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Extraction with uniformities

Systems

Gödel’s T
Types

σ, ρ ::= nat | bool | L(ρ) | σ ⇒ ρ | σ × ρ

Terms

t , s ::= x | ts | λx t | 〈t , s〉 | tx | ty |

ttbool | ffbool | 0nat | Snat⇒nat | nilL(ρ) | xρ :: lL(ρ)

if bbool then sτ else tτ |
Rτnat : nat⇒ τ ⇒ (nat⇒ τ ⇒ τ)⇒ τ |
RτL(ρ) : L(ρ)⇒ τ ⇒ (ρ⇒ L(ρ)⇒ τ ⇒ τ)⇒ τ
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Systems

Negative Arithmetic (NAω) — formulas

We consider the negative fragment of Heyting Arithmetic.

A,B ::= P(~t) | at(bbool) | A→ B | A ∧ B | ∀xA

¬A ::= A→ ⊥
∃̃xA ::= ¬∀x¬A

Here ⊥ is just a nullary predicate variable.
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Systems

Negative Arithmetic (NAω) — proofs

M,N ::= uA | (λuAMB)A→B | (MA→BNA)B |

(λxMA)∀x A (v.c) | (M∀x Ar)A[x :=r ] |〈
MA,NB

〉A∧B
| (MA∧Bx)A | (MA∧By)B |

Casesb,A : ∀b
(
A(ff)→ A(tt)→ A(b)

)
|

Indn,A : ∀n
(
A(0)→ ∀n

(
A(n)→ A(Sn)

)
→ A(n)

)
|

Indl,A : ∀l
(
A(nil)→ ∀x ,l

(
A(l)→ A(x :: l)

)
→ A(l)

)
|

Truth : at(tt)
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Systems

Notation shortcuts

We will use a special nulltype symbol ε and stipulate:

ε× ρ ρ, tx  t , 〈t , ε〉 t
ρ× ε ρ, ty  t , 〈ε, t〉 t
ρ⇒ ε ε, λxε ε, εt  ε

ε⇒ ρ ρ, λxε t  t , tε t
∀xεA A, Mε M

We could have used a unit type, but then the equalities
above become explicit isomorphisms.



Extraction with uniformities

Systems

Boolean falsity

Using a general predicate variable ⊥ we work in a minimal logic
setting.
However, if we use decidable falsity F := at(ff), we are able to
prove by induction on the definition of formulas

Lemma (ex falso quodlibet)
F → A

Lemma (stability)
((A→ F )→ F )→ A
if A contains no predicate variables.
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Realisability and Dialectica

Realisability
I Formulas A are problems
I They ask for solutions of type A◦

I Translations |A|r verify if r is a solution to A
Dialectica

I Formulas A are problems
I They ask for solutions of type A+

I that are challenged by terms of type A−

I Translations |A|rs verify if r solves A for a challenge s
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Realisability and Dialectica

Computational type

C C◦ C+ C−

P(~t) τ τ+ τ−

at(b) ε ε ε

A ∧ B A◦ × B◦ A+ × B+ A− × B−

A→ B A◦ ⇒ B◦
(
A+ ⇒ B+

)
× A+ × B−(

A+ ⇒ B− ⇒ A−
)

∀xρA ρ⇒ A◦ ρ⇒ A+ ρ× A−

Realisability needs predicates with computational content.
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Realisability and Dialectica

Translation

C |C|r |C|rs
P(~t) P◦(r τ

◦
,~t) P±(r τ

+
, sτ

−
,~t)

at(b) at(b) at(b)

A ∧ B |A|rx ∧ |B|ry |A|rxsx ∧ |B|
ry
sy

A→ B ∀x(|A|x → |B|rx) |A|sx
(ry)(sx)(sy) → |B|

(rx)(sx)
sy

∀xA(x) ∀x |A(x)|rx |A(sx)|r(sx)
sy

The Dialectica translation is always a quantifier-free formula.
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Realisability and Dialectica

Soundness

Theorem (Realisability)
Let P be a proof of A from assumptions ui : Ci . Then we can
prove |A|[[P]]◦ from assumptions |Ci |xui .

