F| PRIFYSGOL CYMRU ABERTAWE
@ UNIVERSITY OF WALES SWANSEA

UNIVERSITY OF WALES SWANSEA

REPORT SERIES

Reducibility of Domain Representations and
Cantor—-Weihrauch Domain Representations

by
J. Blanck

Report # CSR 15-2006

Computer Science



Reducibility of Domain Representations and
Cantor—Weihrauch Domain Representations

J. Blanck
Swansea University, Singleton Park, Swansea, SA2 8PP, UK

September 27, 2006

Abstract

A notion of (continuous) reducibility of representationistopological
spaces is introduced and basic properties of this notiostadéed for domain
representations.

Arepresentation reduces to another if its representingfaraprs through
the other representation. Reductions form a pre-order presentations. A
spectrum is a class of representations divided by the elgmiea relation
induced by reductions. Representations belonging to thestement of a
spectrum are said to be universal and these representatimtise ones most
closely capturing the structure of the represented spao&oiNof admissi-
bility considered both for domains and within WeihrauchBETare shown
to be universality concepts in the appropriate spectra.

To illustrate the framework, some domain representatibressbnumbers
are considered and it is shown that the usual interval donegiresentation,
which is universal among dense representations, does chatedo a binary
expansion domain representation. However, a substruofuttee interval
domain more suitable for efficient computation of operati@non the other
hand shown to be equivalent to the usual interval domain vafipect to
reducibility.

1 Introduction

A standard method of computing on a séf data is to make a representatiéin
of the data and to compute d& Such methods have been called concrete com-
putability theories [30, 31]. The question arises immexliatto what extent does
computability onX depend on thehoiceof R? For any concrete computability
there is the problem of clarifying the applicability of regentations for different
tasks.

One approach to resolve the above problem is to look at thimsit prop-
erties of representations as was done in, e.g., [6]. As amnaliive approach,
we present here a framework for relating representatiorsati other, thereby



studying there relative merits. This is done by studyraductions(or transla-
tions between representations. This is parallel to the use afcteahs fornum-
berings(used in Computable Algebra). Reductions between numigeiwwhen a
numbering factors through another) is one of the basic tmostudying number-
ings [15, 16, 17, 20, 27, 28]. We generalise reducibility teay general class of
representations of topological spaces and study basiegiep of reducibility, in
particular for domain representations.

Our aim is to study computability on uncountable structresially topolog-
ical spaces). A simple numbering is not possible of an uniatnl@ structure. We
therefore have to rely on computations on some numbered s@pooximations.
For example, real number computations can be performedg tisshcountable set
of rational intervals as approximations. A general methiogivang computability
theory to a large class of topological spaces is todesaain representations

Representations of topological spaces by domains or enrigsidf topolog-
ical spaces into domains have been studied by several pgy@@8e4, 10, 11, 12,
13, 14, 18, 21, 24, 26, 27, 32, 35]. Domain representatiomslap closely related
to Type-2 Theory of Effectivity (TTE) [29, 33, 34] introduddoy Weihrauch.

Any T, space can be given domain representations [6]. Some oflthesaice
properties such as density and an embedding property. Tneperties facilitate
lifting of functions to the domain representations, thgrepening up for a study
of topological algebras.

Our reducibility notion introduces a pre-order on domaipresentations and
thereby an equivalence relation. siectrumis a class of representations divided
by the equivalence relation. We give examples showing thatstructure of the
spectrum of all representations is in general non-trivial.

Some intrinsic properties of domain representations @ctewith our theory of
reductions, so, for example, the representations that thevembedding property
are known asetract representations and these are invariant under reductions.

The importance of density in domain representations hasfarmation the-
oretic explanation in that non-dense representationsagonbn-consistent infor-
mation or “garbage”. When restricting our attention to derepresentations, there
is a top element in the spectrum of all dense domain reprasems, namely the
equivalence class of dense retract representations.

If there exists a top element in a spectrum then we call a septation belong-
ing to ituniversalas all other representations in that spectrum will redude We
show that notions of admissibility as studied by, for exam@chroder [23] and
Hamrin [18], are in fact notions of universality in the appriate spectrum. Uni-
versal representations capture the structure of the rexpess space closest among
the class of representations considered.

To illustrate the framework, we conclude by studying sonpeasentations of
real numbers. The usual interval domain representatioheofdals is known to be
universal among countably based dense representaticadriissible). We show
that a particular substructure of the interval domain, wheperations on exact
reals can be more efficiently computed, is continuously\edent to the interval
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domain (although it is a bifinite domain rather than a Scatiez domain), and
hence that it can be used interchangeably. Finally, we shaiva representation
corresponding to binary expansions is not a universal septation of the reals.
This is highlighted by the example showing that additionas a computable op-
eration on the binary expansions of reals.

| thank John V. Tucker, Viggo Stoltenberg-Hansen and FkeDahlgren for
many invaluable discussions on this paper.

2 Preliminaries

2.1 Domains

We will briefly give some background to domain theory. For kefubackground
on domains we refer to [1, 25].

