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LSystems

Negative Arithmetic (NA*) — formulas

We consider the negative fragment of Heyting Arithmetic.

A B = P(f)|at(b°°)|A— B|AAB| VA
-A = A— 1L
ﬁxA = _‘vXﬁA

Here 1 is just a nullary predicate variable.
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Negative Arithmetic (NA*) — proofs

MN == | (A aMBYA=B | (MABNA)B |
()\XMA)VXA (V.C) | (MVXAr)A[X::r] |
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Casesp 4 : Vp(A(ff) — A(tt) — A(b)) |
Indy, 4 : ¥n(A(0) — Vn(A(n) — A(Sn)) — A(n)) |
Ind;_4 : ¥ (A(nil) — Yy, (A() — A(x::1)) — A(D) |
Truth : at(tt)
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L Systems

Notation shortcuts

We will use a special nulltype symbol € and stipulate:

X P~ p, t~ 8, (te) ~t
p X E~>p, ty~t (e, ty ~ t
p =€ ~e, AxE ~> €, gt~ e
€= p~p, Axst ~~ 8, te ~ t

VysA~ A, Me ~ M

We could have used a unit type, but then the equalities
above become explicit isomorphisms.
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L Systems

Boolean falsity

Using a general predicate variable 1 we work in a minimal logic
setting.

However, if we use decidable falsity F := at(ff), we are able to
prove by induction on the definition of formulas

Lemma (ex falso quodlibet)
F—A

Lemma (stability)
(A—-F)—=F)— A

if A contains no predicate variables.
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Realisability and Dialectica

Realisability

» Formulas A are problems

» They ask for solutions of type A°

» Translations |A|" verify if r is a solution to A
Dialectica

» Formulas A are problems

» They ask for solutions of type A™

» that are challenged by terms of type A~

» Translations |A|] verify if r solves A for a challenge s
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Computational type

c | ¢

| c
P(t) T Tt
at(b) € 5
AANB || A x B° At x Bt
A—B|A =B | (At = BY)x
(At =B = A")
VxeA || p= A°

p= A"
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L Realisability and Dialectica

Computational type

c | ¢ ct C-
P(?) T T+ T~
at(b) 5 5 €
AANB | A° x B° At x Bt A= x B~
A—B|A =B | (At=Bt)x |AtxB"
(At =B = A")
Ve A || p= A° p= A" px A"

Realisability needs predicates with computational content.
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L Realisability and Dialectica

Translation
c cr [
P | P(D) PE( s,
at(b) at(b) at (b)
AANB | A" A|BI™ A A B
A= B | (A — IBI™) | A ys.y5. — |BIS
vXA(X) Vx |A(X)|rx |A(S|_)|;(_,SL)
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L Realisability and Dialectica

Translation
c il Cls
P | P(D) PE( s D
at(b) at(b) at (b)
ANB | 1AM 118" Al B
A= B | (A — IBI™) | A ys.y5. — |BIS
VeAX) | Vx AT A(sL)[)

The Dialectica translation is always a quantifier-free formula.
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L Realisability and Dialectica

Soundness

Theorem (Realisability)

LetP be a froof of A from assumptions u; : C;. Then we can
prove |APY from assumptions |C;| .

Theorem (Dialectica)

Let P be a proof of A from assumptions u; : C;. Then we can

prove |A|l[,f]I+ from assumptions |C”I)I(7U;II-‘ and ya ¢ FV([P]T).
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Extracted terms

P [P1° [T+ 71
u:A Xu Xu YA
M. [M]°c Mo IMI; [yans = (ya,L)]
M. [M]° M IM]; [yars := (U, V)]
ML} va := yarsL]
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L Realisability and Dialectica

Extracted terms

P [P1° [ 1" [Pl
u:A Xy Xy ¥Ya
M. M]°c Ml IM];” Vans = (¥a,U)]
M. M]° - M IM];” [Yans == (U, ¥B)]
ML} va := yarsL]
(M,N) | (IM]°, [NT°) | (IMT. INT) >
INI; v == yans-]

Contraction: t it := if Al; then £, else t;.
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L Realisability and Dialectica

Extracted terms

P [P1° [T+ [PI;
u:A Xu Xu YA
M. [M]°c Mo IMI; [yans = (ya,L)]
M. [M]° M IM]; [vars := (U, ¥B)]
ML} va := yarsL]
(M, N) || (IMI°, INT°) | <IMI™, INT) >
INT; [vs = yans-l

Contraction: &1, := if |A]} then , else t. Only works if A
has no predicate variables! €®
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L Realisability and Dialectica

Extracted terms (ctd.)

P [71° [P1* 71
MM | A IMI® | Qe IMTF, | IMI X o= ya—sL] Ve = Va5
Axoys[MIu)
IMI; va—s = (INI*. yB)]
MN || IMI°INT® | (IMT*O)INT* >

[ND;” ya == (IMI* ) INT* vl
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L Realisability and Dialectica

Extracted terms (ctd.)

P | [P | IPT* [Pl
MM AIME | A IMTT | IMD; [x = yoac] va = Yo,ad]
Mt || Mt | [M]TE ML} Yo = (t ya)l
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L Realisability and Dialectica

Realising boolean induction

P Casespab M N
[Pl° || if bthen [M]° else [N]°
[P1* | if bthen [M]" else [N]"
71

[MI; > [NT;
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L Realisability and Dialectica

Realising natural induction

P Ind,anMN
[P1° Raae n[M]° [N]°
HP]]+ Ruar n I[M]]+ ()‘HIIN]]+ n|_)
P17 Rnae N(Ay,[M];)

Anp,y

INI; s = (. [P n.y)
g

P(INI* n(IPT* n)y)
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L Realisability and Dialectica

Realising list induction

P IndjanMN
[71° Ry ' IM]® [NT°
[P1* Rugpy HTMIH (M INTT x 1)
[Pl Ri(p) | (AyaIMT;)
[N} ys = (x LIPTY 1 y)]
Al py >
p(INT* x 1 ([P 1)y)
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L Realisability and Dialectica

A-translation

Theorem (Extraction via A-translation)
Let P be a proof of

NA“ - D — (Vyr.G— L) — L
with D and G not containing L. Then

NA“ - D — G([PI°(\yy))-
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L Realisability and Dialectica

A-translation

Theorem (Extraction via A-translation)
Let P be a proof of

NA“ - D — (Vyr.G— L) — L
with D and G not containing L. Then

NA“ - D — G([P]°(\vy)).
Proof. (IP1°(A\yy))

Let 7°(L) = p and L be translated to a unary predicate variable
A. Substitute A with G(y). O
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LComputationall uniformities

