:Bool ) : Bool

b:Bool ;c:Bool ) Bool =( d B°° :Bool) :Set

b:Bool ;c:Bool ) :( d B°° :Bool)
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6-25
Derivation of " ggo|
#® We derive b: Bool ;c: Bool ) b:Bool using part of the
proof above:
b: Bool;c: Bool ) Context (Ass)
b: Bool;c: Bool ) b:Bool
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Derivation of ” ggg

(Transfer )

(Transfer )

s Finally we obtain our judgement (we stack the
premises of the rule because of lack of space):

b:Bool ;c:Bool ) d B°°' :Bool:Bool | Set
b:Bool ;c:Bool ) c:(d B :Bool) tt
b:Bool ;c:Bool ) :( d B°° :Bool)
b:Bool ;c:Bool ) b:Bool

(Bool-El)
b:Bool ;c:Bool ) Casésa (d °° :Bool) ¢ b:Bool -
b:Bool ) ¢ B :Caseso (dB°° :Bool) c bBool! Bool 0 -
(b;cBool ):Casesea (d %°° :Bool) ¢ bBool! Bool! Bool
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Elimination into Type

C :Bool! Type

We can extend add elimination and equality rules, having

as result Type:
Elimination Rule into Type

C:Bool! Type case; :C tt case :C b:Bool

(Bool-EI™P¢ )
Casg"F C casg case b:Cb

Equality Rules into Type

casg; : Ctt case :C
& (Bool-Eq"Y
Casg)"; C casg case tt= case :Ctt
C :Bool! Type casg; : C tt case : C
P & (Bool-Eqy”*
Casg"l C case case = case :C
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Example Select

# Assume we have introduced

FemaleName : Set

= fjill;sarag
MaleName . Set

= ftom;jimg

® Then we can de ne

Name : Bool!l Set
= x Bool:Casd®® (y: Set)

ool
FemaleName MaleNam&

Bool! Set
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Elimination into Type (Cont.)

We can extend this into an elimination rule
into Kind or other higher types
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(b) The Finite Sets

Bool can be generalised to sets having n elements (n a
xed natural number):

Formation Rule

Fin, : Set  (Fin,-F)

Introduction Rules

AR :Fing  (Finp-ly)
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Rules for Fin ,

Elimination Rule
C:Finp,! Set
So: CAj
s1:CA}

a: Finp
Casg Csy:::sh 1a:Ca

(Finn-El)
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The Finite Sets (Cont)

Equality Rules

C:Finy! Set
So: CAj
s1:CA}
Casg Csp :::sp 1 AQ = s¢: CAQ
(fork=0;:::;n 1).

(Finn-Eqy)

We add as well equality versions of the formation-,
introduction-, and elimination rules.

Remark: Note that we have just introduced in nitely many
rules (foreachn2 Nandk =0;:::;n 1).
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Omitting Premises in Equality Rules

# Since the premises of the equality rule can in most
cases be determined from the introduction and
elimination rules, we will usually omit them , when
writing down equality rules.

# So we write for instance for the previous rule:
Casg C sp ::: sp 1 AR = s¢: C AL
® We sometimes even omit the type :

Casg C sp :::sp 1AL = Sk
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More Compact Elimination Rules

® Caseg : (C:Finp! Set)
' (so:CAp)
!
I (snh 1:CA] )
I (a: Finp)
I Ca
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Elimination into Type

» Similarly as for Bool we can write down
elimination rules , where
C:Finp! Type (instead of C : Finy, !

# This can be done for all sets de ned later as well.
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Rules for > Rules for > (Cont.)

> is the special case Fin, for n = 1 (we write true for A}): #® Case is computationally not very interesting

Formation Rule o Case cis the constant function x ~:c.

> :Set (>-F) s However, in Agda we might not be able to derive

Introduction Rules (Pi(ti>)! Ct
> > -
frue > # From a logic point of view , it expresses:
From an element of C true we obtain an element of C t
C:>! Set c:Ctrue t:> E| foreveryt:.>. . .
Case ot Ct (>-El) s SothereisnoC:>! Setst. C true is inhabited,
' but C x is not inhabited for some other x : >.
s This means that all elements of x of type > are
indistinguishable from true , i.e. they are
identical to true .

Elimination Rule

36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving, Lent Term 2008, Sec. 6(b) 6-37 CS_336/CS_-M36 (part 2)/CS_-M46 Interactive Theorem Proving, Lent Term 2008, Sec. 6(b)
Rules for > Rules for ?
Equality Rule ? Is the special case Fin, forn =0:

Case ctrue=c Formation Rule

We add as well equality versions of the formation-, ? :Set (?-F)

introduction-, and elimination rules. There is no Introduction Rule
Jump over next slide (advanced material)

Elimination Rule

“ 21 e,
C:?! Set f:~ (2 -El)
Case f :Cf

There is no Equality Rule

We add as well equality versions of the formation- and
elimination rule.
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(c) Atomic Formulae

Full title of this section:
Atomic formulae and the Traf ¢ Light Example

# Atom can be de ned as follows:

Bool ! Set

Atom
( bBool:Set) > 2

— Type
Atom = CaseBool

® So we have
Atomtt = >
Atom =

Jump over Traf ¢ Light Example .
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The Traf c Light Example
#® Assume aroad crossing , controlled by traf ¢ lights
Al
B’
A B
6-42
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The Traf ¢ Light Example

# Assume from each direction A, A', B, B' there is one

traf c light,
s but A and A' always coincide, similarly B and B'.
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The Set of Physical States

» For simplicity assume that each traf c light is either
red or green :

data Colour : Set where
red . Colour

green Colour

#® The set of physical states of the system is given by a
pair, determining the colour of A (and therefore as well

A" and of B (and B')
record PhysState : Set where

eld
SigA Colour
sigB Colour
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The Set of Control States Control States to Physical States

#® The set of control states is a set of states of the # We de ne the state of signals A, B depending on a
system, a controller of the system can choose. control state

o Each of these states should be safe .

. toSigA : ControlState! Colour
s In our example, all safe states will be captured g

(this can usually be only achieved in small toSigA  allRed = red
examples). toSigA onlyAGreen = green
# A complete set of control states  consists of: toSigA onlyBGreen = red
» allRed - all signals are red. .
s onlyAGreen- signal A (and A') is green, signal B is toSigB : ControlState!  Colour
red. toSigB allRed = red
s onlyBGreen— signal B is green, signal A is red. toSigB onlyAGreen = red
toSigB onlyBGreen = green
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The Set of Control States (Cont.) Control States to Physical States
» We therefore de ne » Now we can de ne the physical state corresponding
to a control state :
data ControlState : Set where
allRed - ControlState toPhysState : ControlState! PhysState
onlyAGreen : ControlState toPhysStatec = recordf sigA = toSigA c;

onlyBGreen : ControlState sigB = toSigBcg
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Safety Predicate

» We de ne now when a physical state is safe
s lItis safe iff not both signals are green

s We de ne now a corresponding predicate directly ,
without de ning rst a Boolean function.

o We rst de ne a predicate depending on two signals:

CorAux : Colour! Colour! Set
CorAux red _ =

CorAux green red =
CorAux green green =

NV V
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Safety Predicate (Cont.)

» Now we de ne

Cor : PhysState! Set
Cor s = CorAux (PhysState:sigA s) (PhysState:sigB s)

# Remark: In some cases in order to de ne a function
from a record type into some other set, it is better rst
to introduce an auxiliary function , depending on the
components of that product.
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Safety of the System

# Now we show that all control states are safe

corProof : (s: ControlState) ! Cor (toPhysState s)
corProof allRed = true
corProof onlyAGreen true
corProof onlyBGreen true

See exampleTraf cLightl.agda
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Safety of the System (Cont.)

® The rst element true was an element of
Cor (phys _state Allred ), which reduces to >.