Let D = (D,C) be a partially ordered set. A subsétC D is anupper set
if € Aandz C yimpliesy € A. Let!A={y e D : 3z € A(z C y)}. We
will abbreviate{z} by {z. A subsetd C D is directedif A # () and whenever
z,y € Athenthere i € A such thatr C z andy C z. The supremum, or least
upper bound, ofA (if it exists) is denoted by | A.

A complete partial orderabbreviatedcpq, is a partial orderD = (D;C, 1),
such thatl is the least element ifv and any directed set C D has a supremum,
| | A. This is also known as a pointeltpoin the literature.

Let D be a cpo. An element is way belowy, denotedr < vy, if for each
directedA C D,

yEUA = (Jze€d)(zC2).

An elementa € D is compactif ¢ << a. The set of compact elements bfis
denoted byD...

A subsetB of a cpoD is abasisfor D if for every z € D the setlz N B is
directed and has supremuimA cpo D is acontinuous cpdf it has a basis, and an
algebraic cpaf D, is a basis forD.

A cpo D is consistently completé | | A exists inD wheneverA C D is a
consistent set, i.e., has an upper bound.

Definition 2.1. A Scott—ErSov domajror simplydomain is a consistently com-
plete algebraic cpo.

The topology normally used on domains is called the Scotiltgy. LetD be
an algebraic cpo. A subsBtof D is open if

1. U is an upper set, and
2. z € U implies that there exists € approx(x) such that, € U.

An easy observation is that the Scott topology on a domédig.islowever the
Scott topology fails to b&; on all domains except the trivial domain consisting of
a single element.



The setsfa, for a € D., constitute a base for the Scott topology on a domain
D.
Let D and E be domains. A functiorf : D — E is Scott continuous iff is

monotone and
fLAa =] 114

for any directedd C D. The notion of Scott continuity coincides with the notion
of continuity induced from the Scott topology on the domains

Any continuous function between domains is determined $yatues on the
compact elements.

Let D be an algebraic cpak a cpo, and letf : D. — E be a monotone
function. Then there exists a unique continuous functiorD — E of f such that
f=glp.-

Domains are often constructed as the completion of somerhyirdg struc-
ture. We present here the type of structure from which SEo#svy domains are
constructed.

The compact elements,. of a Scott—ErSov domaif form a conditional upper
semilattice with least element, abbreviatesl That is, a cusl is a partially ordered
set where a least upper bound exists for every pair of elesribat have an upper
bound.

An ideal is a directed lower set. The ideal completion over a dask the
set of all ideals oveP, denotedld](P). When ordered by set inclusion the ideal
completion of a cusl forms a Scott—ErSov domain. kdn a cusl P, |a is an
ideal, theprincipal ideal generated by.. The compact elements &dl(P) are the
principal ideals|a, fora € P.

The representation theorem for Scott—ErSov domains telithat any Scott—
ErSov domain is the ideal completion of a cusl.

Theorem 2.2. Let D be a Scott-ErSov domain. Thétl(D.) = D.
We clearly have the following equivalence, fbe Id1(P)
laCl < a€l.
Thus the set83, = {I € Idl(P) : a € I} for a € P form a base for the Scott
topology onldl(P).
2.2 Representations

We give some background on representations of spaces. Weagiwre general
setting than the domain representations considered im{&)wve still aim for rep-
resentations using some type of domain. The terminologgjisséed to cope with
a more general framework.

Definition 2.3. (i) A weak representationf a topological spac& is a triple
(D, DR, p), where D is a topological spaceD® C D with the subspace
topology, andy : D® — X is continuous and onto.
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(i) A quotient representatiois a weak representation wherés a quotient map.

The word representation will be used without qualificationmean a weak
representation.

In [6] this notion of representation is studied whepes required to be a do-
main. We will always have domain representations in mind define the notion
as general as possible.

When needed, we writgontinuous cpo representation, domain representation
etc., to specify the kind of space thatis. We will primarily focus on Scott—
ErSov domains and algebraic cpos, since by Propositiora@y8continuous cpo
representation can be used to construct an algebraic cpesespation without
losing any property considered herein.

The introduced notion of representations above coversating systemssed
in TTE, i.e., bothnotationsandrepresentationsin fact, all TTE naming systems
can be constructed as Scott—ErSov domain representaising simple and spe-
cific domains.

The setD® above will be called the set ofpresenting element&§or a domain-
like structureD the setD® is also known as #otality on D. If D is a domain then
the ordering of the domain can be interpreted as an infoamatrdering. With
this interpretation the domain contains both proper agprations and total or
complete representations of elementsXafthe latter constituting the s@®. In-
tuitively, D® consists of those domain elements that contain sufficiéotrimation
to completely determine an elementinvia p.

Beyond the type of spacP used in a representation, we make use of the fol-
lowing important characteristics of representations.

Definition 2.4. (i) A representatior{D, D®, p) is densef D® is dense inD.

(ii) A retract representationf X is a quadruplé D, D®, p, n) where(D, DR, p)
is a representation, ang : X — DY is a continuous function such that

pn =idx.