Uniform quantifiers

Consider the formula
VoV m(n =2m — 3 n? = 4k)

A realiser could be k = m? or k = Quot(n?,4). Hence, a
quantified variable is not necessarily computationally relevant.
If not, we quantify it uniformly: VY A , i.e., the verifying proof is
uniform in this variable.
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Negative Arithmetic (NA*) — formulas

We consider the negative fragment of Heyting Arithmetic.
A, B -

c= P(f) | at(b”°) |A— B|AANB|VA| VWA
-A = A— L
éxA = _‘VX_‘A
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LComputational uniformities

Negative Arithmetic (NA*) — proofs

MN = u? | (\aMEY=B | (MA=BNA)B |
(M)A (v | (M4 e=r |
(A M)A (vo) | (M7 A=l |
<MA’NB>A/\B | (MAMBLYA | (MAB )8 |
Casesp 4 : Vp (A(ff) — A(tt) — A(b)) |
Ind, 4 : Vn(A(0) — Va(A(n) — A(Sn)) — A(n)) |

Ind4 < V,(A(il) — Vs (AT) — Ax 1)) — A(D)) |
Truth : at(tt)
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I—Computational uniformities

Computational type
c | c | ct C-
P(?) T Tt T~
at(b) € 5 €
AANB | A x B° At x Bt A= x B~
A-B|A=B| (At=B")x |A*xB"
(At =B = A)
VxeA | p= A° p= A" p XA
VY, A A° At
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Translation
¢ cr Cl5
PO | P PE(r s 1)

at(p) at(b) at (b)

ANB | |AI"A|B™ A ABIY

A= B | %A = 1BI™) | AT (s )5 — 1B
VxA(X) Yy |A(X)|™ A(s.) g(JsL)
RAX) | X lAX)I Vo |AX)|




Extraction with uniformities

LComputational uniformities

Translation
¢ cr Cl5
PO | P PE(r s 1)
at(p) at(b) at (b)
ANB | |AI"A|B™ A ABIY
A= B | %A = 1BI™) | AT (s )5 — 1B
VxA(X) Yy |A(X)|™ A(s.) g(JsL)
RAX) | X lAX)I Vo |AX)|

The Dialectica translation is not always quantifier-free! @»
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Extracted terms

P [P1° | IP1* [Pl

MM || MIMI® | MMIE | IMIF [ = Yo acl V= Yooa ]
Me | IMIPE | IMITE | IMIT e = ()
WM | My | M IMI; [v:= Ypal
M*AL | MEe | IMTF IMI; Vs = val
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I—Computational uniformities

Uniformisation correctness

Definition (Realisability)

MM is correct if x ¢ FV([M]°)

Definition (Dialectica)

MM is correct if x ¢ FV([M]*) and x ¢ FV([M],")

. . A .
P is correct if also for every t <t VY does not occur in A



Extraction with uniformities
L List reversal

List reversal

Let Rev be a binary predicate without computational content for
the graph of the list reversal function.




Extraction with uniformities

L List reversal

List reversal

Let Rev be a binary predicate without computational content for
the graph of the list reversal function. Assumptions:

Ry : Rev(nil, nil)
R : V.l by (Rev(l1,l2) — Rev(f:+:x:, x Ig))



Extraction with uniformities

L List reversal

List reversal

Let Rev be a binary predicate without computational content for
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L List reversal

List reversal

Let Rev be a binary predicate without computational content for
the graph of the list reversal function. Assumptions:

Ry : Rev(nil, nil)
R; : VX,/1,/2 (Rev(/1 , /2) — Rev(/1 HIXL X /2))

Here I;:+:/ denotes appending h to /;. We assume that Rev is
undecidable.
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M: V/OQIRCV(I(), /)
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L List reversal

We will prove that it is not possible that a list is not reversible.
M : V/O§|/R6V(/0, /)

To this end, we prove by induction that if a list is not reversible
then none of its initial segments is:

V/(RCV(/O, /) — J_) — V/zvh (/1 2+1/2 = /0 — V/(RGV(A y /) — J_))
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Proof

Induction on k for

L: V/ZVA (I1 :+:/2 = /0 — V/(Rev(h N I) — J_))
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L List reversal

Proof

Induction on b for

L: V/2V11 (I1 :+:/2 = /0 — V/(Rev(h N I) — J_))

M := Agy. g, M Ay V@D o il 2= ) Ry
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L List reversal

Proof

Induction on b for

L: V/Z\V/h (I1 :+:/2 = /0 — V/(Rev(h N I) — J_))

M := Agy. g, M Ay V@D o il 2= ) Ry
L:= )\,Zlnd,_(N) b LB Ls

Lg := )\/1 )\f}:+:ni|:’°C0mpat hibbu
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L List reversal

Proof
Induction on b for

L: V/Z\V/h (I1 Z+:/2 = /0 — V/(Rev(h N I) — J_))

M = )‘Ro,Fh )\IoAﬁ’(ReV(IOJ)_)J_) L/O nil MEiI:+:IO:IO nil RO
L:= )\,Zlnd,_(N) /2 LB LS

LB = )\/1 )\f}:+:ni|:’°C0mpat /1 /0 u

Lg = Axp Ap Ay ApHxRI=h 3 \Rev(h.])

p (/1 Z+IX1) Lg1:+:x:):+:12:/0 (X . /) Lgiv(/1:+:x:,xzz 1)
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L List reversal

Proof
Induction on b for

L: V/Z\V/h (I1 Z+:/2 = /0 — V/(Rev(h N I) — J_))

M = Agy my Ay A/ O | il pR+0=b il Ry
L= AyIndyw o Ls Ls
Lg := A Ay M=bCompat i Iy u
Lo 1= b g A1, D
p (l:+:x:) Lg“"L:X:):"L:IFIO (x::1) Ll;iv(/‘:"L:X:’X” )

L31 2=R1XI1IW
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L List reversal

Extraction by A-translation

Extracted program:

M := Xg, g, )\IOAX/(R‘?V(IOJ)—’L) L Iy nil MEiI:+:IO:IO nil Ry
L:=X,Indyny b LgLs
Lg := A Ay M=bCompat i Iy u
LS = )‘X,lz )‘,D >\l1 )\ﬁ:+:(x:: k)=h Al )\vaVev(A )
p (l:+:x:) L(El11+:X5)5+:/2:/0 (x:: 1) Lgiv(hw:x:,x::l)