» Similarly for the other two elements.
# This works only because each control state
corresponds to a correct physical state

s If this hadn't been the case, we would have gotten
instances where the goal to solve is ?, which we
can't solve.
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Safety of the System (Cont.)

» If one makes a mistake which results in an unsafe
situation
» e.g. sets toSigB onlyAGreen = green
then in the last step we obtain one goal of type ?.
o Then we can't solve this goal directly and cannot
prove the correctness
s (We could in Agda solve this goal by using
full recursion
s e.g. solve this goal as corProof Agreen
but this would be rejected by the termination
checker.)
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(d) The Disjoint Union of Sets

# The disjoint union A + B of two sets A and B is the
union of A and B,

s but de ned in such a way that we can decide
whether an element of this union is originally from A
or B.

s This is distinguished by having constructors
inl: Al A+ B andinr.

s Elements from a: A are inserted into A + B as
inla: A+ B.

s elements from b: B are inserted into A + B as
inrb: A+ B.

s inl stands for “in-left”, inr for “in-right”.

s Ifwe have a: A and a: B, then a s represented both
asinlaandinrain A+ B.
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Visualisation ( A+ B)
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Disjoint Union

# Informally, if
A=1129

and
B=1123g;
then
A+ B = finl(1);inl(2);inr(1);inr(2);inr(3)g

s Each elementof A+ B is
s either of the form inl(a) for some a: A
s or of the form inr(b) for b: B.

Jump over Comparison with Product
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Comparison with the Product

» Note that if we have again
A=1f1l2g

and
B=1123g;

then for the product we have informally

A B =1p(1;1);p(1;2); p(1;3); p(2;1); p(2; 2); p(2; 3)9
s Each element of A B is of the form p(a; b where

a:Aandb:B.

o So each element of A B contains both an element
of A and an element of B.
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Disjoint Union vs. Product

# Note that, if A is empty, then
s A+ B = finr(b) j b: Bg, which has a copy of each
element of B,

s A B is empty, since we cannot form a pair p(a; b
where a: A, b: B, since there is no element a: A.
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Rules for A+ B

Formation Rule

A : Set B : Set (+_F)
A+ B : Set

Introduction Rules

A : Set B:Set a:A .
] (+ I|n|)
innABa:A+ B

A:Set B:Set b:B (+ -linr)
- inr
infABb:A+B
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Rules for A + B

Elimination Rules

A : Set
B : Set
C:(A+B)! Set
case, :(a:A)! C(inl ABa)
casgy :(b:B)! C (inr ABDb)
d:A+ B
Case AB C casg, casg, d:Cd

(+-El

(casen , casen Stand for “case left”, “case right”).
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Rules for A+ B

Equality Rules

Case A B C casg, case, (inl AB a)
= casgy a:C (nl AB a)

Case A B C casep casey (inr AB b)
= casgy b: C (inr AB b)

Additionally, we have the equality versions of the

formation-, introduction and elimination rules.

(+-Edin)

(+ 'EQinr)
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Logical Framework Version

6-61

# A more compact notation for the formation,
introduction and elimination rules is:

s _+_ :Set! Set! Set writtenin x.
s inl:(A;B :Set)! A! (A+ B).
s inr:(A;B :Set)! B! (A+ B).
s Case : (A;B : Set)

I (C:(A+B)! Set)

' ((a:A)! C(inl ABa))
' ((b:B)! C(inr ABDb))
I (d:A+ B)
I Cd:

s Equality rule as before.
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6-62

Disjoint Union in Agda

# The disjoint union can be de ned as a “data”-set having

two constructors
s inl (in-left for left injection) and
s inr (in-right for right injection):
data _+ (A B : Set): Set where
inl: Al A+B
infr:B! A+B
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Disjoint Union in Agda (Cont.)

# Elimination is represented by pattern matching.
So if want to de ne for A;B : Setfor instance

f :A+ B! Bool
fx =fllg

we can de ne f x by case distinction on x:

f:A+ B! Bool
f (inl a) =tt
f (inr b =
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Use of Concrete Disjoint Sets

# |[tis usually more convenient to de ne concrete
disjoint unions directly with more intuitive names for
constructors, e.g.

data Plant : Set where
tree . Tree! Plant
ower : Flower! Plant

# Now one can de ne for instance

isFlower : Plant! Bool
isFlower (treet) =
isFlower (ower f) = tt
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Disjunction

® A B istrueiff Aistrue or B is true.
# Therefore a proof of A _ B consists of a proof of A
or a proof of B, plus the information which one.
s ltis therefore an element inl p for a proof p: A or an
element inr g for a proof q: B.

# Therefore the set of proofs of A _ B is the
disjoint unionof Aand B ,i.e. A + B.

# We canidentify A_ B with A+ B.
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Disjunction in Agda

°

Or is represented as disjoint union in type theory.

# In Agda we can type in the symbol for _ using Leim as
nvee.

data (A B : Set): Set where
orl : Al A B
or2 : B! A B

e

See exampleproofproplogic7.agda

#® Onthe blackboard A! A_BandA _A! A will now
be shown in Agda.
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Example (Disjunction)

#® The following derives (A _B)! (B _A):

lemma3:A_B! B_A
lemma3 (orla) = or2 a
lemma3 (or2b) = orl b

#® See exampleproofproplogic9.agda
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Disjunction with more Args.

# As for the conjunction, it is useful to introduce special
ternary versions of the disjunction (and versions with
higher arities):

data OR3 (A B C : Set) : Set where
orl : A! OR3ABC
or2 : B! OR3BABC
or2 : C! OR3ABC

»® See exampleproofproplogic8.agda

Jump over -Type.
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(e) The -Set

#® The -setis asecond version of the dependent
product of two sets.

# |tdependson

s asetA,
s and a second set B depending on A, i.e. on
B:A! Set
# Similar to the standard product (x : A) (B x).
# In Agda

s (x:A) (BXx)isainAgda a builtin construct,
s the -setisintroduced by the user using a
constructor, similar to the previous sets.

® The -setbehaves sometimes better than the standard
Inmdllr‘f
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Rules for

Formation Rule

. . |
A B : Set

Introduction Rule

A : Set
B:A! Set
a:A
b:Ba (_I)
pABab: AB
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Rules for

Elimination Rule

A : Set
B:A! Set
C:( AB)! Set
c:(a:A)! (b:Ba)! C(pABab)
Case ABCcd:Cd

Equality Rule

Case ABCc(pABab)=cab:C(pABab) ( -Eq)

Additionally we have the Equality versions of the formation:

, introduction- and elimination-rules.
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The -Set using the Log. Framew. The -Setand the Dep. Prod.

# The more compact notation is: »® Both the -set and the dep. product have similar
introduction rules.

s (A:Set) .
| (Al Set) » Forthe -set, the constructors have additional
' ' arguments A, B necessary for bureaucratic reasons
I Set:
only.
s p:(A:Set) # One can de ne the projections o, 1 using Case :
I (B:A! Set)
l (a:A) o = Case AB (x ( ABRA) (x Ay (BX)y)
I (B a) 1 = Case AB (x( AB)XB ((x)) (xAry BXy)
I .
’ AB # On the other hand, from (o, ;1 we can de ne Case as
follows:
A Set. g Al Set. c ( AB)! Set.
S (a:A)! (kB a)! C (p ab): d ( AB)IS O(d) 1(d) .
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The -Set using the Log. Framew. The -Set and the Dep. Prod.

» However the dependent product has the -rule (which

s Case : ! _ !
is however not implemented in Agda).

(A : Set)
I (B:A! Set) #® Because of the lack of -rule, works usually
I (C:( AB)! Set) better than the dependent product in Agda.

| ((a:A;b:Ba)! C(pABabh)) . ,IAZ?JI:(;?L?!H don't use the dependent product  of
I (d: AB) '

I Cd:
s Equality rule as before.
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The -Setin Agda

#® can be de ned as a “data”-set with a constructor, e.g.
p:

data ( A:Set)(B:A! Set): Setwhere
p:(a:A)! Ba! AB

# Elimination uses case-distinction

f:. AB! D
f (pab="f!Ig
sigmaset.agda
36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving, Lent Term 2008, Sec. 6(e) 6-77

The -Setin Agda (Cont.)