For a retract representatigi, D, p, n) we have thap is a quotient, and that
np is a retraction orD®. In fact, X will be homeomorphic to the retract a1%. In
a retract representation a canonical representative céyubd continuously from
any representation of an elementof

Definition 2.5. Let (D, D®, pp) and(E, ER, pr) be representations of andY’
respectively. A continuous functiofi : X — Y is representedoy a continuous
functionf : D — Eif ppf(x) = fpp(z), for allz € DR (in particular, f[DR] C



ER),

DR —— ER

oo | . Iz

X — Y

The functions between the subsets of representing eleraemtgstrictions of
functions. To avoid clumsy explicit restriction notaticas in f|pr : D® — ER,
we write f : D® — ER and trust the reader to understand this as the restriction to
the indicated domain of the function.

Let (D, DR, pp) and(E, ER, pp) be representations of andY respectively,
and letf : D — E be continuous such thg{D®] C ER. If f respects the equiv-
alence relations induced by andpg, then f represents a well-defined function
f: X — Y. Furthermore, ippp is a quotient map, thefiis continuous, since then
the topology ofX is fine enough.

For a topological spac& we define the following classes of representations of
X.

Definition 2.6. For a topological spac¥ let Rep(X) denote the class of all repre-
sentations off, and letDRep(X) denote the class of all domain representations
(D, DR, p)of X where the totalityD® does not contain._.

The reason to disallow domain representation wheris a representing el-
ement is admittedly technical but is needed for the proof @fnima 3.19. Note
that_L cannot belong to the totality if every point of the spaféhas a non-trivial
neighbourhood base, which is the case foriallspaces with at least two points.
Also note that if(D, DR, p) is a domain representation &f, then so is the lifting
(D, DR, p), and in the latterL p, does not belong to the totality.

We also consider subclasses of these classes of représesitdn particular,
subclasses of dense representations and subclassesesfarmptions of bounded
size.

Definition 2.7. Let R(X) be a class of representations.of
1. RP(X) is the subclass dR(X) containing all dense representations.

2. Fix  to be an infinite cardinal, theR,,(X) is the subclass dR(X) con-
taining all representations where the topological spAckas a base with
cardinality bounded by.

For domain representations the above definition of reptagens of bounded
size can be rephrased as a bound on the set of compact elerrentexample,
DRep,.(X) is the class of alk-based domain representations, i.e., representations
where the cardinality of the compact elements of the donstounded by:.
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The most interesting class of domain representations weitimteed cardinality
is, of course, the class of countably based domain repiesam, i.e. DRep,,(X),
since these are the ones to which effectivity can be applied.

We repeat some of the results from [6]. The following proposi sums up
the results in Section 4 of [6] and shows why we may restriat aitention to
representations from algebraic cpos.

Proposition 2.8. Let (D, DR, pg) be a continuous cpo representationf Then
there is a canonical algebraic cpo representatidn, E®, p) retaining the prop-
erties of quotient, retract, and density if present in thigiimal representation.

For full proofs of the following theorems, see Theorems 5.8, and 9.3 of [6]
respectively.

Theorem 2.9. Any T} space has a dense retract domain representation.

Proof. We give here briefly the construction. LBtbe a base of the topology for a
Ty spaceX. Let B’ be the non-empty sets @f together with the seX. Ordering
B’ by reverse inclusion gives a cusl, and the ideal completiothis cusl is a
domainD. The functionn : X — D given byn(z) = {U € B’ : x € U} is an
embedding.

It remains to be shown th&D,n[X],n~',7n) is a dense retract domain repre-
sentation ofX. O

Remark 2.10. By allowing B’ in the above construction to contain the empty set
the domain representation will have a compact top elemeniviiuotherwise be
identical. Constructing the domain representationXofs above we get a non-
dense (since the top element is notjiX]) retract domain representation of the
spaceX.

Theorem 2.11. A space with a retract cpo representation i§@space.

Theorem 2.12. Let (D, DR, pp) be a dense domain representation’of and let
(E, ER, pp,nE) be a retract domain representation Bf. Then every continuous
functionf : X — Y is represented by some continuous functfonD — FE.

Proof. The construction off is done in two steps. First, lgt = ngfpp. The
function ' : D® — E is a continuous function representirig

Secondly, the functiorf’ is extended to a functiorf: D, — E by f(a) =
Mf'[Tan DY]. The infimum is well-defined sinck:n DY is non-empty by density
of DR, and non-empty infima exist in consistently complete cpokaf®y, f is
monotone, and hence, it has a unique extensian.to

It remains to be shown thdtis an extension of’, i.e., thatf(d) = f'(d) for
d € DR, O

Remark 2.13. Density is needed in order to give a well-defined infimum inghe-
ond step of the construction of the lifting. The same purprzsealso be achieved



if £ has atop element, since we may define the infimum of the empty be the
top element ofE. Hence, the above result could be stated for arbitiargnd a
retract representatiof’ with a top element.

Other lifting results where density @ is not required can be found in [7, 19,
22]

2.3 Partial Domain Functions
We will use the notion of continuous partial domain funciamroduced by Dahlgren [9].

Definition 2.14. Let D and E be domains. Acontinuous partial functiofirom D
to E is a pair(S, f) whereS C D is a non-empty closed subset bf and f is a
strict continuous function frony' to E.