L31 2:R1X/1IW



Extraction with uniformities

L List reversal

Extraction by A-translation
Extracted program:

lILB]]O = )\uu

M := Xg, g, )\IOAX/(R‘?V(IOJ)—’L) L Iy nil MEiI:+:IO:IO nil Ry
L:=X,Indyny b LgLs
Lg := A Ay M=bCompat i Iy u
LS = )‘X,lz )‘,D >\l1 )\ﬁ:+:(x:: k)=h Al )\vaVev(A )
p (l:+:x:) L(El11+:X5)5+:/2:/0 (x:: 1) Lgiv(hw:x:,x::l)

L31 2:R1X/1IW
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Extraction by A-translation
Extracted program:

lILB]]O = )\uu
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L:=X,Indyny b LgLs
Lg := A Ay M=bCompat /; Iy u
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L List reversal

Extraction by A-translation
Extracted program:

lILB]]O = )\uu

M := Xg, g, )\IOAX/(R‘?V(IOJ)—’L) L Iy nil MEiI:+:IO:IO nil Ry
L:=X,Indyny b LgLs
Lg == XAy M =hCompat /s | u
LS = )‘X,lz )‘,D >\l1 )\ﬁ:+:(x:: k)=h Al )\vaVev(A )
p (l:+:x:) L(El11+:X5)5+:/2:/0 (x:: 1) Lgiv(hw:x:,x::l)

L31 2:R1X/1IW
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L List reversal

Extraction by A-translation
Extracted program:

IILB]] )\uU

M := \g, R, )‘IOAX/(ReV(IOJ)_)L) L Iy nil MEiI:+:IO:IO nil Ry
L:= )\/2|ndL(N) b LB LS
Lg == M Ay =hCompat /s | u
LS = Ay )\p A )\ﬁ:+:(x::lg):/0 by Alvzvev(h N))
) 5312 1
,0(/1 :+:X:) LS:_I1:+:X:):+:/2=lo (X:: /) Lg‘iv(hw:x:,x::l)
L31 = R1X/1IW
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L List reversal

Extraction by A-translation

Extracted program:

IILB]]O = Xu

M := \g, R, )\/OAX’(R‘)’V(IO’I)_’L) L Iy il er:lilz+:10:/0 nil By
L= A,Indy ) b LgLs
Lg:= A\, AL =b compat /4y u
Ls = Ax, Ao A Aps( )=l y \Rev(])
p (h:+:x:) LS:-I1:+:X:):+:IFI° (x::1) Ll;iv(l“‘”x”x” I

L31 2:R1X/1IW



Extraction with uniformities

L List reversal

Extraction by A-translation
Extracted program:

IILB]]o = )\/1 Xu

M := \g, R, )\/OAX’(R‘)’V(IO’I)_’L) L Iy il er:lilz+:10:/0 nil By
L= A,Indy ) b LgLs
Lg:= A\, A =b compat 4y u
Ls = Ax, Ao A Aps( )=l \Rev(i])
p (h:+:x:) LS:-I1:+:X:):+:IFI° (x::1) Ll;iv(l“‘”x”x” I

L31 2:R1X/1IW



Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

[Ls]® = Xp

M := \g, R, )\/OAX’(R‘)’V(IO’I)_’L) L Iy il er:lilz+:10:/0 nil By
L= A,Indy ) b LgLs
Lg:= A\, Ap=b Compat 4y u
Ls = Ax, Ao A Aps(x )=l \Rev(])
p (h:+:x:) LS:-I1:+:X:):+:IFI° (x::1) Ll;iv(l“‘”x”x” I

L31 2:R1X/1IW



Extraction with uniformities

L List reversal

Extraction by A-translation
Extracted program:

[Ls]® = Xp(l1:+:x2)

M := \g, R, )\/OAX’(R‘)’V(IO’I)_’L) L Iy il er:lilz+:10:/0 nil By
L= A,Indyy b Lg Ls
Lg:= A\, Ap=b Compat 4y u
Ls = Aeyy Ap Ay, Aitxil)=h 5 \Rev(hi)
p (h:+:x:) LS:-I1:+:X:):+:IFI° (x::1) Ll;iv(l“*:’“x“ N

L31 2:R1X/1IW



Extraction with uniformities

L List reversal

Extraction by A-translation
Extracted program:

[Ls]® = Xp(l1:+:x2)

M := \g, R, A/O)\X’(Rev(lo’l)_’” L Iy il er:lilz+:10:/0 nil By
L= Ind;w b Lp Ls

Lg:= A\, A\ " =P Compat /; Iy u

Ls = Ax, Ao A Aps(x )=l \Rev(])

,0(/12+:X:) L(E/1 +ix:)h=ly (X:: /) Lgiv(h&:x:,x::l)

L31 Z:R1X/1IW



Extraction with uniformities

L List reversal

Extraction by A-translation
Extracted program:

[Ls]® = Xp(l:+:x:)(x 1)

M := \g, R, Alo)\X/(ReV(IOJ)_)L) L Iy nil MEiI:+:IO:IO nil Ry
L:= )\/2|ndL(N) bLg LS
Lg:= A\, M H=bcompat /4y u
LS = Ay )\p A )\ﬁ:+:(x::lg):/0 by Alvzvev(h N))
. 312 1
,0(/1 Z+ZX:) L(El1 4 X))+ h=ly (X . /) Lgiv(h&:x:,x::l)
L31 = R1X/1IW



Extraction with uniformities
L List reversal

Extraction by A-translation

Extracted program:

[Ls]® =

Xp(l:+:x:)(x 1)

M = Agy g, M Ay V@D Ly il 2= i) Ry
L:= )\/2|ndL(N) bLg LS

Lg = M\, "= Compat /s I u
LS = )‘X,lz )‘p >\l1 )\ﬁ:+:(x:: k)=h Al )\ljvev(h )

p (h:+:x:) Lg +X:)+l=l
LS1 ::R1X/1/W

(XZ: /) L];::V(h ixex )




Extraction with uniformities
L List reversal

Extraction by A-translation

Extracted program:

[Ls]® =

Xp(l:+:x:)(x 1)

M = Agy g, M Ay V@D Ly il 2= i) Ry
L:= )\/2|ndL(N) bLg LS

Lg = M\, "= Compat /s I u
Ls = Aepy Ap Ay AT RI= y e ()

p (h:+:x:) Lg +X:)+l=l
LS1 ::R1X/1/W

(X . /) L];:V(l' +ixe,x )




Extraction with uniformities
L List reversal

Extraction by A-translation

Extracted program:

[Ls]® =

AN Xp(h+ix:)(x 2 l)