Theorem (Dialectica)
Let P be a proof of A from assumptions ui : Ci . Then we can
prove |A|[[P]]+

yA
from assumptions |Ci |

xui
[[P]]−i

and yA /∈ FV ([[P]]+).
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Realisability and Dialectica

Extracted terms

P [[P]]◦ [[P]]+ [[P]]−i

u : A xu xu yA

Mx [[M]]◦x [[M]]+x [[M]]−i [yA∧B := 〈yA,t〉]
My [[M]]◦y [[M]]+y [[M]]−i [yA∧B := 〈t, yB〉]

〈M,N〉 〈[[M]]◦, [[N]]◦〉 〈[[M]]+, [[N]]+〉
[[M]]−i [yA := yA∧Bx]

i
./

[[N]]−i [yB := yA∧By]

Contraction: t1
A
./ t2 := if |A|xt1 then t2 else t1. Only works if A

has no predicate variables!
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Realisability and Dialectica

Extracted terms (ctd.)

P [[P]]◦ [[P]]+ [[P]]−i

λuM λxu [[M]]◦ 〈λxu [[M]]+, [[M]]−i [xu := yA→Bx] [yB := yA→By]

λxu ,yB [[M]]−u 〉

MN [[M]]◦[[N]]◦ ([[M]]+x)[[N]]+

[[M]]−i [yA→B := 〈[[N]]+, yB〉]
i
./

[[N]]−i [yA := ([[M]]+y)[[N]]+yB]
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Realisability and Dialectica

Extracted terms (ctd.)

P [[P]]◦ [[P]]+ [[P]]−i

λxM λx [[M]]◦ λx [[M]]+ [[M]]−i [x := y∀x Ax] [yA := y∀x Ay]

Mt [[M]]◦t [[M]]+t [[M]]−i [y∀x A := 〈t , yA〉]
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Realisability and Dialectica

Realising boolean induction

P Casesb,A b M N

[[P]]◦ if b then [[M]]◦ else [[N]]◦

[[P]]+ if b then [[M]]+ else [[N]]+

[[P]]−i [[M]]−i
i
./ [[N]]−i
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Realisability and Dialectica

Realising natural induction

P Indn,A n M N

[[P]]◦ Rnat n [[M]]◦ [[N]]◦

[[P]]+ Rnat n [[M]]+ (λn[[N]]+ n x)

[[P]]−i Rnat n (λyA [[M]]−i )λn,p,y

[[N]]−i [yS := 〈n, [[P]]+ n, y〉]
i
./

p
(
[[N]]+ n y([[P]]+ n)y

)

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Realisability and Dialectica

Realising list induction

P Indl,A n M N

[[P]]◦ RL(ρ) l [[M]]◦ [[N]]◦

[[P]]+ RL(ρ) l [[M]]+ (λx ,l [[N]]+ x l x)

[[P]]−i RL(ρ) l (λyA [[M]]−i )λx ,l,p,y

[[N]]−i [yS := 〈x , l , [[P]]+ l , y〉]
i
./

p
(
[[N]]+ x l y([[P]]+ l)y

)




Extraction with uniformities

Realisability and Dialectica

A-translation

Theorem (Extraction via A-translation)
Let P be a proof of

NAω ` ~D → ∃̃yρG

with ~D and G not containing ⊥. Then

NAω ` ~D → G([[P]]◦(λyy)).
Proof.
Let τ◦(⊥) = ρ and ⊥ be translated to a unary predicate variable
A. Substitute A with G(y).
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Computational uniformities

Uniform quantifiers

Consider the formula

∀n∀m(n = 2m→ ∃̃k n2 = 4k)

A realiser could be k = m2 or k = Quot(n2,4). Hence, a
quantified variable is not necessarily computationally relevant.
If not, we quantify it uniformly: ∀U

x A , i.e., the verifying proof is
uniform in this variable.



Extraction with uniformities

Computational uniformities

Uniform quantifiers

Consider the formula

∀n∀m(n = 2m→ ∃̃k n2 = 4k)

A realiser could be k = m2 or k = Quot(n2,4). Hence, a
quantified variable is not necessarily computationally relevant.
If not, we quantify it uniformly: ∀U

x A , i.e., the verifying proof is
uniform in this variable.