Note that a total domain function is not necessarily a pagtianain function.
In fact, only strict total functions are partial function3he strictness of partial
functions is required to make composition always definedlogfing totally un-
defined partial functions would solve composition but dattiat the category of
domains with partial functions does not have a terminal cbjEhe empty domain
might be added as the terminal object of the category butvioaid make the
definition of products hard.)

The closed set is downwards closed and must therefore contain The
closed set that is of principal interest to us is the clostitbetotality of a domain
representation, that is, the closed sulssebntaining the totality of the domain and
such that the totality is dense i

Recall that a common interpretation of the ordering refatiba domain repre-
sentation is that it corresponds to information. High ughiedlomain means much
information about an object of the space. So a non-denseseptation can be
viewed as a representation that contains non-consistertmation or “garbage”.
In practise it is sometimes desirable to cut away this norsistent information,
i.e., to restrict to a substructure (see, for example, Lerr@a in [5]).

This restriction can be done in general for domain represiems by taking the
ideal completion over all approximations of representilegnents. Formally, for a
domain representatiofD, DR, p) of X let

DP ={a € D.:Tan D? # 0}

and
DP ={| |A: AC DD isdirecteg .

Clearly, DP is a closed subset dd. Ordering DP by the order ofD make DP
into a domain. The sebP containsD®. Thus, (DP, DR, p) is a dense domain
representation ok, which we will refer to as thelense parbf D.

Proposition 2.15. Let D be a domain representation DRep(X ), and E a re-
tract domain representation &f. Then any functiorf : X — Y is representable
by a continuous partial domain functioh: D — E, wheref is defined orDP.
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Proof. By Theorem 2.12 there exists a continuous functiphs D® — E. Con-
struct a strict functiory by

- 1, if c=1;
fle) = { f'(c), otherwise.
As | ¢ D® we have thaif(z) = f'(z) for all z € DR, O

3 Reducibility

In order to study representations and their applicabilitywarious tasks we give
here a notion of reduction between representations of a §gade. For represen-
tations D and E of a spaceX we have thatD reduces ta¥ if the representation

function of D factors through the representation functionifi.e., if there is a

function¢ : D — FE such that the following diagram commutes.

@
D———F

1,1

DR —— ER

pD\X e

Another way of interpreting the above diagram is that thalfithe on X is repre-
sentable, see Lemma 3.4.
We now give our formal definitions of reducibility betweeipresentations.

Definition 3.1. Let (D, D®, pp) and(E, ER, pr) be representations of a topolog-
ical spaceX, and letp : D — FE satisfyg[D?] C ER andpp(d) = ppo(d).

() ¢ is acontinuous reductionf D to E, written D <. E, if ¢ is continuous.

(if) ¢ is acontinuous partial reductiof D to E, written D <., E, if ¢ is a
partial continuous function such th&* C dom ¢.

We have suffixed the relation withafor continuousas we intend to consider
effective reductions in the future.

Our definition of continuous partial reductions is not alwayique as there
may be more than one relevant notion of partiality dependinghe kind of the
spacesD andE. In particular, if D and £ are domains we assume that the notion
of partiality is the one considered above.

Definition 3.2. The representationsD, D®, pp) and (E, E®, pg) are (continu-
ously) equivalentD =; E,if D <. EandE <. D. Similarly for =,



Lemma 3.3. The relations<. and <, are pre-orders. The relations. and=,,
are equivalence relations.

Proof. The reduction relations are reflexive since the identitydsmtinuous func-
tion reducing a representation to itself. Transitivityléals by composition.

That reduction equivalences are equivalence relatiot@afslfrom the defini-
tion by them in terms of the pre-orders. O

Lemma 3.4. For representationd) and £ of X and for any of the above notions
of reduction we have thdD reduces taZ if, and only if, the identity function oX
is represented by some function of the appropriate type ftbta E.

Proof. Any reduction function represents the identity function’onand the iden-
tity is continuous on any topological spa&e Any function representing the iden-
tity on X is a reduction function. O

Since reductions introduce a pre-ord€r, and an equivalence relatios, on
a class of representations the natural objects to studycuigatence classes of
representations. These will have a well-defined partiabonmdduced by the pre-
order. We call this structure the spectrum over a space.

Definition 3.5. A spectrunover a topological spac¥, written Spec(X, D, <), is
the quotientD /= ordered by<, whereD is a class of representations of the space
X and< is some pre-order ofy.

Spectrums are built in the same way degree structuresre built in Com-
putability Theory.

Definition 3.6. Given a reduction relatiort we say that a domain representation
D is universalin a classD of representations with respect foif every £ € D
reduces tdD, i.e., if E < D forall E € D.

Thus, D is universal in a class of representationgifbelongs to the largest
equivalence class of the spectrum if such a class exists.

3.1 Category of representations

This section will give an alternative view of our investiigat which the reader may
skip if so inclined. However, we will refer to concepts hareccasionally.