M = Agy g, M Ay V@D Ly il 2= i) Ry
L:= )\/2|ndL(N) bLg LS

Lg = M\, "= Compat /s I u
Ls = Aepy Ap Ay AT RI=o y e ()

p (h:+:x:) Lg +X:)+l=l
LS1 ::R1X/1/W

(X . /) L];:V(l' +ixe,x )




Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

[Ls]® = AN Xp(h+ix:)(x 2 l)

M = Agy g, M Ay V@D Ly il 2= i) Ry
L:=ApIndyny kL Ls
Lg = M\, "= Compat /s I u
Ls = Ay, Ao A )\{}3+3(X31/2)=/o A\ )\Rev(h,/)
p (l:+:x:) L(El1 vhix: )i+l =l (x::1) LRev (hexx 2 1)
Lsi:==Rixhlw



Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

[Ls]® = A AXp(h+ix:)(x )

M = Agy g, M Ay V@D Ly il 2= i) Ry
L:=ApIndyny kL Ls
Lg = M\, "= Compat /s I u
Ls = Ay, Ao\ )\{}3+3(X31/2)=/o A\ )\Rev(h,/)
p (l:+:x:) L(El1 vhix: )i+l =l (x::1) LRev (hexx 2 1)
Lsi:==Rixhlw



Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

[Ls]® = Ao A AXp(hitix:)(x 2 )

M = Agy g, M Ay V@D Ly il 2= i) Ry
L:=ApIndyny kL Ls
Lg = M\, "= Compat /s I u
Ls = Ay, Ao\ )\{}3+3(X31/2)=/o A\ )\Rev(h,/)
p (l:+:x:) L(El1 vhix: )i+l =l (x::1) LRev (hexx 2 1)
Lsi:==Rixhlw



Extraction with uniformities
L List reversal

Extraction by A-translation

Extracted program:

[LsS]® = Axpy Ao A AXp(Fyiexs) (x 22 1)

M = Agy g, M Ay V@D Ly il 2= i) Ry
L:= )\/2|ndL(N) bLg LS

Lg:= A\, M H=bcompat /4y u
Lt gy dp by AL 3 ARG

p (h:+:x:) Lg +X:)+l=l
LS1 ::R1X/1/W

(X . /) L];:V(l' +ixe,x )




Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

[L]° = Rio(AyXu) Mooty Xp(hikix:) (X 2 1))

M := g, R, AIOAX’(RW(IO’I)_’“ L o nil M+0=b il Ry
L:=A,Indyny b LgLs
Lg:= A, A =bcompat 4y u
Ls:= Axsp Ap A Al )=h 5 yRev()
P (yzex) LRl gy  RevUiese )

Ls1 ::R1X/1/W



Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

ﬂ:L]]O = )‘IQR /2(>‘/1 XU) ()‘X,/27Xp,/1,/XP(I1 :+:X:)(X - /))

M := Apg, R, AIOAX’(RW(IO’I)_’“ L o nil MRY+0=b nil Ry
L:=ApIndyny b LgLs
Lg:= A, A =bcompat 4y u
Ls:= Axp Ap A Al )=h 5 \Rev()
p (o) L=l gy  RevUieoe )

Ls1 ::R1X/1/W



Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

IMI° = Rio(AyXu) Mooty 1 Xp(ikix:) (X 2 1))

M := A, R, AIOAX’(RW(IO’I)_’“ L o nil MY+0=b nil Ry
L:=ApIndyny b LgLs
Lg:= A, A H=bcompat 4y u
Ls:= Axsp Ap A Al )= 5 \Rev()
p (o) L=l gy  RevUiese )

Ls1 ::R1X/1/W



Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

|[M]]O = RIO()\h Xu) (>‘X,/2,Xp,/1,/XP(I1 2+ZXZ)(X b /))nll

M := g, R, AIOAX’(RW(IO’I)_’“ L o nil MY+0=b il Ry
L:=A,Indyny b LgLs
Lg:= A, A H=bcompat 4y u
Ls:= Axs Ap Al Al )=h 5 \Rev()
p (o) LRl gy  RevUiese )

Ls1 ::R1X/1/W



Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

|[M]]O = R/O()\h Xu) (>‘X,/2,Xp,/1,/XP(I1 2+ZXZ)(X b /))nll

M = Ay my Mg A R OD =) il 20~ il Ry
L:=A,Indyny b LgLs
Lg =M\, " Compat /s I u
Ls:= Axs Ap Al )\@1+1(X::/2):lo A )\I;Vev(h,/)
p (o) LRl gy  RevUiese )

Ls1 ::R1X/1/W



Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

|[M]]O = R /0()\/1 Xu) (>‘X,/2,Xp,/1,/XP(I1 2+ZXZ)(X b /))nll nil

M = Ay my Mo A R OD =) il 20— il Ry
L:=A,Indyny b LgLs
Lg =M\, " Compat /s I u
Ls:= Axs Ap Al )\@1+1(X::/2):lo A )\I;Vev(h,/)
p (o) LRl gy  RevUiese )

Ls1 ::R1X/1/W



Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

|[M]]O = R /0()\/1 Xu) (>‘X,/2,Xp,/1,/XP(I1 2+ZXZ)(X b /))nll nil

M = Ay my Mg Ay R OD =) il 0= it Ry
L:=A,Indyny b LgLs
Lg =M\, " Compat /s I u
Ls:= Axs Ap Al )\@1+1(X::/2):lo A )\I;Vev(h,/)
p (o) LRl gy  RevUiese )

Ls1 ::R1X/1/W



Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

|[M]]O = )\XUR /0()\/1 Xu) (AX,IQ,Xp,’h/XP(h 2+2X2)(X p /))nll nil

M = Ay Ay O Lo il 120 it Ry
L:=A,Indyny b LgLs
Lg:= A\, AL=b Compat /y y u
Ls 1= Ay Ap Ay A TRy 0D
P (yzex) L=l gy RevUiese )
Lsi:=Rixhlw



Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

|[M]]O = >‘/o)‘XuR /0()\/1 Xu) (AX,IQ,Xp,’h/XP(h 2+2X2)(X p /))nll nil

M = Ay Ap O Ly il 120 it Ry
L:=A,Indyny b LgLs
Lg:= A\, AL=b Compat /y y u
Ls 1= Ay Ap Ay A TRy 0D
P (yzex) L=l gy RevUiese )
Lsi:=Rixhlw



Extraction with uniformities

L List reversal

Extraction by A-translation

Extracted program:

|[M]]O = )\/0 ()\XUR /0()\/1 Xu) (>‘X,/2,Xp,/1,/XP(I1 2+ZXZ)(X b /))nll nll) ()\[/)