# Again one usually de nes concrete -sets more directly.

» Example: Assume we have de ned

s a set PlantGroup for groups of plants (e.g. “tree”,
“ OWGI’"),

» depending on g : PlantGroup, sets (PlantsinGroup g)
for plants in that group

#® The set of plants can then be de ned as

data Plant : Set where
plant : (g: PlantGroup) ! PlantsinGroup g! Plant
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The -Setin Agda (Cont.)

# Not surprisingly, for elimination we use
pattern matching , e.g.:

f :Plant! PlantGroup
f (plantg_) =g
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(f) Natural Ded. and Dep. Type The

# In this section we study, how derivations in dependent
type theory correspond to derivations in natural
deduction. (Omitted 2008)

» We will as well introduce constructive logic.
Jump to constructive logic.
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Conjunction

» We have seen before that we can identify in type theory
conjunction with the non-dependent product.

# With this interpretation, the introduction rule for the
product allows to form a proof of A~ B from a proof of A
and a proof of B:

p:A q:B
hp;g :A™B

® This means that we can derive A » B from A and B .

1)
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Conjunction and Natural Ded.

# In so called natural deduction, one has rules for
deriving and eliminating formulas formed using the
standard connectives.

» There the rule for introducing proofs of A" B is

A B (/\ _|)

A™B

# The type theoretic introduction rule corresponds exactly
to this rule.

Omit Examplel
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Example 1

# For instance, assume we want to prove that a function
sort from lists to lists is a sorting algorithm.

# Then we have to show that for every list | the applicatior
of sortto | is sorted, and has the same elements of I.

#® In order to show this, one would assume a list | and
show

s rstthat sortl is sorted,
» then, that sort | has the same elements as |

s and nally conclude that it ful Is the conjunction of
both properties.

s The last operation uses the introduction rule for ~.
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Conjunction (Cont.)

# The elimination rule for ~ allows to project a proof of
A" B to a proof of A and a proof of B:

p:A"B ( -Elo) p:A"B
o(p) - A 1(p) : B

® This means that we can derive from A ~ B both A and
B.

# This corresponds to the natural deduction elimination
rule for ":

( -El)

A" B A" B
(" -Elo) ("-Ely)
A B

Omit Example 2
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Example 2

® Assume we have de ned a function f, which takes a list
of natural numbers |, a proof that | is sorted, and a
natural number n, and returns the Boolean value tt or
indicating whether n is in this list or not.

# Assume now a sorting function sort from lists of natural
numbers to natural numbers, plus a proof that it is a
sorting function, i.e. that sort | is sorted and has the
same elements as | for every list I.

#® We want to apply f to sort| and need therefore a proof
that sort | is sorted.

# We have that the conjunction of “sort | is sorted” and
“sort | has the same elements as |” holds.

# Using the elimination rule for # one can conclude the
desired property, that sort | is sorted.
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Example 3

#® Assume a proof of A™ B.

® We want to show B * A.
s By " -elimination we obtain from A~ B that B holds.
» Similarly we conclude that A holds.
» Using " -introduction we conclude B * A.
s In natural deduction, this proof is as follows:

ANB (a_ ANB (a_
B (" -Elo) A (’\(-I) El1)

BMA

#® We have seen in the previous section how to derive this
in Agda.
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Disjunction

# We have seen before that we can identify in type theory
disjunction can be identi ed with the disjoint union.

# With this identi cation, the introduction rules for +
allows to form a proof of A _ B from a proof of A or fron
a proof of B.

A : Set B : Set

CA
: P2 (i)
infABp:A+B

A : Set B : Set

'B
. P2 lior)
int ABp:A+B
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Disjunction (Cont.)

# Omitting the premises A; B : Setand omitting them as
arguments of inl and inr (which is needed only for type
checking purposes in the presence of the identity type -
this type is not treated in this module) we get:

A:Set B:Set p:A
inlp:A+ B

(+ -linI)

A:Set B :Set
infrp:A+B

P B (+ '|inr)
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Disjunction (Cont.)

# This means that we can derive A _ B from A and from
B.

# This is what is expressed by the natural deduction
introduction rules for

A B
-1
A B (_-lint) A B

(_'|inr)

Omit Example 1
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Example 1

6-89

# Assume we want to show that every prime number is
equal to 2 or odd.

# In order to show this one assumes a prime number.
s Ifitis 2, itis trivially equal to 2.
s Using the introduction rule for _ one concludes
that it is equal to 2 or odd.
s Otherwise, one argues (using some proof) that it is
odd.
s Using the introduction rule for _ one concludes
again that it is equal to 2 or odd.
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Disjunction (Cont.)

# The elimination rule for + allows to form from an
element of A + B an element of any set C provided we
can compute such an element from A and from B:

A : Set
B : Set
C:(A_B)! Set
sl:(a:A)! C(nl ABa)
sr:(b:B)! C(inr ABD)
d:A_B

(+-El
Case ABCslsrd:Cd
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Disjunction (Cont.)

# Omitting the dependency of C on A _ B, the premises
A, B and C, and the arguments A, B and C, we get:

d:A B sl:Al C

Casea slsrd: C

sr:B! C (+_E|)

# This means that we can derive from A _ B a formula
C, if we can derive C from A and from B
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Disjunction (Cont.) Example 2

# This is what is expressed by the natural deduction # Assume we want to show that every prime number is

elimination rules for _: equal to 2, equal to 3, or 5.

A B A C B C( # We want to make use of the proof above that every
C - prime number is equal to 2 or odd.
» In the above rule we have written » \We assume a prime number.
A C s We know that it is equal to 2 or odd.
s In case it is equal to 2 we conclude that it is equal to
for 2,equalto 3,or 5.

from assumption A we can derive C.

i . . . : In case it is odd, we conclude using the fact that it is
s This is written sometimes in the following form * g

prime and 1is not prime, that it is equal to 3or 5.
A Therefore it is equal to 2, equal to 3, or 5.

» Now from the elimination rule for _ we conclude that
the prime number chosen is equal to 2, equal to 3, or

C 5.
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Disjunction (Cont.) Example 3
# Note that in natural deduction, from the premise A~ C
we obtain A! C, which is the premise used in the » Assume a proof of A_ B.
corresponding rule in dependent type theory. # We wantto showB _ A.
s We have A_B.

Omit Example 2 s From assumption A we obtain A and therefore by

_-introduction B _ A.

s From assumption B we obtain B and therefore by
_-introduction B _ A.

s By _-elimination we obtain from these three
premises B _ A without any premises.
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Example 3 (Cont.)

# In natural deduction, this proof is as follows (we write

—A A (_'|inr) —? B (_'|inr)
A B A B A B B A
(_-El
B_A

» We have seen in the previous section how to derive this
in Agda.
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Implication

#® We have seen before that we can identify in type theory
implication with the non-dependent function type.

# In order to distinguish between the function type and
the logical implication we will write in this subsection
instead of ! for logical implication.
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Implication (Cont.)

# With this identi cation of logical implication and the

function type, the introduction rule for ! allows to
form a proof of A B from a proof of B depending on a
proof p of A:

p:A) g:B )

pAg:A B

# This means that, if we, from assumptions p:A can
prove B
s (i.e. we can make use of a context p : A for proving
q:B)

then we can derive A B without assuming p:A
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Implication (Cont.)