Construct a categorRRep of representations by letting the objects be tuples
(D, D®, p, X), where(D, DR, p) is a representation of some spaceThe arrows
are functions between representations respecting theatgnce relation induced
by the representing functions. Two arrows are equal if thegrasent the same
function on the represented spaces.

The identity arrow on(D, DR, p, X) is the identity onD. Composition of
arrows is composition of functions. Thus, we have a category
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We may consider subcategories of the categ@mp, for example, domain
representation®Rep, dense domain representatiodbRep”, countably based
domain representatioldRep,, etc.

We may of course also consider the category of represensatiath arrows
being continuous partial functions, e.g., domain repriegimms with continuous
partial domain functions as arrongsDRep.

The properties of reductions of representations for sorpelégical spaceX
can be studied as the subcateg®yp(X) of representations oK where the
arrows are functions representing the identity ¥ni.e., exactly the reductions.
Likewise for domain representations, etc.

As examples of the categorical interpretation of our n&iare give the fol-
lowing lemmas, wher® is assumed to be a category of representations of a space
X with arrows being reductions between representations.

As reductions represent the identity &rwe have that any arrows between two
representations are in fact equal. So if there is an afrou) — F in the category
D it is necessarily unique.

First we show that a spectrum as introduced above is a cgtagbere repre-
sentations belonging to the same equivalence class in gotrgm will be isomor-
phic in the categorical sense.

Lemma 3.7. Representations dP that are equivalent with respect to reductions
are isomorphic.

Proof. If D and E are equivalent, then there exist reductions in both dimasti
that is there are arrowt: D — E andg : F — D and as noted above these are
necessarily unique. The compositig f : D — Disanarrow ango f = 1p
by uniqueness of . Likewise,f o g = 1g. O

Lemma 3.8. ArepresentatioriD, D®, p) in D is universal if, and only if D, DR, p, X)
is a terminal object in the categor®.

Proof. For a universal representatidn € D we have a reduction from any other
representatiort to D by definition, i.e., an arrow fronE to D which is again
unique as noted above. Thus, there is a unique arrow from lagjegtoof the cate-
gory to D showing thatD is a terminal object.

Conversely, as arrows are reductions we have that any termwinject of the
categoryD is necessarily universal ib. O

We will see in Section 3.3 thdDRep(X) andDRep” (X) has terminal ob-
jects. In fact, there are also initial objects in these aateg, namely the flat do-
main representatioflX | , X,id). So, an initial representation represents the space
simply as a discrete set, whereas a terminal representafpmasents as much of
the structure of the space as possible within the partialdess of representations.
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3.2 Continuous Reductions

We give some basic results for continuous (total) redustimrdomain representa-
tions, that is, let us studypec(X, DRep(X), <.).

Theorem 3.9. Let D be a dense domain representation’of and £ be a retract
domain representation of . ThenD continuously reduces tB.

Proof. By Theorem 2.12 the identity function can be lifted to a comtius domain
function. By Lemma 3.4D reduces tdv. O

We note that all dense retract representations belong teaime equivalence
class.

Corollary 3.10. Dense retract domain representations are unique ugto
Proof. Immediate. O

The equivalence class of dense retract domain represergat central be-
cause any continuous function is representable if the sgamee dense retract do-
main representations by Theorem 2.12, and because dersse detmain represen-
tations exist for alll spaces by Theorem 2.9. However, note that the equivalence
class of dense retract representations also contains emsedetract representa-
tions.

The following lemma shows that the property of retract isaimant under re-
ductions.

Theorem 3.11.Let D <. FE be representations of . If D is a retract representa-
tion, then so isF.

Proof. Let (D, DR, pp,np), and(E, ER, pg) be the representations. By reducibil-
ity there exists a continuous: D — E such thabp = pg ¢.

D ¢ E

]

DR—2

E
7
& 777
nD ,/PE
/
X

PENE = pE®Np = ppnp = idx

Letng = ¢np, then

showing that E, E®, pr, nr) is a retract representation. O
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Theorems 3.9 and 3.11 show that the spectfyrac(X, DRep(X), <.) can
roughly be drawn as follows, although equivalence claskdsrse representations
do contain non-dense representations.

retract
representations

The following examples show that the spectrpec(X, D(X), <.) in gen-
eral is non-trivial. The first example shows that for noretite spaces there exist
domain representations that are not retracts and hencdysbéelow the equiva-
lence class containing dense retract representations.

Example 3.12. Let X be a non-discrete space. Clearly the flat domgingives
a dense domain representatiohi | , X,id) of X. The only possible embedding
¢ : X — X is not continuous since there exists a subsat X that is not open
in X whereasA is open inX | .

The interested reader can (given a suitable choice prg)cgilow that if the
spaceX is discrete than any domain representatiotkaf a retract.

The following example shows that there exists non-dengsaatetepresenta-
tions that cannot be continuously reduced to any densectegpresentation; and
hence strictly above the equivalence class containingedestsact representations.

Example 3.13. Let X be aTj space containing at least two points separable by
open sets. By Theorem 2.9 there exists a dense retract doeai@sentation
(D,n[X], p,n) of X, and by Remark 2.10 there also exists a non-dense retract
domain representatiofD, n[X], p,n) with a compact top element.