M = g, g, A Ay RN =1 il 20~ il Ry
L:=ApIndyny b LgLs
Lg =M\, " Compat /s I u
Ls:= Axs Ap Al )\@1+1(X::/2):lo by )\I;Vev(h,/)
P (yzex) LRl gy RevUese )

Ls1 ::R1X/1/W



Extraction with uniformities

L List reversal

Extraction by A-translation
Extracted program:

|[M]]O = )\/OR /0()\/1’//) ()\)(’/2’)(,3’/1 ’/Xp(/1 Z+ZX:)(X b /))nll nil

M = g, g, A Ay RN =1 il 20~ it Ry
L:=ApIndyny b LgLs
Lg =M\, " Compat /s I u
Ls:= Axp Ap Al )\@¢+1(X::/2):lo A )\lsvev(h,/)
p (o) LRl gy  RevUiee )

Ls1 ::R1X/1/W



Extraction with uniformities

L List reversal

Extraction by A-translation
Extracted program:

|[M]]O = )\/OR /0()\/1’//) ()\)(’/2’)(,3’/1 ’/Xp(/1 I+2X:)(X b /))nll nil

M = g, g, A Ay RN =1 il 20~ it Ry
L:=ApIndyny b LgLs
Lg =M\, " Compat /s I u
Ls:= Axp Ap Al )\@¢+1(X::/2):lo A )\lsvev(h,/)
p (o) LRl gy  RevUiee )

Ls1 ::R1X/1/W



Extraction with uniformities
L List reversal

Extraction by A-translation

Extracted program

V7 (hiti = lo — V)(Rev(h, I) — 1))
M := A\p, R, )\/O)\X'(RCV(IO’I)HJ‘) L Iy nil M0=h i1 B
L:= )\/2|ndL(N) /2 LB LS
Lg = A" =bCompat /s Iy u
Ls = Ay g A
) 512 1
p () L0kl gy v (hexd)
Ls1 Z:R1X/1/W



Extraction with uniformities

L List reversal

Extraction by A-translation
Extracted program:

IIM]]O = )\/OR IO()‘I1,II) ()‘X,lg,xp,h ’/Xp(/1 Z+2XI)(X i /))nll nil

M = )\Fi’o,R1 AIO)\XI(RCV(IOJ)—}J—) LIO nll ME”H—ZIQ:/O n|| RO
L:=ApIndyny b LpLs
Lg:= )\/L1J>\<}:+:ni|:I°Compat Iy lou
Lg:= A\, )\p )‘IIJ )\(}H’Z(Xiilg):/o by ARCV(IMI)
: b 1
p (h:+:x:) Lg X )= (
LS1 Z=R1X/1/W

/) LRev (h+xe,x )

u]
o)
I
ul
it
N
»
?



Extraction with uniformities
L List reversal

Extraction by A-translation

Extracted program

IM]° := N R lo(Ail) (Ao, xp,1Xp (X 22 1)) il

M = Ag, g, A Ay B OD=1) il 0=k it
L:= )\,and,_(N) /2 LB Ls
Lg := AP\ =bcompat /; Iy u

LS _ )\X,lz )\p )\Ii1j )\(1:+:(X::/2)—/0 )\ ARcv(h,)

p (l:+:x:) Lg ix:) o=
LS1 Z=R1X/1/W

( /) LRCV /1 XX l)



Extraction with uniformities
L List reversal

Extraction by A-translation

Extracted program

IM]° := N R lo(Ail) (Ao, xp,1Xp (X 22 1)) il

M = Ag, g, A Ay B OD=1) il 0=k it
L:= )\,and,_(N) /2 LB Ls
Lg := AP\ =bcompat /; Iy u

LS _ )\X,lz )\p )\Ii1j )\(1:+:(X::/2)—/0 )\ ARcv(h,)

p (l:+:x:) Lg ix:) o=
LS1 Z=R1X/1/W

( /) LRCV /1 XX l)



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

M := gy R, )\/o)\x’(ReV(IO’I)HF) L I nil M +0=h nil Ry
L= AyIndym b Lg Ls
Lg:= A, A{}:Jr:niI:/oCompat hiu
Ls = Axp Ao A Ah#(x k)=l y \Rev(h,])
p (h:+:x:) L(EI‘IJ':X:)":/FI0 (x::1) L‘;:V(/ﬁﬁx%x: )

L31 2:R1X/1/W



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

M := gy R, )\/o)\x’(ReV(IO’I)HF) L I nil M +0=h nil Ry
L= A,Indyn b Lg Ls
Lg:= A\, ABFN=b o mpat fy o u
Ls = Axp Ao A Ah#(x k)=l y \Rev(h,])
p (h:+:x:) L(EI‘IJ':X:)":/FI0 (x::1) L‘;:V(/ﬁﬁx%x: )

L31 2:R1X/1/W



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

M := gy R, )\/o)\x’(ReV(IO’I)HF) L I nil M +0=h nil Ry
L= A,Indyn b Lg Ls
Lg:= A\, ABFN=b Compat [ o u
Ls = Axp Ao A Ah#(x k)=l y \Rev(h,])
p (h:+:x:) L(EI‘IJ':X:)":/FI0 (x::1) L‘;:V(/ﬁﬁx%x: )

L31 2:R1X/1/W



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

M := gy R, )\/o)\x’(ReV(IO’I)HF) L I nil M +0=h nil Ry
L= A,Indyn b Lg Ls
Lg:= A\, AB*NI=bCompat [y u
Ls = Axp Ao A Ah#(x k)=l y \Rev(h,])
p (h:+:x:) L(EI‘IJ':X:):J':/FI0 (x::1) L‘;:V(/ﬁﬁx%x: )

L31 2:R1X/1/W



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

[Lel, =y
M := X, R, )\/o)\x’(ReV(IO’I)HF) L I nil M +0=h nil Ry
L= A,Indyn ko Lg Ls
Lg:= A\, Ab*N=b compat 4 p u
Ls = Ax Ao A Ah#(xR)=l y \Rev(h,])
p (h:+:x:) L(EI‘IJ':X:):J':/FI0 (x::1) L‘;:V(/ﬁﬁx%x: )

L31 2:R1X/1/W



Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:

[Lely ==y

M := Agy g, M Ay SV OD=E) g il pE+o=h il R,
L= )\/2|ndL(N) blg Ls

Lg := )\/1 )\(}:Jr:n”:/OCompat lilbu

Ls := Aepy Ap Ay Ay T X RI= y zRev (i)

p(/1 Z+ZXI) L(EI1:+:X:):+:/2:I0 (X . /) Ll;:v(l1:+:X:,X::l)
L31 = R1X/1/W



Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:

[Lely ==y~

M := Agy g, M Ay SV OD=E) g il pE+o=h il R,
L= )\/2|ndL(N) blg Ls

Lg := )\/1 )\(}:Jr:n”:/OCompat lilbu

Ls := Aepy Ap Ay Ay T X RI= y zRev (i)

p(/1 Z+ZXI) L(EI1:+:X:):+:/2:I0 (X . /) Ll;:v(l1:+:X:,X::l)
L31 = R1X/1/W
[ < ]



Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:

[Lely =y [Lslg =y
M := Agy g, M Ay SV OD=F) Ly nil pE+o=h il R,
L= )\/2|ndL(N) blg Ls

Lg:= )\/1 )\(}:Jr:n”:/OCompat lilbu

Ls := Aepy Ap Ay Ay T X RI= y zRev (i)

p(/1 Z+ZXI) L(EI1:+:X:):+:/2:I0 (X . /) Ll;:v(l1:+:X:,X::l)
L31 = R1X/1/W



Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:

[Lely ==y~

I[LS]]E1 = <X7 /1 ) />
M := Agy g, M Ay SV OD=F) g il pE+o=h il R,
L= )\/2|ndL(N) blg Ls

Lg := )\/1 )\(}:Jr:n”:/OCompat lilbu

Ls i= Aepy Ap Ay Ay T 7RI= y \Rev(i)

p(/1 Z+ZXI) L(EI1:+:X:):+:/2:I0 (X . /) Ll;:v(l1:+:X:,X::l)
L31 =Ry xhlw




Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:

[Lsl, ==Y
[Lely == y-

[Lslz, = (x.h.0)
M = Agy g, M Ay BV OD=F) [y il pE+o=h il R,
L:= )\/2|nd[_(N) b Lp LS

Lg:= )\, Ap=h compat fy o u
LS = )\X,Iz )\p )\11 )\(}H-:(X:: k)=h Al )\ljvev(lh/)

p(/1:+:X:) L(El1:+:X:):+:l2:l0 ( - I) LRev(l1:+:X:,X::l)
L31 = R1X/1/W



Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:

[Lsl, =

= (h+:x1,y)
[Le]y = y-

[Lslz, = (x.h.0)
M = Agy g, M Ay BV OD=F) [y il pE+o=h il R,
L:= )\/2|nd[_(N) b Lp LS

Lg:= )\, Ap=h compat fy o u
LS = )\X,Iz )\p )\11 )\(}H-:(X:: k)=h Al )\ljvev(lh/)

p (ly:+:x:) L(E/1:+:x:):+:12=lo ( .. /) LRev(l1:+:x:,x::l)
L31 = R1X/1/W




Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:

[Lsl, =

= (h+:x1,y)
[Le]y = y-

[Lslz, = (x.h.0)
M = Agy g, M Ay BV OD=F) [y il pE+o=h il R,
L:= )\/2|nd[_(N) b Lp LS

Lg:= )\, Ap=h compat fy o u
LS = )\X,Iz )\p )\11 )\(}H-:(X:: k)=h Al )\ljvev(lh/)

p (l1:+:x:)

L(l1 X))+ h=ly
L31 = R1X/1/W

E (X:: /) Ll;e;v(l1:+:x:,x::l)




Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:

[Lslp := (hitxe, x o)
[Lely ==ys  [Lslg == (x.h.])
M = Agy g, M Ay BV OD=F) [y il pE+o=h il R,
L= )\/2|nd[_(N) /2 LB LS

Lg:= )\, Ap=h compat fy o u
LS = )\X,Iz )\p )\11 )\(}H-:(X:: k)=h Al )\ljvev(lh/)

p (l1:+:x:)

L(l1 X))+ h=ly
L31 = R1X/1/W

E (X . /) Ll;e;v(l1:+:x:,x:: )




Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

[Lslp := (hitxe, x o)
[Lels :==ys  [Lslg = (x,h,])
M := \g, g, )\IOAZI(RCV(/O’/)*F) L o nil er;_ilz+:10:/0 nil By
L:=ApIndyny b LgLs
Lg := A A" =0 Compat fy fo u
Ls = ey, Ap Ay ApHxeRIZh y yRev(inf)
p (ly:+:x:) [ (hi+xe)+ih=lo (x::1) Ll;‘:\/(h e, x s )

E i
Ls1 = R1X/1/W



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

[Lslp := (hitxe, x o)
I[LB]]; =Y. I[LS]]E1 — <X, /1 , /)
M = )\R07R1 )\IOAZI(RCV(IO’I)HF) LIO nII ME":-HIOZIO n|| RO
L:=ApInd Ny L Ls
Lg := A A" =0 Compat fy fo u
Lg:= Ay, )\p A )\(}Z+I(X2212):/0 by /\l|}VCV(/1J)
: 512 1
p (:+:x:) [ (r+ixe)+ib=lo (x::1) LI;‘:VM i x )

E i
Ls1 = R1X/1/W



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

[[LS]]E = (h+:x,xy)
|[LB]]17 =Y. |[LS]]E1 = <X, /17y>
M = )\R07R1 )\IOAZI(RCV(IO’I)HF) LIO nII ME":-HIOZIO n|| RO
L:=ApIndyny kL Ls
Lg := A A" =0Compat fy fo u
Lg:= Ay, )\p A )\(}Z+I(X2212):/0 A /\l|}VCV(/1J)
: 5312 1
p (:+:x:) [ (r+ixe)+ib=lo (x::1) LI;‘:VM X )

E i
Ls1 = R1X/1/W



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

[[LS]]E = (h+:x,xy)
|[LB]]17 =Y. |[LS]]E1 = <X, /17y>
M = )\R07R1 )\IOAZI(RCV(IO’I)HF) LIO nII ME":-HIOZIO n|| RO
L:=ApIndyny kL Ls
Lg := A A" =0Compat fy fo u
Lg:= Ay, )\p A )\e:+:(x::/2):lo A /\l|}VCV(/1J)
: 5312 1
p (:+:x:) [ (r+ixe)+ib=lo (x::1) LI;‘:VM X )

E i
Ls1 = R1X/1/W



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

[Lslp := (yo+ix:, x i ya)
[Lely :=y2  [Lslg, == X,y y)
M = Agy g, M Ay BV OD=F) g il pE+o=h il R,
L:= )\/2|nd[_(N) b Lp LS
Lg:= ), M+ni1=bcompat y I u
LS _: )\Xl )\p )\l A(}:+:(X::/2):lo )\I Alsvev(h,/)
: )k 1
p (/1 I+ZXI) L(l1 X))+ h=ly (X B /) LI;‘:V(h +ixx )