# This is what is expressed by the introduction rule for
in natural deduction

A B , _
A B( 1)
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Example

» We extend the proof that, if we have A _ B, then we
have B _ A, to a proof of

(A_B) (B_A)

# The previous proof can be easily transformed into a
proofof A_ B~ B _A.

# By -introduction, it follows (A _B) (B _A).
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Example
#® The complete proof in natural deduction is as follows is
as follows.
A A B B
N \—(_'Iinr) \—(_'Iinl)
A B A B A B A BA(-EI)
A_B B A ( ) -
(A_B) (B_A)
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Implication (Cont.)

# The elimination rule for allows to apply a proof p of
A B to a proof of g of A in order to obtain a proof of B

p:A B q:A
pqg:B

#® This means that we can derive from A B and A that
B holds .

# This is what is expressed by the natural deduction
elimination rule for

A B A g

(I -El)
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Example

# Assume we wanttoshowA (A B) B.

® We can show this as follows:

s From assumptions A and A B we can conclude
A B.

s From assumptions A and A B we can conclude as
well A.

» Using the elimination rule for , we conclude that
under the same assumptions we get B.

s Using the introduction rule for we conclude from
assumption A that (A B) B holds.

s Using again the introduction rule for  we conclude
that A (A B) B holds without any
assumptions.
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Example

# A proof in natural deduction is as follows:

AJA B A B AAA B A

N ( -ED
A/A B B )
A (A B) B )
A (A B) B
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Universal Quanti cation

#® We have seen before that we can identify in type theory
universal quanti cation with the dependent function

type.
# With this identi cation, the introduction rule for the

dependent function type allows to form a proof of 8x”:B
from a proof of B depending on an element x : A:

Xx:A) p:B
x A:p:8xAB

¢ -

# This means that, if we, from x:A can prove B , then we
get a proof of 8x*:B which doesn't depend on x : A.
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Universal Quanti cation (Cont.)

# This is what is expressed by the natural deduction
introduction rule for  8:

X:A B (8-')
8x~:B
where
s X might not occur free in any assumption of the
proof .

s This is guaranteed in type theory, since x : A must
be the last element of the context, so any other
assumptions must be located before it and can
therefore not depend on x:A.
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Universal Quanti cation (Cont.)

# Note that we have written
x:A B
for

we can derive B from variable x : A.

# This is usually not mentioned as such in natural
deduction.

# We prefer this notation, since it
» makes the variable x explicit,
o and allows to deal with more complex types A.
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Universal Quanti cation (Cont.)

s The conclusion of the introduction rule will no
longer depend on free variables x.
s This is made explicit by mentioning free variables
X : A in our notation.
s In type theory this corresponds to the fact that
X:A does no longer occur in the context of the
conclusion.
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Example

o

Assume one wants to show that for every natural
number n we have n+0 == n.

In order to show this one assumes a natural number n
and shows then thatn+0 == n.

then using the introduction rule for 8 one concludes
8nN:n+0== n.

In natural deduction, this proof is as follows (where the
prove of n + 0 == n is not carried out):

n+0==n (8-1)
8nN:n+0== n
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Universal Quanti cation (Cont.)

# The elimination rule for the dependent function type
allows to apply a proof p of 8x”:B to an elementa: A in
order to obtain a proof of B[x := aJ:

p:8x~:B a:A
pa:B[x:= g

(I -El)

# This means that we can derive from 8x”:B and an
element of a:A that B[x:=a] holds
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Universal Quanti cation (Cont.)

# This is what is expressed by the natural deduction
elimination rule for 8
s For the simple languages used in natural deduction,
there is no need to derive that a: A;
in more complex type theories we have to carry
out this derivation
8xA:B a:A (8-E)
B[x := 4]
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Example

# Assume a proof of 8nN:0+ n ==

» We want to conclude that
8n;m:N:O+(n+ m)==(n+m).

#® This can be done as follows:
» One assumesn;m : N.
s Then one can conclude n + m : N.

s Using 8nN:0 + n == n and the elimination rule for 8
one concludes 0+ (n+ m) == ( n+ m) under
assumption n;m : N.

» Now using the introduction rule for 8 twice it follows
8n;m:N:O+(n+ m)==(n+ m).
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Example
# In natural deduction, this proof is written as follows:
n:N;m:N" n:N n:N;:m:N" m:N (N-El. )
8nN:0 + n == n:N;m:N‘n+m:N(8_El)
N:Nym:N"  0+(n+ m)==(n+m) (8-1)

n:N>8mN:0+(n+ m)==(n+m)

(8-1)
8n;m:N:O+(n+ m)==(n+m)
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Existential Quanti cation

# We have seen before that we can identify in type theory
existential quanti cation with the dependent product.

# With this identi cation, the introduction rule for the
dependent product allows to form a proof of 9x*:B from
an elementa: A and a proof p: B[x := a]:

a:A p:B[x:=4d
ha; pi : 9x*:B

(-

# This is what is expressed by the natural deduction
introduction rule for  9:

a:A B[x:= a]
9xA:B

(9-1)
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Example

# Assume we want to show 8nN:9mN:m > n .
s In order to prove this one assumes rst n: N.
s Then one concludesSn:NandSn>n.
s Using the introduction rule for 9 one concludes
9mN:m > n under the assumption n : N.
s Using the introduction rule for 8 one concludes
8nN:9amN:m>n .
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Example

# In natural deduction, this proof reads as follows:

n:N\ n:N (N-ls) \

n:N Sn:N nN:N Sn>n
. ~ N.
N:N 9m¥m>n (8-1)

(9-1)

8nN:9mN:m > n
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Existential Quanti cation (Cont.)

#® The elimination rule for the dependent product allows
to project a proof p of 9x”:B to an element o(p) : A and
proof 1(p) : B[x := o(p)].

This kind of rule works only if we have explicit proofs

# From this we can derive a rule which is essentially that
used in natural deduction (in which one doesn't have
explicit proofs):

o Assume:
s C: Set which does not depend on x : A,
s p:9xA:B and
s X:Ay:B) c:C.
s Thenwe have c[x ;= o(p);y := 1(p)]: C, not
depending on x:A or y:B

°
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Existential Quanti cation (Cont.)

® Therefore the rule in natural deduction follows from
the type theoretic rules:

9xA:B xA:B" C
C

where C does not depend on x : A and B.

#® Herex:A;B ~ C means that from x : A and assumptior
B we can derive C.

s As in the introduction rule for natural deduction, x : A
is usually not mentioned explicitly, since the type
structure there is very simple.

(9-El)
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Example

# Assume we have shown 8nN:9mN:m > n ~ Prime(m).

# We want to show that for all n there exist two primes
above it, i.e.

8nN:9m;k : Nim >k ~ k>n A~ Prime(m) » Prime(k) :

# We can derive this as follows:

o Assume n: N.

s We have 9mN:m > n ” Prime(m).

s Soassume m:Nand m>n " Prime(m).
We have as well 9kN:k > m ~ Prime(k).
s Soassume k : N and k >m ” Prime(k).

e
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Example

s Then we can conclude
m>k ~ k>n " Prime(m)”~ Prime(k)
and therefore as well
Im;k : Nom >k ~ k>n " Prime(m) ~ Prime(k)
o Now by 9-elimination twice follows
N:N"9m;k:N:m>k * k>n ” Prime(m)”* Prime(k)

without assuming m, k as above.
» By 8-introduction follows

8nN:9m;k : Nim >k ~ k> n ~ Prime(m) ~ Prime(k)
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Example

# The formal proof in natural deduction is as follows
(some of the premises can be shown easily in natural
deduction):
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Example

# First step: Under the global assumption
n:N;m:N;m>n " Prime(m);k : N;k>m " Prime(k)
we prove the following

k:N m>n " k>m ~ Prime(m)* Prime(k)
m: N 9kN:m >n A k>m ~ Prime(m) * Prime(k)

Im;k :Nom>n ~ k>m ” Prime(m) * Prime(k)

® So we have shown

n:N;m:N;m>n " Prime(m);k :N;k >m » Prime(k) °
Im;k:Nom>n ~ k>m ”~ Prime(m) * Prime(k)
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Example