The embedding : D — D~ is a continuous reduction dp to D-.

That X contains two points separable by open sets implies that aheaoh
D contains non-consistent compact elements. Hence, a ooasnand therefore
monotone function cannot reduéer to D. Thus,D <. D.

The above two examples can be summarised by saying thasuhk&topology
of the spaceX is extremely fine or extremely coarse there exist representa
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strictly below and strictly above, respectively, the ealéwnce class of dense retract
representations.

The following example show that the equivalence class ofdamse represen-
tations also contain non-dense representations.

Example 3.14. Let (D, D®, p) be a dense representation %f Construct a new
domain representation by taking the disjoint sunioénd the trivial domair{ L}
consisting of only the bottom element, i.eD) @ {1}, DR, p). Clearly, this repre-
sentation is non-dense.

The embedding of) into the disjoint sum is a continuous reduction. Con-
versely, the projection of the disjoint sum onib (mapping all of the right-hand
domain to bottom inD) is a continuous reduction of the disjoint sum@o Hence
D=.Do{Ll}.

3.3 Universal and Retract Representations

Since the retract property is closed upwards in a spectrusnaitnotion of being
large in the spectrum, but clearly, so is also the notion ofarsality. We compare
these two notions.

Theorem 3.15. Consider the spectrurSpec(X, D, <.), whereD is a class of
domain representations. If there exists a retract représgn in D then any uni-
versal representation is a retract representation.

Proof. Let D € D be a retract representation and fete D be a universal rep-
resentation. By universalitip <. E so by Lemma 3.1F is a retract representa-
tion. O

There exist universal representationsIfRep(X) when X is a1, space.
These representation have a compact top element that istabtThe top element
could be interpreted as explicit inconsistent information

Proposition 3.16.AnyT, spaceX has a universal domain representatiobr, D®, p)
in DRep(X) with respect to<..

Proof. Construct the domain representatiddr, DR, p) as indicated in Remark 2.10.
Reductions from any domain representatiémmf X can now be constructed as in-
dicated in Remark 2.13. O

It is awkward to have a top element in a domain representasownery few
functions have representations by continutatal domain functions. Restricting
the representations to be dense, there still are univezpatsentations and these
include the dense retract representations.

Theorem 3.17.Let X be aTj space. There exists a universal representatiofX of
in DRep” (X) with respect to<.; and a representation is universal if, and only
if, it is a retract.
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Proof. By Theorem 2.9 there exists a dense retract domain repedisemb of the
space and by Theorem 3.9 any dense representation redueesd® is universal,
and by Corollary 3.10 any dense retract is universal.

The converse is Theorem 3.15. O

3.4 Partial Reductions

We now turn our attention Spec(X, DRep(X), <.,). The first result is that any
domain representation is continuously partially equate its dense part.

Proposition 3.18. A domain representatiofD, D®, pp) of X is equivalent to its
dense par{ DP, DY, ppp) with respect to=.,.

Proof. The partial magd : D — DP defined on the closed s&P is a partial
domain functions reducing to DP. The embedding : D® — D is a partial
continuous reduction ab to D (that happens to be total). Henbe=., D®. O

The proposition implies that any element of the spectigrer( X, D(X), <.,)
will contain a dense representation. This simplifies thecstwe of the spectrum as
there will be fewer equivalence classes in general.

Lemma 3.19. Let D and E be domain representations IDRep(X). ThenD <,
E impliesD <., F.

Proof. The bottom element. does not belong to the totality @. A total reduc-
tion function f : D — E can therefore be made into a continuous strict domain
function (i.e., an everywhere defined continuous partiahaio function) simply

by changing its value at if necessary. O

Theorem 3.20. Any retract domain representatioP of X in DRep(X) is uni-
versal inDRep (X)) with respect to<,,,.

Proof. Let £ be an arbitrary domain representationf By Proposition 2.15
the identity function onX can be lifted to a continuous partial domain function
¢ : E — D defined onEP. By Lemma 3.4E <, D. O

We note that all retract representations belong to the sauigadence class.
Corollary 3.21. Retract domain representations are unique upstg@.

Proof. Immediate. O

Theorem 3.22. Let X be aTj space. A representatioP of X is universal in
pDRep(X) if, and only if, it is a retract representation.

Proof. By Theorem 3.20 a retract representation is universal. k®rother di-
rection assume thab is universal. By Theorem 2.9 there exists a dense retract
representatio”’ and by universalityy <., D. But sinceF is dense the reduction

is in fact a (total) continuous reduction. Hence, by Lemniel 3D is a retract
representation. O
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Theorem 3.23. Let X be aTj space.

(i) A dense representatio® is universal inDRep(X)P if, and only if, D is
universal inpDRep (X).

(i) If D is universal inDRep(X) thenDP is universal inpDRep(X)P.