E i
Ls1 = R1X/1/W



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

[Ls]T == Ay (yutix:, x::yo)
[Lely =y ILslg = (x.yo,y2)

1

M = )‘Ffo,Fh )\IO)\X/(Rev(lo,/)HF) L Iy nil MEiI:+:l0:IO nil Ry

L:=X\,Indyny ke LpLs
Lg := M0 " =0 Compat /y by u
L i= Axp Ap Ay Ay 0BT (D
p (/1 Z+IXI) Lszﬁ 4iX:)Hh=ly (X .. /) Lgiv(h XX l)

Ls1 =Ry xhlw



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

[LsI™ := Ax Ay (Yritix:, Xy o)
ILely =yo Ll == oy, yon)
M := Agy g, M Ay SV OD=F) g il pp+b=h il R,
L= )\/2|ndL(N) blg Ls
Lg := )\/1 )\(}:Jr:n”:/oCompat lilbu
LS = )\X7l2 )\p Ah )\(}H':(X::IZ):IO )\/ )\l;/ev(/h/)
p (/1 Z+IXI) Lszﬁ +iX) b=l (X - /) Lgiv(h +ixnx )

Ls1 =Ry xhlw



Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program
[LsI™ := A Ay (yroexs, X2y )
[Lely ==ys  [Lslg, =

yL, Yoo, y_l_u>
[LD; :==Rug) | (AyalL8]})

[Ls]i s == (x,1,y)]
)\x,l,p,y

>

p(ILsl™ x1y)



Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:

[LsI™ := Ax Ay (Yritix:, Xy )
[Lely =yo  [Lslg, == (yv, Yoo, yaa)
L] =Ry ! (ApalLsl;)

ILsl; s = (x.1.y)]
)\x,l,p,y I

>

p(ILsl™ x1y)
Cannot contract neither on u, nor on Ry!




Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:

L], =RE(A\yyo) ()\lez’pyp (yui+ix:, x yJ>)
[Lely = y-

|ILS]]E1 = <y|_,y_u|_,y_|_|_:>
L], =Ry | (AyalLsl;)

ILsl; s = (x.1.y)]
)\x,l,p,y I

>

p(ILs]™ x1y)
Cannot contract neither on u, nor on Ry!
For u we don’t need to contract



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

Ry : V)L(J,h,/z (Rev(h, k) — Rev(h:+:x:, X2 b))

[Lely =yo  [Lslg, == (yv, Yoo, yaa)

L], =Ry | (AyalLsl;)
[Ls]i s == (x,1,y)]
)\x,/,p,y DI<]
p(ILsI* x1y)

Cannot contract neither on u, nor on Ry!
For u we don’t need to contract , for Ry we need uniform
quantifiers



Extraction with uniformities

L List reversal

Extraction by Dialectica
Extracted program:

Ry : V)L(JJMIZ (Rev(h, k) — Rev(h:+:x:, X2 b))

[Lels =y [Lslg, = (Yo yooe, yooy)

L], =Ry | (AyalLsl;)
[Ls]i s == (x,1,y)]
)\x,/,p,y DI<]
p(ILsI* x1y)

Cannot contract neither on u, nor on Ry!
For u we don’t need to contract , for Ry we need uniform
quantifiers



Extraction with uniformities
L List reversal

Extraction by Dialectica
Extracted program:

[L]y =R b (Ayya) (AxppyP (Yot xiya) )y

M := Agy g, M Ay RV OD=E) Ly nil pE+o=h il R,
L:= )\/2|ndL(N) blg LS

Lg:= )\/1 )\(}:Jr:n”:/oCompat lilbu

L = Ay Ap Ay Ay TR (D

p (h:+:x:) Lg‘ thix)il =l
LS1 =Rixhlw

(X:: /) Lg::v(h +ixnx )



Extraction with uniformities
L List reversal

Extraction by Dialectica
Extracted program:

Ml =Rl (A\yy=) (AxppyP (YotiX:, X ya) )y

M := Agy g, M Ay SV OD=E) Ly il p+b=h il R,
L:.= )\/2|ndL(N) blg LS

Lg:= )\/1 )\(}:Jr:n”:/oCompat lilbu

L = Axp Ap Ay Ay TR0 (D

p (h:+:x:) Lg‘ thix:)il =l
LS1 =Rixhlw

(X:: /) Lg::v(h +ixnx )



Extraction with uniformities
L List reversal

Extraction by Dialectica
Extracted program:

My =Rl (A\yy=) A ppyP (Yrtixs, xys)) (il y)

M := Agy g, M Ay SO =E) Ly il p+b=h il Ry
L:.= )\/2|ndL(N) blg Ls
Lg:= )\/1 )\(}ﬁ:n”:/"Compat lilbu

L = Axp Ap Ay Ay TR0 (D

p (h:+:x:) Lg‘ thix:)il =l
LS1 =Rixhlw

(X:: /) Lg::v(h +ixnx )



Extraction with uniformities
L List reversal

Extraction by Dialectica
Extracted program:

My =Rl (A\yy=) A ppyP (Yrtixs, xys)) (il y)

M = Ay m, A Ay R OD=F) it 2= iy R
L:.= )\/2|ndL(N) blg Ls
Lg:= )\/1 )\(}ﬁ:n”:/"Compat lilbu

L = Axp Ap Ay Ay TR0 (D

p (h:+:x:) Lg‘ thix:)il =l
LS1 =Rixhlw

(X:: /) Lg::v(h +ixnx )



Extraction with uniformities
L List reversal

Extraction by Dialectica
Extracted program:

Ml =R lo (A\yya) (A pyP (Yitixz, xzy o) ) {nil, nil)

M = Ay m, Mg Ay R OD=F) it 2= it R
L:.= )\/2|nd[_(N) bLlg Ls
Lg:= )\/1 )\(}ﬁ:n”:/"Compat lilbu

L i= Axp Ap Ay Ay BT (D

p (h:+:x:) Lg‘ thix:)il =l
LS1 =Rixhlw

(X:: /) Lg::v(h +ixnx )



Extraction with uniformities
L List reversal

Extraction by Dialectica
Extracted program:

Ml =R lo (A\yya) (A pyP (Yitixz, xzy o) ) {nil, nil)

M := A, m, A Ay R OD=F) it o=l iy R,
L:.= )\/2|nd[_(N) bLlg Ls
Lg:= )\/1 )\(}ﬁ:n”:/"Compat lilbu