# Second step: Under the assumption
n:N;m:N;m>n " Prime(m)
we can conclude
9kN:k > m ~ Prime(k)
and then conclude by 9-elimination and Step 1

9kM:k>m ~ Prime(k)
k:N;k>m ~ Prime(k)™9 m;k:N:m>n ~k>m ” Prime(m)” Prime(Kk)

Im;k :Nom>n ~ k>m ”~ Prime(m) * Prime(k)

(9-1)
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Example

# Third step: Again we can conclude
n:N>9mN:m>n ~ Prime(m)
and then conclude by 9-elimination and Step 2

n:N"9 mN:m>n ~ Prime(m)
n:N;m:N;m>n *Prime(m) 9 m;k:N:m>n ~k>m ~ Prime(m)” Prime(k)

(9-1)
N:N"9m;k:N:m>n " k>m ” Prime(m) ~ Prime(k) (81

8nN:9m;k : Nom>n ~ k >m * Prime(m) * Prime(k)
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Construct. (or Intuit.) Logic

# From type theoretic proofs we can directly extract
programs .
# Forinstance, if p : 8x*:9yB:C[x;y], then we have
s forx :Aitfollows b:= o(px):B and 1(pXx): C[x;b].
s Thereforef := xA: o(px)is a
function of type A ! B, and we have

xA: 1(px): 8xA:Cx: f x]

i.e. we have a proof that 8x* :C[x:f x] holds .

s Therefore, from a proof of 8x”:9yB:C[x;y], we can

extract a function , which computes the y from the
X.
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Constructive Logic (Cont.)

# We can derive as well a function which depending on
p : A + B decides whether p=inl(a) or p = inr(b)

# Therefore we can decide, from a proof of a disjunction,
which of the disjuncts holds

# This has consequences due to the undecidability
of the Turing halting problem.

s Before continuing, | introduce brie y this result for
those who haven't been in the module on
computability theory.
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Turing Machines

s Every computable function can be computed by a
TM™M.

s TMs can have one input string, no interaction, and
have as output one output string.
s Both these strings are usually interpreted as
natural numbers.

s To run a TM with no input means to run it with the
empty input string.
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Turing Complete Languages

» Any programming language, which can simulate a TM,
shares this property and is called Turing complete .

» Most standard programming languages, e.g. Java,
Pascal, C, C++ are Turing complete .

s Agda, restricted to termination checked programs, is
not Turing complete
s No (decidable) language, which allows to write
terminating programs only, can be Turing
complete.
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Turing Halting Problem

# The Juring _halting problem is the question, whether a
TM (with no inputs) terminates.

» An essentially equivalent form is the question
whether a TM with one input terminates.

TM x (which can be represented as a string, as a
natural number, or as a speci ¢ data type) expressing
that “TM x holds, if given no inputs”.

# Therefore the Turing halting problem is the question
whether we can decide

halts x _: halts x :
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Unprovability in Type Theory

# Itis known that the Turing halting problem is
undecidable:
s We cannot decide in a computable way for every x
the Turing halting problem for x.

# Similarly we cannot decide whether a Java program
with no input and no interaction terminates or not.

# Because of the undecidability of the Turing halting
problem, the following formula is unprovable in
Martin-Lof Type Theory and as well in Agda:

8x ™ :halts x _: haltsx :

s Here TM is a data type which allows to encode all
TM in a standard way.
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Unprovability in Constructive Logic

# If we could prove it, we could get a function, which
determines for x : TM whether halts x or not.

# But such a function needs to be computable, and such
a computable function doesn't exist.
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Constructive Logic (Cont.)

# In classical logic we can prove the above , since we
can derive A _: A (tertium non datur) for any formula
A.

# In type theory, this law cannot hold , unless we don't
want that all programs can be evaluated.

» The logic of type theory is intuitionistic
(constructive) logic ,inwhichA_: Aand:: A A
are not provable for all formulae A.

# Jump over remaining slides
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Constructive Logic (Cont.)

# In classical logic
s 9x”:B isequivalentto :8 x*: B,
s A _Bisequivalentto : (: A”": B).
» If we take decidable atomic formulae only and

replace 9x*:B by :8 x":: B
replace A_B by :(: A™: B)

then all formulae provable in classical logic are

derivable in type theory.

s Allweneedis:: A A, which can be shown for all
formulae built from decidable atomic formulae using
o, L, N, 8.
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Constructive Logic (Cont.)

»® Especially, the tertium non datur formula
A A
translates into
(AN A)
which trivially holds, since : A and :: A implies ?.
# In this sense, type theory contains classical logic
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Weak vs. strong Disj./Quant.

# But type theory is richer , since it has as well so called
strong disjunction and existential quanti cation

A B and 9x*:B

whereas weak disjunction and weak existential
quanti cation  are the formulae

- (: A”~: B)and:8 x*:: B
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Weak vs. strong Disj./Quant.

® From a proof p: 9x*:B we can extract an element x of A
s.t. B holds, namely

o(x)

This is in general not possible for weak existential
guanti cation.

# From a proof p: A_ B we can determine which one of A
or B holds (the other disjunct might hold as well).
From a proof of weak disjunction this is in general not
possible.
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Constructive Logic (Cont.)

# Remark: One can always obtain classical logic in Agda
for arbitrary formulae by postulating tertium non datur
for the formulae for which one needs it:

postulate p: A_: A
# Jump over the following proofs.
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Constructive Logic (Cont.)

# Proof (using classical logic) of

9x":B $ (:8 x": B)

s We have classically:
T A A
s IfAistrue,then:: A A holds.

s If Ais false, then :: A is false, therefore :: A
holds.
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Constructive Logic (Cont.)

s We show intuitionistically :9 x*:B $8 x:: B
s Assume :9 x”:B, x : A and show : B.
If we had B, then we had 9x”:B, contradicting
-9 xA:B. Therefore : B.
s Assume 8x”:: B. Show :9 xA:B:
Assume 9x”:B. Assume x s.t. B holds.
By 8x":: B we get : B, therefore a contradiction.

» Now it follows (classically):

(9x":B)$ (:9 xA:B)$ (:8 x*::B)
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Constructive Logic (Cont.)

® Proof of
A _BS$: (A" B)

o We show intuitionistically : (A _B)$ (: A”: B)
s Assume: (A _B). If Athen A _ B, a contradiction,
therefore : A.
Similarly we get : B, therefore: A™: B.
s Assume: A™: B,show: (A _B).
Assume A _ B. If A then a contradiction with : A,
similarly with B.

» Now it follows (classically):

(A_B)$: (A_B)$: (A" B)
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Class. Logic for 9, -free Formulae

# We show that for formulas A built from:, ,”, 8 and
decidable prime formulae we have

T A A
» Theformula:: A Ais called stability for A.

# This is done by induction over the buildup of these
formulae.
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Class. Logic for 9, -free Formulag

® Case A Atomc.
o We make case distinction on c.

s Ifc=tt,thenwe have A > , A is provable,
therefore aswell :: A A.
s Ifc= ,thenwehave A ? .
s Assume:: A (? ? ) ?
s ? ? isprovable.
s Therefore we obtain ?, which is A.
$»

So we have
D AT A
and obtain
A A
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Class. Logic for 9, -free Formulag

# CaseA B C, andassume we have already shown
stability for B and C.

We have to show that from :: A we obtain A, which is
B C.

So assume :: A, B and show C.

We show :: C, then by stability of C we obtain C.
cC: C?

Therefore assume : C and show ?.

s We show : A whichisA ?
s Soassume A andshow?.A B C, therefore

by B we get C, and by : C therefore ?.

s By: A,whichis: A ? ,we gettherefore ?, which

completes the proof for this case.

°

o o o @
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Class. Logic for 9, -free Formulae

® CaseA B " C, andassume we have already shown
stability for B and C.