Proof. (i): By Theorem 3.17, the dense representafibis universal inDRep(X)
if, and only if, D is a retract; and by Theorem 3.2R,is a retract if, and only if D
is universal inpDRep(X).
(ii): Again by Theorem 3.22D is a retract, sdP is a dense retract and hence
universal inpDRep(X)P. O

4 Cantor—Weihrauch Domain Representations

4.1 Cantor Domain Representations

Let X be analphabet i.e., a finite set of symbols containing at least two symbols
The Kleene star is an operator giving the set of all finite seqgas over a set,
so X* is the space of all finite sequences over Let X¢ denote the set of all
countably infinite sequences over Concatenation of sequences are denoted by
juxtaposition.

Cantor spacas the set:* with a base for the topology given by the sets

{po:pe ¥’ o X¥}.

Note that the constructed Cantor space does not depend bparhoice of the
alphabet:, i.e., even though the alphabets may differ, the Cantorespae home-
omorphic.

We will now build a domain representation of Cantor spacee Cantor do-
main, denoted’ is the se®>* U 3¢ with the prefix ordering. It is easy to check that
the Cantor domain is an algebraic cpo with as its set of compact elements. Two
elements of the Cantor domain are consistent only if one iefixpof the other,
so it is clearly consistently complete. There exists a numbgeof >* making the
Cantor domain into an effective domain.

Cantor space is embedded densely into the Cantor domais asritcompact
elements, so we have the following result.

Proposition 4.1. The Cantor domain is an effective dense retract domain repre
sentation of Cantor space.

Definition 4.2. A Cantor domain representatioof a spaceX is a domain repre-
sentation(C, C®, p) where the domain is the Cantor domain.

Cantor domain representations exist for many spaces wbbkéously, the
cardinality of the space cannot exceed that of the continubor a spaceX let
CRep(X) denote the set of Cantor domain representations .o€learly,

CRep(X) € DRep,(X) C DRep(X).
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Cantor domain representations are not retract repregergainless the space
is zero-dimensional, i.e., have a clopen base.

Proposition 4.3. If (C,CR, p,n) is a retract representation ok, then X must be
zero-dimensional.

Proof. Cantor space is zero-dimensional and so has a clopenfbasiscontinuity
of n, {n~'[B] : B € B} is a clopen basis foK. SoX is zero-dimensional. [

4.2 TTE representations

In TTE, there are two kinds afaming system®r a spaceX. A notationis an
onto partial map from the discrete spacé to X, and arepresentation(in TTE
terminology) is an onto partial map frolt” to X. TTE notations can be modelled
as domain representations using the flat domajn TTE representations can be
modelled as Cantor domain representations, wiEris a subset oE. Formally,
we have the following lemmas.

Lemma 4.4. TTE notations are in one-to-one correspondence with domegire-
sentations where the domainds and the totality on the domain does not contain
1.

Proof. A TTE notation ofX, i.e., a surjective partial map: ¥* — X, gives rise
to a domain representatigix’, , dom v, v) of X.

A domain representatioft”, , EjR, p) of X where the totality does not contain
1 implies thatp is a TTE notation sinc&*  is a subset oE*. O

Lemma 4.5. Any TTE representation gives rise to a Cantor domain repreton.

Proof. A TTE representation : ¥ — X of X gives rise to the domain represen-
tation (C,CR, §), whereC? = dom 6. O

In TTE, an arbitrary choice of® is not considered, so the notion of Cantor
domain representations is wider than the notion of TTE mrations although
not more expressive, as is shown below. However, some spagessier to give
Cantor domain representations than TTE representatiogs,tiee Cantor domain
itself is trivially represented by itself with the identityut requires some encoding
to make into a TTE representation.

Theorem 4.6. The class of spaces that have TTE representations coinuidles
the class of spaces that have countably based domain repeatiens.

Proof. Trivially, any space that has a TTE representation has a imompresenta-
tion by Lemma 4.5.

For the other direction consider a countably based dompnesentatioriD, DY, p)
of a spaceX. We will construct a Cantor domain representatiorgfand in turn
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a Cantor domain representation ®f Let« : w — D. be a numbering oD., and
letX = 2 = {0, 1}. Define an encoding function: N — 2* by

t(n) =01"0.
Define alsoy : C — P(N) by
v(s) = {n : ¢(n) is a substring of} ,

that is,v collects all natural numbers encoded in the sequenge
Define the representation function C — D. by

wherep is the longest prefix of such thaty(p) is directed. Clearly) is a monotone
map, so it has a unique continuous extensiof.tbetC? be the sequencesc 2+
such thaty(s) is directed. TheriC, C®, §) is a Cantor domain representation/of
By composition we have thd€, ' [DR], pé) is a Cantor domain representa-
tion of X. O

TTE also comes with a notion of reduction between namingesyst these are
continuous partial functions. We will see that these reidastcorrespond to (total)
continuous reductions in our sense.

Definition 4.7. Leté : ¥ — X ande : 3 — X be TTE representations of.
A function f : £¢ — ¥ reducesi to e if §(x) = ef(z) for all z € dom 6.

Lemma4.8.If f: X¢ — ¥¢ reduces to e thenf’ : C — C reducesC, dom 4, )
to (C,dome, €), wheref’ is defined for compact by

f'(e) =n1f[1d N domd],
whered is the maximal prefix of such that!d N dom § # 0.