L i= Axp Ap Ay Ay BT (D

p (h:+:x:) Lg‘ thix:)il =l
LS1 =Rixhlw

(X:: /) Lg::v(h +ixnx )



Extraction with uniformities
L List reversal

Extraction by Dialectica
Extracted program:

IMI™ :=Rlo (A\yy=) (A pyP (Yetix:, x 2y ) ) (nil, nil)

M := A, m, A Ay R OD=F) o it o =h iy R,
L:.= )\/2|ndL(N) bLlg LS

Lg:= )\/1 )\(}:Jr:n”:/oCompat lilbu

L i= Axp Ap Ay Ay BT (D

p (h:+:x:) Lg‘ thix:)il =l
LS1 =Rixhlw

(X:: /) Lg::v(h +ixnx )



Extraction with uniformities
L List reversal

Extraction by Dialectica
Extracted program:

IMI™ := Xy R o (Ayy=) (Axp pyP (Yir+ix:, x 2y 1) ) (nil, nil)

M := A, m, A Ay R OD=F) o it o =h iy R,
L:.= )\/2|ndL(N) bLlg LS

Lg:= )\/1 )\(}:Jr:n”:/oCompat lilhu

L i= Axp Ap Ay Ay TR0 (D

p (h:+:x:) Lg‘ whx)ih=ly
LS1 =Rixhlw

(X:: /) Lg::v(h +ixnx )



Extraction with uniformities
L List reversal

Extraction by Dialectica
Extracted program:

IMI™ := Xy R o (Ayy=) (Axp pyP (Yir+ix:, x 2y 1) ) (nil, nil)

M := A, g, A Ay REOD=F) o it ppt+o=h iy R,
L:.= )\/2|ndL(N) bLlg LS
Lg:= )\/1 )\(}ﬁ:n”:/"Compat lilhu

L i= Axp Ap Ay Ay TR0 (D

p (h:+:x:) Lg‘ whx)ih=ly
LS1 =Rixhlw

(X:: /) Lg::v(h +ixnx )



Extraction with uniformities
L List reversal

Extraction by Dialectica
Extracted program:

IMI™ := Xy R o (Ayy=) (Axp pyP (Yir+ix:, x 2y 1) ) (nil, nil)

M := A, g, A Ay R OD=F) o it o =h iy R,
L:.= )\/2|ndL(N) bLlg LS
Lg:= )\/1 )\(}ﬁ:n”:/"Compat lilhu

L i= Axp Ap Ay Ay TR0 (D

p (h:+:x:) Lg‘ whx)ih=ly
LS1 =Rixhlw

(X:: /) Lg::v(h +ixnx )



Extraction with uniformities
L List reversal

Extraction by Dialectica
Extracted program:

IMI™ := XgR o (Ayy=) (Axp pyP (Yiitix:, x::y 1) ) (nil, nil)

M := A, g, A Ay R OD=F) o it o =h iy R,
L:.= )\/2|ndL(N) bLlg LS
Lg:= )\/1 )\(}ﬁ:n”:/"Compat lilhu

L i= Axp Ap Ay Ay TR0 (D

p (h:+:x:) Lg‘ whx)ih=ly
LS1 =Rixhlw

(X:: /) Lg::v(h +ixnx )



Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:

IMIT := Mg R o (Ayy=) (Axp pyP (Yiitix:, x::yJ) ) (nil, nil)

M := A, g, A Ay B OD=F) it ppat+o=h iy 5,
L:= )\/2|nd[_(N) b Lp LS

Lg:= >\/L1])\<,:+:ni|:I°Compat I Iy u
LS = )\X,lg )\p >\|/~1J )\CH—:(X:: I2):l0 )\I Al;/ev(h,l)

p(/1 :+ZX2) LS_:h +X)+h=l (X - /) LRev(h +ixnx )
LS1 Z=R1X/1/W

S1
» Check #1 » Check #2



Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:

|[M]]+ = )x/o'R, /0 ()\ny) ()\X’/z’p’yp (yL:+:x:, X y_|> ) <ni|, nil)

M := A, g, A Ay B OD=F) it ppat+o=h iy R,
L:= )\/2|nd[_(N) b Lp LS

Lg = AHA{}:Jr:niI:lOCompat Llhu

LS = )‘X,IZ )\p )\hJ )\IJH-:(X:: k)=l A )\ljvev(lhl)

p(/1 Z+ZX:) LS_:h +X)+h=l (X - /) Ll;:v(h +ixnx )
LS1 Z=R1X/1/W



Extraction with uniformities
L List reversal

Extraction by Dialectica

Extracted program:
IMI™ == MR lo (Ayy) (Ax . pyp(X 2 y))nil

M := A, g, A Ay B OD=F) it ppat+o=h iy 5,
L:= )\/2|nd[_(N) b Lp LS

LS = )\X,lz )\p )\H )\CH—:(X:: I2):l0 )\I Al;/ev(h,l)
P (h:+:x:) Lx)+k=h

= (X:: /) Ll;:v(h +ixnx )

LS1 Z=R1X/1/W



Extraction with uniformities
L List reversal

Extraction by Dialectica
Extracted program:

IMI™ = AR lo (Nyy) (AxpyP(x 22 y))nil
IM]° := AR lo (Mil) (Ax o, xp,1%p(X 22 1)) il
M = )\Fi’o,R1 )\IO)\ZI(RCV(IO,/)—J:) Llo nil ME”:H/():/O nil RO
L:= )\/2|nd[_(N) /2 LB LS
Lg:= )\/L1J)\<}:+:ni|:I°C0mpat hilou
LS = )‘X,IZ )\p )\hJ )\IJH-:(X:: k)=l DY )\ljvev(lhl)
p (h:+:x:) [ (htx)eb=lo

E (x::1) L‘;V(h e, X )

L31 Z=R1X/1/W
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» are quantifier annotations
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Conclusions and future work

Uniformities
are quantifier annotations
express lack of computational dependence

v

>
> can remove unnecessary parameters
» can improve complexity

>

can remove unnecessary contractions in Dialectica
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Conclusions and future work

Uniformities
» are quantifier annotations
express lack of computational dependence
can remove unnecessary parameters
can improve complexity
can remove unnecessary contractions in Dialectica
could be refined for Dialectica

vV v v v .Y



Extraction with uniformities

L List reversal

Conclusions and future work

Uniformities

»

vV v v v v Y

are quantifier annotations

express lack of computational dependence

can remove unnecessary parameters

can improve complexity

can remove unnecessary contractions in Dialectica
could be refined for Dialectica

could be inferred automatically for a given proof of a fixed
formula



Extraction with uniformities
L List reversal

Thank you

Thank you for your attention
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