® Assume :: A and show A.

s We show :: B, which implies by the stability of B
that B holds.
s Since:: B : B ? ,weassume: B and have to
show ?.
s We show : A, i.e. show that A implies ?.
Assume A, whichis B~ C. Then we get B, and
by : B therefore ?.
s By:: A weobtain?.
s Therefore we have shown B.
» A similar proof shows C, and therefore we getB * C,
ie. A.
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Class. Logic for 9, -free Formulae

® Case A 8 xB:C, and assume we have already shown
stability for C.

Assume :: A and show A.

e

® So assume x : B, and show C.

® We show :: C, which by the stability of C implies C.
s So assume : C and show ?.

s We show : A.
s Assume A, which is 8xB:C.
s Then we obtain C, and by : C therefore ?.

s By :: A we therefore get ?, and are done.
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Class. Logic for 9, -free Formulag

Case A : B, and we have stability for B.
B B ? .
? ? = Atom false.

o o o @

By stability for decidable prime formulae we get stability
for ?.

°

Together with the stability for B we obtain by case the
stability forB ? : B.
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(g) The Set of Natural Numbers

# The set N is the type theoretic representation of the set
N:=f0;1,2:::;0.
# N can be generated by
s starting with the empty set,
s adding Oto it, and
s adding, whenever we have x init x + 1 to it.
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The Set of Natural Numbers (Cont.) Primitive Recursion (Cont.)

#® Let Sbe a type theoretic notation for the operation ® The computation of f n proceeds now as follows:
X7 x+1.

s Compute n.
o Ifn =0, then the result is a.

#® Then the type theoretic rules are

N:Set (N-F s Otherwise n =S n®

- Set (N-F) s We assume that we have determined already how
to compute f n©

0:N (N-lp)

s Nowfn reducestognf(fn9.
s g n°(f n9 can be computed, since we know how tc

n:N (N-ls) Compute
Sn:N
fno
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Primitive Recursion Example

# Primitive Recursion expresses:
Assume we have

s a:N.

s and,ifn:N,x:Nthengnx:N.
Thenwecandene f:N! N,s.t.
s f 0=a,

o T (Sn)=gn(fn).

#® Thefunctionf :N! Nwithfn =2 ncan be de ned
primitive recursively  by:
s f0=0.
s T (SN)=S(S(fn)).
» Therefore take in the de nition above:
s a=0,
s gnx=S(Sx).
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Generalised Primitive Recursion

Rules for the Natural Numbers

»® We can generalise primitive recursion  as follows:
» First we can replace the range of f by an arbitrary

setC
s i.e. we allow for any set C

f :NI C

s Further, C can now depend on N.
# We obtain the following set of rules:

Elimination Rule

C:N! Set
a:Co
g:(x:N)! Cx! C(Sx)
n:N (N-EI)
PCagn:Cn
Equality Rules
PCag0 = a (N-Eqp)
PCag(Sn) = gn(PCagn (N-Eqg)

Additionally we have the Equality versions of
the formation-, introduction- and elimination-rules.

€
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Rules for the Natural Numbers
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Elimination into Type

Formation Rule

N:Set (N-F)
Introduction Rules
0:N (N-lp)

n:N
———<  (N-I
sn.n (V19

# In order to de ne predicates on the natural numbers by
prim. recursion, we need sometimes elimination into

type:
Strong elimination Rule
n:N) Cj[n]: Type
a: C[0]
g:(x:N)! C[x]!
n:N
PIP® agn:Cn]

C[SX]
(N-EITYP®)

Strong Equality Rules

(N-Eq)”™®)

ngpe ag0 = a
(N-Eq2®®)

PO* ag(Sn) = gn(P*®agn)
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Rules for the Natural Numbers

#® Note that if we de ne in the eliminationrule f :=P C g
(which is -equalto n N:P C g n) then
» The conclusion of the elimination rule reads:

fn:Cn
which means that
f:(n:N)! Cn:
s The equality rules read:

fOo = a
f(Sn) = gn(fn)
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Logical Framework Rules for N

# The more compact notation is:

s N: Set
s O0:N,
» S:N! N,
o P :(C:N! Set)

I CO

' ((x:N)! Cx! C(Sx))
I' (n:N)
I Cn:

s The same equality rules as before.
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Natural Numbers in Agda

#® Nis de ned using data:

data N : Set where
Z:N
S:N! N
Here N can be typed in using Leim as nBbbf Ng.

(We cannot use 0 for zero, since this denotes the builtin
native natural number 0 in Agda).

® Therefore we have

S : N!I' N
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Elimination Rules for N in Agda

» Elimination is represented in Agda as before via case
distinction.

# Assume we want to de ne

f:(n:N)! A
fn=1fllg

s A possibly depending on n,
# Then we can distinguish the casesn=Z andn=S m

and obtain:
f:(n:N)! A
f Z = fllg
f (Sn) = fllg
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Elimination Rules for N in Agda

# For solving the goals, we can now make use of f .
That will be accepted by the type checker.

» However, if we use of full f , and then type check the le,
the termination checker will complain, and we obtain for

instance
W:n:Nn)1 A
fn :.n

exampleNatl.agda
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Elimination Rules for N in Agda
» Ifwe,in
g:(n:N)! A
g Z = fllg
g (Sn) = f!lg
» do not make use of g whendening gZand
¢ onlyuse of gnwhendening g(Sn)
then the termination check succeeds (once the
de nition is complete).
6-162
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Elimination Rules for N in Agda

» If we haven't completed the de nition of g, the
termination checker might complain, as long as not all
details are known.

s For instance, if we have the following we get an

error:
g:N! N
g Z = Z
g (Sn) = @f!g

s If we complete it as follows the error vanishes (one
might need to load the agda code again):

g:N! N
g Z = Z
g (Sn) = gn
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Elimination Rules for N in Agda

# If check-termination succeeds |, the de nition should

be correct.
s (The lecturer hasn't checked the algorithm).

# However, if check-termination fails , the de nition

might still be correct
Jump over Limitations of Termination Checker.
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Power of Termination Check

# The following de nition of the Fibonacci numbers can't
be de ned this way directly using the rules of type
theory, but it can be de ned in Agda as follows and
check-termination accepts it

(one =S 2:
b: N!' N
b zZ = one
b (S2) = one
b (S(Sn) = b n+ Db(S n)
bl.agda
36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving, Lent Term 2008, Sec. 6 (g) 6-165

Limitations of Termination Checker

» Assume we de ne the predecessor function

pred:N! N
pred Z = Z
pred (Sn) = n
l.e. ( . B
pred(n) = "n=

n 1 otherwise.
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Limitations of Termination Checker

® Then the function
.:N! N
f Z = Z

f (sn) = [ (predn)

terminates always
s (it returns for all n : N the value Z).

# However, check-termination fails
terminationnatl.agda

CS_336/CS-M36 (part 2)/CS_-M46 Interactive Theorem Proving, Lent Term 2008, Sec. 6 (g)

Limitations of Termination Checker

#® Because of the undecidability of the Turing halting
problem
s itis undecidable, whether a recursively de ned
function terminates or not,

» therefore there is no extension of check-termination
which accepts exactly all in Agda de nable
functions, which terminate for all inputs
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Example: Addition

# De nition of + in Agda:

inxrl0 +
_+ N! N!' N
n + Z = n

n + Sm = S(n+m)

# The de nitition is correct, since when de ning n+S m,
n+ mis de ned before n+S m.

® Because of the line
inxrl1l0 +

n+ m+ kis interpreted as n + (m + k).
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Example: Multiplication

o De nition
inxr20
_ _:N! N!' N
n Z = Z
n Sm = n m+n
® Because of the line
in xr 20 :

_ binds more than _+ _
» Remember we had inxr 10 _ + _

® We can use inthe de nitionof _ _ +, and can refer in
caseofn Smton m, whichis de ned before n Sm.
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Equality on N