Extraction with uniformities

Computational uniformities

Uniform quantifiers

Consider the formula

∀n∀m(n = 2m→ ∃̃k n2 = 4k)

A realiser could be k = m2 or k = Quot(n2,4). Hence, a
quantified variable is not necessarily computationally relevant.
If not, we quantify it uniformly: ∀U

x A , i.e., the verifying proof is
uniform in this variable.



Extraction with uniformities

Computational uniformities

Uniform quantifiers

Consider the formula

∀n∀m(n = 2m→ ∃̃k n2 = 4k)

A realiser could be k = m2 or k = Quot(n2,4). Hence, a
quantified variable is not necessarily computationally relevant.
If not, we quantify it uniformly: ∀U

x A , i.e., the verifying proof is
uniform in this variable.



Extraction with uniformities

Computational uniformities

Uniform quantifiers

Consider the formula

∀n∀m(n = 2m→ ∃̃k n2 = 4k)

A realiser could be k = m2 or k = Quot(n2,4). Hence, a
quantified variable is not necessarily computationally relevant.
If not, we quantify it uniformly: ∀U

x A , i.e., the verifying proof is
uniform in this variable.



Extraction with uniformities

Computational uniformities

Uniform quantifiers

Consider the formula

∀n∀m(n = 2m→ ∃̃k n2 = 4k)

A realiser could be k = m2 or k = Quot(n2,4). Hence, a
quantified variable is not necessarily computationally relevant.
If not, we quantify it uniformly: ∀U

x A , i.e., the verifying proof is
uniform in this variable.



Extraction with uniformities

Computational uniformities

Negative Arithmetic (NAω) — formulas

We consider the negative fragment of Heyting Arithmetic.

A,B ::= P(~t) | at(bbool) | A→ B | A ∧ B | ∀xA | ∀U
x A

¬A ::= A→ ⊥
∃̃xA ::= ¬∀x¬A
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Computational uniformities

Negative Arithmetic (NAω) — proofs

M,N ::= uA | (λuAMB)A→B | (MA→BNA)B |
(λxMA)∀x A (v.c) | (M∀x Ar)A[x :=r ] |

(λU
x MA)∀

U
x A (v.c) | (M∀U

x Ar)A[x :=r ] |〈
MA,NB

〉A∧B
| (MA∧Bx)A | (MA∧By)B |

Casesb,A : ∀b
(
A(ff)→ A(tt)→ A(b)

)
|

Indn,A : ∀n
(
A(0)→ ∀n

(
A(n)→ A(Sn)

)
→ A(n)

)
|

Indl,A : ∀l
(
A(nil)→ ∀x ,l

(
A(l)→ A(x :: l)

)
→ A(l)

)
|

Truth : at(tt)
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Computational type

C C◦ C+ C−

P(~t) τ τ+ τ−

at(b) ε ε ε

A ∧ B A◦ × B◦ A+ × B+ A− × B−

A→ B A◦ ⇒ B◦
(
A+ ⇒ B+

)
× A+ × B−(

A+ ⇒ B− ⇒ A−
)

∀xρA ρ⇒ A◦ ρ⇒ A+ ρ× A−

∀U
xρA A◦ A+ A−
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Translation

C |C|r |C|rs
P(~t) P◦(r τ

◦
,~t) P±(r τ

+
, sτ

−
,~t)

at(b) at(b) at(b)

A ∧ B |A|rx ∧ |B|ry |A|rxsx ∧ |B|
ry
sy

A→ B ∀x(|A|x → |B|rx) |A|sx
(ry)(sx)(sy) → |B|

(rx)(sx)
sy

∀xA(x) ∀x |A(x)|rx |A(sx)|r(sx)
sy

∀U
x A(x) ∀x |A(x)|r ∀x |A(x)|rs

The Dialectica translation is not always quantifier-free!
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Extracted terms

P [[P]]◦ [[P]]+ [[P]]−i

λxM λx [[M]]◦ λx [[M]]+ [[M]]−i [x := y∀x Ax] [yA := y∀x Ay]