# We can de ne a Boolean valued equality on N as
follows:

_==Bool _:N! N! Bool

Z ==Bool Z = tt

Sn ==Bool S m n ==Bool m
==Bool

# Note that the third case expresses: in all other cases
(i.e. when de ning n==Bool m and neither both n, m
are Z nor both are of the form S _) we obtain the result
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Equality on N
# Then we can de ne equality _==_on N as follows
== :N! N! Set
n== m=Atom (n ==Bool m)
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Equality on N (Cont.) Re exivity of ==

# Alternatively we could have de ned _ == _ directly Re : Set
(this uses in fact large elimination on N): Re =(n:N)! n==

== :N! N! Set
7 == 7 - s re :Re
Sn == Sm = n==m re = fllg
_ = _ = ? # Since re is an element of a function type, we replace
the de nition of re by
natl.agda
re :Re
re n=fllg
where the type of the goal is n == n.
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Re exivity of == Re exivity of == (Cont.)
#® Reexivity of == is the formula: Re : Set
snN-n == n Re =(n:N)! n==
» Type theoretically this means that we have to prove re ' Re
re n=fl1
re :Re J
re = fl Ig # This can now be shown using pattern matching :
where re :Re
Re : Set re Z = fllg
Re =(n:N)! n==n re (Sn) = f!lg
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Re exivity of == (Cont.)

# Inorder to prove re Z, we observe

(Z==2) = Atom (Z ==Bool 2)
= Atom tt
= >

s Therefore the goal can be solved by taking true : >.
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Re exivity of == (Cont.)

# In order to prove re (S n), we observe

(Sn==S n) = Atom (S n ==Bool S n)
= Atom ( n ==Bool n)
= (n == n)

» Therefore the goal can be solved by taking
re n:(n==n).
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Re exivity of == (Cont.)

# The complete proof is as follows:

re : Re
re Z = true
re (Sn) = re n

» Note that this is not a black hole recursion, since in the
second equation re n is de ned before re (S n).
re nat.agda
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Symmetry of ==

® Symmetry of == is the formula:
8nnm:N:n==m! m==n
» Type theoretically this means that we have to prove

Sym : Set
Sym=(nm:N)! n=m! m==n

In Agda this is shown by de ning

sym : Sym
symnmnm = f! Ig
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Symmetry of == (Cont.)

Sym : Set
Sym=(nm:N)! n=m! m==n
# This can now be shown using case distinction on both
n and m:
sym : Sym

sym Z V4 nm = f!lg
sym Z (Sm) nm = fl!lg
sym (Sn) Z nm = f!lg
sym (Sn) (Sm) nm = f! g

# For convenience we spell out the type of symin the
following.
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Symmetry of == (Cont.)

sym:(nm:N)! n=m! m==n
sym Z Z nm = f!lg

sym Z (Sm) nm
sym (Sn) Z nm = fllg
sym (Sn) (Sm) nm = f!lg

I
—
Q

® Incase sym Z Znm, the goal is
(Z == Z) = >

which can be solved by using true.
s The argument nm is irrelevant and can be replaced
by .
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Symmetry of == (Cont.)

sym
sym
sym
sym
sym

c(nm:N)!
z VA

Z (Sm)
(Sn) Z
(Sn) (Sm)

n ==

m! m==n

[
.
Q

= fllg
= fllg

® Incase symZ (Sm) nm, we have

nm:Z==S m=7?

so there is no element in nm, we can solve it as

symZ (Sm) ()
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Symmetry of == (Cont.)

sym
sym
sym
sym
sym

:(nm:N)!
Z Z
4 (Sm)
(Sn) Z
(Sn) (Sm)

n ==

0
nm
nm

m! m==n
true

I
—
Q

= fllg

# In case sym (Sn) Z nm, we have

nm:Sm==272= 7

so there is no element in nm, we can solve it as

sym (Sn) Z ()
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Symmetry of == (Cont.)

sym
sym
sym
sym
sym

Mm:N)! n=m! m==n
VA Z _ = true

Z (Sm) 0

(Sn) Z 0

(Sn) (Sm) nm = fllg

# Incase sym (Sn) (S m) nm, we have that the type of the

goal is

(Sm==S n)=(m

# This goal can be solved by

== n)

symnmnm:m== n

which is type correct since

nm:(Sn==S m)=(n==m)
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Symmetry of == (Cont.)

#® The complete proof is as follows:

sym :

sym
sym
sym
sym

Mm:N)! n=m!
z z _ =
V4 (Sm) 0O
(Sn) Z 0

(Sn) (Sm) nm

m== n
true
sym nm nm

# Note that this code termination checks, since in the last
equation symn m nm is de ned before
sym (Sn) (S m) nm.

symnat.agda
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Symmetry of == (Cont.)

sym:(nm:N)! n==m! m==n
sym Z Z - true

sym Z (Sm) ()

sym (Sn) Z 0

sym (Sn) (Sm) nm = symnmnm

# Inthe cases
sym Z (Sm) nm and
sym (Sn) Z nm

we have that nm is an element of ?, and the goal is ?.

#® So we can, instead of using empty case distinction on
nm, return the proof nm and obtain the following:
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Symmetry of == (Cont.)

sym:(nm:N)! n==m! m==n

sym Z Z _ = true
sym Z (Sm) nm = nm
sym (Sn) Z nm = nm
sym (Sn) (Sm) nm = symnmnm

symnat2.agda
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Example: < on N

# The following introduces < on N:

_<Bool_:N! N! Bool
_ <Bool z
Z <Bool Sm = tt

Sn <Bool Sm n <Bool m

_<_:N! N! Set
n<m = Atom ( n <Bool m)

lessnatl.agda
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Example: < on N

# Alternatively, we can de ne < using large elimination:

<_:NI' N! Set

_ < Z = ?
Z < Sm = >
Sn < Sm = n<m

lessnat2.agda
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Example: Tuples of Length n

# We de ne tuples (or vectors) of length n in Agda:

data Nil : Set where
[]: Nil

data Cons (A B : Set) : Set where
= Al B! ConsAB

# Now we can de ne

Tuple : Set! N! Set
Tuple A Z = Nil
Tuple A (Sn) Cons A (Tuple A n)
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Tuples of Length n

® Therefore,

Tuple An = ﬁ:ons A (Con?ZA (ConsA}\ Nil)
n times
#® The elements of Tuple A n are
a1 (@ (an:[D) )

# Jump over next slides.

)
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Remarks on Tuples of Length n

, we would de ne

# In ordinary mathematics

fhig ;

Tuple(A; 0)
Tuple(A;n + 1)

o |f we de ne

a; = hap;iinansrl =
then this reads:

Tuple(A;0) = f[lg ;

Tuple(A;n+1) = fa:b ja2 A" b2 Tuple(A;n)g :

6-193
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Remarks on Tuples of Length n

# In the type theoretic de nition we have constructors

[] : TupleAZ

A! TupleAn! TupleA (Sn)

# This is the type theoretic analogue of the previous

de nitions.

6-194
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Componentwise Sum of n-Tuples

# We de ne component-wise sum of tuples of length

n.
» Using mathematical notation, this sum for instance

as follows:
W:3:4i + 6;6;7i = h7;9;:11i :
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Componentwise Sum of n-Tuples

sumNTuple: (n:N)! Tuple Nn! TupleNn! Tuple Nn

sumNTuple Z [] [] =[]
sumNTuple (Sn) (m:l) (m%:19 =
(m+ m9Y :: (sumNTuplen 119

tuple.agda
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(n) Lists

#® We de ne the set of lists of elements of type Ain Agda.

# We have two constructors:
s [], generating the empty list.

o . ,adding an element of A in front of a list

® So we de ne lists as follows:
inxr20

data List (A : Set) : Set where

[] . List A
Al ListA! List A

6-197
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Elimination Principle for Lists

# The elimination principle is structural recursion on lists:

Assume
s A : Set
o C: Set dependingon| : List A.

Then we can de ne
f:(:LstA)! C
f ] = fllg
f (a:xl) = fllg

and in the second goal we can make use of f | .

6-198
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Example: Length of a List

length : ListN! N

length [] = Z

length (_::1) = S(length I)
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Example: sumlist

» sumlist| will compute the sum of the elements of list I.

sumlist; List N! N

sumlist [] = Z
sumlist (n::1) = n+sumlist |
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Interesting Exercise

® Dene
_++ fA:Sefg! ListA! ListA! ListA ;

s.t. | ++ 1%s the result of appending the list I°at the end
of list 1.

» E.g., if a;b;c;d are elements of A, then

atb:[] ++ cudi]]
—a:bucadi]

list.agda
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(1) Universes

® A universe U is a set, the elements of which are codes
for sets.

® So we have
s U: Set
s T:U! Set(the decoding function).

#® We consider in the following a universe closed under
s ?,>,Bool N,
+

o
o
s the dependent function type.
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Rules for the Universe

Formation Rule

U:Set (U-F)
a:u (T_F)
T a: Set
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Rules for the Universe

Introduction and Equality Rules

biu (Uy) T(®)= 7 :Set (T-Eqp)

iU (Uy) T ()= > : Set (T-Eqy)
Bool : U (Ul ) T (Bool) = Bool : Set (T-Eqy, )

R:U (Ul T(R)= N: Set (T-Eqg)
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Rules for the Universe

Introduction and Equality Rules (Cont.)

a:u b:U (U'Ib)
abh:U

T(aPb=T a+T b:Set (T-Eqp)

a:u b:Ta! U (U-1p)
bap:u

T(Pap= (T a(xTaT(bx):Set (T-Eqp)

36/CS_M36 (part 2)/CS_M46 Interactive Theorem Proving, Lent Term 2008, Sec. 6 (i)

Rules for the Universe

6-205

Introduction and Equality Rules (Cont.)

a:u b: Ta! U (U'Ib)
bab:u

T(Pbap=(x:Ta)! T(bx:Set (T-Eqp)
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Elimination and Equality Rules

o

°

There exist as well elimination rules and corresponding
equality rules for the universe.

They are very long (one step for each of constructor of
U) and are not very much used.

They follow the principles present in previous rules.

We have of course as well the equality versions of the
formation-, introduction- and equality rules.
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Applications of the Universe

o

X

Ordinary elimination rules don't allow to eliminate into
Set

However often, one can verify, that all sets needed are
“elements of a universe”,

s i.e. there are codes in the universe representing
them.

® Then one can eliminate into the universe instead of Set

and use T to obtain the required function.
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Applications of the Universe Universes in Agda (Cont.)

Example: De ne

mutual
Wom : Bool! U - data U : Set where
Atom = Casegyo (X BO:U) P b ?hat U
tophat : U
Atom : Bool! Set; Boolhat : U
Atom :  x BooLT (Atom x) ; Nhat @ U
_+hat_ : U! U! U
Then hat c (a:U)! (Ta!® U! U
Atomtt= >, hat s (a:U! (Ta! Ut U
Atom = 7.
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Universes in Agda Universes in Agda (Cont.)
U and T need to be de ned simultaneously. T in the following is to be intended the same as U:
Usually Agda type checks de nitions in sequence,
so no reference to later de nitions possible. T:U!l Set
Special construct mutual . T 7?hat = ?
s Everything in the scope of it is type checked T tophat = >
simultaneously. T Boolhat = Bool
sl .Scope determl.ned b:‘/ |ndden.t<'?1t|on.f f i T Nhat - N
s lItis necessary, since the de nition of U refers to that _
P T (a+hatbh) = T a+T b
of T, and the de nition of T refers to that of U. ( )
: . . T (hat ab = (T a(x ! T(bx)
s In general mutual allows simultaneous inductive
T (hat ab = (T a(x ! T(bx)

and/or recursive de nitions.

o The termination checker can handle certain
terminating simultaneous inductive and/or recursive
de nitions like the universe.
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() Algebraic Types

The construct data in Agda is much more powerful than
what is covered by type theoretic rules.

In general we can de ne now sets having arbitrarily
many constructors with arbitrarily many arguments of
arbitrary types.

data A : Set where

Ci :(a:AD! (az:Ad! (@, AL) ! A
Co :(a: A ! (ap:A3)! (@, :A2) ! A
Cm:(ag: AT)! (az: AD)! (an, :AR)! A
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Meaning of “data”

The idea is that A as before is the least set A s.t. we
have constructors:

Ci:(ai1: A1)
|
! (ami . Aini)
I A
where a constructor always constructs new elements.

In other words the elements of A are exactly those
constructed by those constructors.
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Strictly Positive Algebraic Types

In the types Ajj we can make use of A.

However, it is dif cult to understand A, if we have
negative occurrences of A.

Example:
data A : Set where
C:(A! A! A

What is the least set A having a constructor

C:(A! Al A 2
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Strictly Positive Algebraic Types

If we
have constructed some elements of A already,
nd a function f : A! A, and
addCfto A,
then f might no longer be a function A! A.
(f applied to the new element C f might not be
de ned).

In fact, the termination checker issues a warning, if
we de ne A as above.

We shouldn't make use of such de nitions.
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Strictly Positive Algebraic Types Strictly Positive Algebraic Types

A “good” de nition is the set of lists of natural numbers, In general:
de ned as follows:
data A : Set where

data NList : Set where Ci :(ar: A%) | (ap: A%) ! (an, :Aﬁl) A

[l : NList Co :(a:AD! (a2:A!  (an,:AZ) ! A
N'! NList! NList

. . m . m . m
The constructor _::_ of NList refers to NList, but in a Cm:(artAD)! (a2 A7) (an, * AR D! A

positive way:

We have: ifa: N and | NList. then is a strictly positive algebraic type, if all Aj; are

either types which don't make use of A

(a::l) @ NList : or are A itself.
And if A is a strictly positive algebraic type, then A is
acceptable.
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Strictly Positive Algebraic Types Strictly Positive Algebraic Types
If we add a:: | to NList, the reason for adding it The de nitions of nite sets, AB, A+ B and N were
(namely | : NList) is not destroyed by this addition. strictly positive algebraic types.

So we can “construct” the set NList by
starting with the empty set,
adding [] and
closing it under _:: whenever possible.

Because we can “construct” NList, the above is an
acceptable de nition.
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One further Example

The set of binary trees can be de ned as follows:

data BinTree : Set where
leaf : BinTree
branch : Bintree! Bintree! Bintree

This is a strictly positive algebraic type.
bintree.agda
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Extensions of Strict. Pos. Alg. Types

An often used extension is to de ne several sets
simultaneously inductively.

Example: the even and odd numbers:

mutual
data Even : Set where
Z : Even
S : Odd! Even
data Odd : Set where
s : Even! Odd

In such examples the constructors refer strictly positive
to all sets which are to be de ned simultaneously.
evenodd.agda
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Extensions of Strict. Pos. Alg. Type

We can even allow A = By ! A or even
Aj =B1! ! B, ! A, where A is one of the types
introduced simultaneously.

Example (called “Kleene's O”):

data O : Set where
leaf : O
succ : O! O
lim : (N! O)! O
The last de nition is unproblematic, since, if we have
f :N! O and construct lim f out of it, adding this new

element to O doesn't destroy the reason for adding it to
0.

So again O can be “constructed”.
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Elimination Rules for data

Functions f from strictly positive algebraic types can
now be de ned by case distinction as before.

For termination we need only that in the de nition of f,
when havetodene f (Ca an), we can refer only
to f applied to elements used in C a; an.
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Examples

For instance
in the Bintree example, when de ning

f:Bintree! A
by case-distinction, then the de nition of
f (branch | r)

can make use of fl and f r.
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Examples

6-225

In the example of O, when de ning

g:0! A
by case-distinction, then the de nition of

g (limf)
can make use of g (f n) for all n: N.
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