Mt [[M]]◦t [[M]]+t [[M]]−i [y∀x A := 〈t , yA〉]

λU
x M [[M]]◦ [[M]]+ [[M]]−i

[
yA := y∀U

x A

]
M∀

U
x At [[M]]◦ [[M]]+ [[M]]−i

[
y∀U

x A := yA

]
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Uniformisation correctness

Definition (Realisability)
λU

x M is correct if x /∈ FV ([[M]]◦)

Definition (Dialectica)
λU

x M is correct if x /∈ FV ([[M]]+) and x /∈ FV ([[M]]−i )

P is correct if also for every t1
A
./ t2, ∀U does not occur in A
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List reversal

List reversal

Let Rev be a binary predicate without computational content for
the graph of the list reversal function. Assumptions:

R0 : Rev(nil,nil)
R1 : ∀x ,l1,l2

(
Rev(l1, l2)→ Rev(l1:+:x :, x :: l2)

)
Here l1:+:l2 denotes appending l2 to l1. We assume that Rev is
undecidable.
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List reversal

We will prove that it is not possible that a list is not reversible.

M : ∀l0 ∃̃lRev(l0, l)

To this end, we prove by induction that if a list is not reversible
then none of its initial segments is:

∀l(Rev(l0, l)→ ⊥)→ ∀l2∀l1
(
l1:+:l2 = l0 → ∀l(Rev(l1, l)→ ⊥)

)
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Proof

Induction on l2 for

L : ∀l2∀l1
(
l1:+:l2 = l0 → ∀l(Rev(l1, l)→ ⊥)

)

M := λR0,R1λl0λ
∀l (Rev(l0,l)→⊥)
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w
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u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by A-translation

Extracted program:
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LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[LS]]−p := 〈l1:+:x :, y〉
[[LB]]−u := yy [[LS]]−R1

:= 〈x , l1, l〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0
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LB := λl1λ
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l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w
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E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[LS]]−p := 〈l1:+:x :, x :: l〉
[[LB]]−u := yy [[LS]]−R1

:= 〈x , l1, l〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
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LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[LS]]−p := 〈l1:+:x :, x :: l〉
[[LB]]−u := yy [[LS]]−R1

:= 〈x , l1, l〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[LS]]−p := 〈l1:+:x :, x :: l〉
[[LB]]−u := yy [[LS]]−R1

:= 〈x , l1, l〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)
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LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[LS]]−p := 〈l1:+:x :, x :: y〉
[[LB]]−u := yy [[LS]]−R1

:= 〈x , l1, y〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[LS]]−p := 〈l1:+:x :, x :: y〉
[[LB]]−u := yy [[LS]]−R1

:= 〈x , l1, y〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[LS]]−p := 〈yx:+:x :, x :: yy〉
[[LB]]−u := yy [[LS]]−R1

:= 〈x , yx, yy〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[LS]]+ := λy 〈yx:+:x :, x :: yy〉
[[LB]]−u := yy [[LS]]−R1

:= 〈x , yx, yy〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[LS]]+ := λx ,l2λy 〈yx:+:x :, x :: yy〉
[[LB]]−u := yy [[LS]]−R1

:= 〈yx, yyyx, yyyy〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica

Extracted program:

[[LS]]+ := λx ,l2λy 〈yx:+:x :, x :: yy〉
[[LB]]−u := yy [[LS]]−R1

:= 〈yx, yyyx, yyyy〉

[[L]]−i :=RL(ρ) l (λyA [[LB]]−i )λx ,l,p,y

[[LS]]−i [yS := 〈x , l , y〉]
i
./

p
(
[[LS]]+ x l y

)


Cannot contract neither on u, nor on R1!
For u we don’t need to contract , for R1 we need uniform
quantifiers



Extraction with uniformities

List reversal

Extraction by Dialectica

Extracted program:

[[LS]]+ := λx ,l2λy 〈yx:+:x :, x :: yy〉
[[LB]]−u := yy [[LS]]−R1

:= 〈yx, yyyx, yyyy〉

[[L]]−i :=RL(ρ) l (λyA [[LB]]−i )λx ,l,p,y

[[LS]]−i [yS := 〈x , l , y〉]
i
./

p
(
[[LS]]+ x l y

)


Cannot contract neither on u, nor on R1!

For u we don’t need to contract , for R1 we need uniform
quantifiers



Extraction with uniformities

List reversal

Extraction by Dialectica

Extracted program:

[[L]]−u := R l2 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
[[LB]]−u := yy [[LS]]−R1

:= 〈yx, yyyx, yyyy〉

[[L]]−i :=RL(ρ) l (λyA [[LB]]−i )λx ,l,p,y

[[LS]]−i [yS := 〈x , l , y〉]
i
./

p
(
[[LS]]+ x l y

)


Cannot contract neither on u, nor on R1!
For u we don’t need to contract

, for R1 we need uniform
quantifiers



Extraction with uniformities

List reversal

Extraction by Dialectica

Extracted program:

R1 : ∀U
x ,l1,l2

(
Rev(l1, l2)→ Rev(l1:+:x :, x :: l2)

)
[[LB]]−u := yy [[LS]]−R1

:= 〈yx, yyyx, yyyy〉

[[L]]−i :=RL(ρ) l (λyA [[LB]]−i )λx ,l,p,y

[[LS]]−i [yS := 〈x , l , y〉]
i
./

p
(
[[LS]]+ x l y

)


Cannot contract neither on u, nor on R1!
For u we don’t need to contract , for R1 we need uniform
quantifiers



Extraction with uniformities

List reversal

Extraction by Dialectica

Extracted program:

R1 : ∀U
x ,l1,l2

(
Rev(l1, l2)→ Rev(l1:+:x :, x :: l2)

)
[[LB]]−u := yy [[LS]]−R1

:= 〈yx, yyyx, yyyy〉

[[L]]−i :=RL(ρ) l (λyA [[LB]]−i )λx ,l,p,y

[[LS]]−i [yS := 〈x , l , y〉]
i
./

p
(
[[LS]]+ x l y

)


Cannot contract neither on u, nor on R1!
For u we don’t need to contract , for R1 we need uniform
quantifiers



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[L]]−u := R l2 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
y

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]−u := R l0 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
y

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]−u := R l0 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
〈nil, y〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]−u := R l0 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
〈nil, y〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]−u := R l0 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
〈nil,nil〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]−u := R l0 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
〈nil,nil〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]+ := R l0 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
〈nil,nil〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]+ := λl0R l0 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
〈nil,nil〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]+ := λl0R l0 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
〈nil,nil〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]+ := λl0R l0 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
〈nil,nil〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]+ := λl0R l0 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
〈nil,nil〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λl1λ
l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λl1 λ
l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]+ := λl0R l0 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
〈nil,nil〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λU
l1λ

l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λ
U
l1 λ

l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w

Check #1 Check #2



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]+ := λl0R l0 (λyyy)
(
λx ,l2,p,yp 〈yx:+:x :, x :: yy〉

)
〈nil,nil〉

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λU
l1λ

l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λ
U
l1 λ

l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]+ := λl0R l0 (λyy)
(
λx ,l2,p,yp(x :: y)

)
nil

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λU
l1λ

l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λ
U
l1 λ

l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w



Extraction with uniformities

List reversal

Extraction by Dialectica
Extracted program:

[[M]]+ := λl0R l0 (λyy)
(
λx ,l2,p,yp(x :: y)

)
nil

[[M]]◦ := λl0R l0 (λl l) (λx ,l2,xp,lxp(x :: l)) nil

M := λR0,R1λl0λ
∀l (Rev(l0,l)→F )
u L l0 nil Mnil:+:l0=l0

E nil R0

L := λl2 IndL(N) l2 LB LS

LB := λU
l1λ

l1:+:nil=l0
v Compat l1 l0 u

LS := λx ,l2 λp λ
U
l1 λ

l1:+:(x :: l2)=l0
v λl λ

Rev(l1,l)
w

p (l1:+:x :) L(l1:+:x :):+:l2=l0
E (x :: l) LRev(l1:+:x :,x :: l)

S1

LS1 := R1 x l1 l w
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Thank you

Thank you for your attention
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