Proof. Note that the construction of is very similar to the second step of the
construction used to lift functions to domain represeateti Being restricted to
the Cantor domain we can avoid the need to h&we § dense inC by carefully
defining the function value for non-consistent approxiuradi to be as small as
possible while making’ monotone.

The monotone functiorf’ has a unique continuous extension to alCofWe
leave to the reader the straightforward proof thdt:) = f(z) for all z € dom é.

O

We leave to the reader to check that reductions between aningaystems
(both notations and representations) corresponds toreamts (total) reductions
in our sense.

The above implies that we can study TTE representations esghctrum
Spec(X, CRep(X), <.), which can be identified with a substructure of either
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Spec(X, DRep,,(X), <.) or Spec(X,DRep,,(X), <p,). The spectrum using
continuous reductions can roughly be drawn as follows.

CRep(X)

4.3 Cantor—-Weihrauch domain representations

We will now consider a standard construction of Cantor dormapresentations.
For this section we fix the underlying alphal¥ef Cantor space and the Cantor
domainC to be2 = {0, 1}.

The following definition is due to Weihrauch except that we ashumbering
of the subbase (from the natural numbers) rather than aimotdtom the set of
finite words).

Definition 4.9. An effective topological spads a tripleS = (X, 0, ), whereX
is a non-emptyl; space,s is a countable subbase fof, anda : w — o is a
semicomputable numbering of the topology.

Let S = (X, 0, a) be an effective topological space.
As in the proof of Theorem 4.6 define N — 2* andy : C — P(N) by

t(n) = 01"0

and
v(s) = {n : ¢(n) is a substring ok} .

Define a partial functiords : C — X by
0s(s) =z, if y(s) ={n:xz € an)}.

The functionds above is well-defined since the topology was assumed 1y be
The objects for whiclds is defined are sequences encoding all atomic properties
of some point via the numbering of the subbase.

The following notion corresponds to the notion stindard representation
in [34].
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Definition 4.10. A Cantor-Weihrauch domain representation (CW domain repre-
sentation)is the Cantor domain representati@ C®, 6s), whereC® = dom §s.

CW domain representations are not dense if the spac®ntains more than
one point.

Proposition 4.11. A CW domain representation is effective.

Proof. The Cantor domain is an effective domain. O

4.4 Continuous Reductions

We look here at where CW domain representations belong spibetrunfpec(X, DRep(X), <.
) of domain representations under continuous reductiongctnCW domain rep-
resentations are below a naturally constructed densetéianain representation.
In general retract representation does not reduce to CW idaejaresentations by
Proposition 4.3.
Let S = (X, 0, ) be an effective topological space, and let

P={xtu{4: aePio), A#D}.

Thus, P is a base for the topology on X. Ordered by reverse inclusiah is a
neighbourhood system, and by Theorem 5.4 of [6] the idealptstion over this
neighbourhood system is a dense retract represent@ion X],7~!) of X.

Proposition 4.12. The representatiofC, CR, ds) is reducible to( D, n[X], n~1).

Proof. Letc € C,, that is,c is a finite sequence ov@r Define¢ : C. — D by

¢(c) = [{a(n) : «(n) is a substring op}

wherep is the longest prefix ot for which the intersection is non-empty. The
monotone functionp can uniquely be extended to a continuous functionC —
D.

If s € CR anddg(s) = z, theng(s) is the supremum of basic open sets all
of which containz, so¢(s) C I, = {A € P : z € A}. Any basic open sel/
containingz is the intersection of a finite set of subbasic open sets andach
finite set of subbasic open sets are encoded srdo U C ¢(s). Showing that
#(s) = I.. Thus,s[CR] C n[X] andn~l¢ = Js. O

5 Admissible representations

5.1 Notions of Admissibility

We will here consider some of the notions of admissibilithsidered for (TTE
and domain) representations. We will often restrict ougrdgtbn to domain repre-
sentations that are limited in size in the sense that thef sengpact elements have
bounded cardinality.
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The classical notion of admissibility in TTE is the follovgmotion due to
Weihrauch [34].

Definition 5.1. Let X be a second countablg space. A domain representation
D € DRep,,(X) is W-admissiblef D is continuously equivalent to a CW domain
representation ok'.

The original definition of Weihrauch is formulated in thedegeneral setting
of representations iCRep(X), but immediately generalises to the superclass
DRep,, (X).

The notion of W-admissibility only applies to spaces thateh&W domain
representations and these are the second courifgldpaces. Schroder [23] con-
siders an extended notion of admissibility that includesesspaces that are not
second countable.

Definition 5.2. A Cantor domain representati¢@, C®, p) of X is S-admissibléf
any continuous partial function: 3 — X factors throughD, i.e., if there exists
¢ : X% — ¥¥ such that = p¢ ondome.

Note, thate in the definition is not assumed to be onto
Hamrin [18] generalised the above notion of admissibilitylbmain represen-
tations.

Definition 5.3. (i) A domain representatioD is xk-admissibleif for each x-
based domairE’ with dense totalityE® and for each continuous function
e : E® — X there exists a continuous functien: £ — D such that
e(x) = pé(x) forall z € ER.

(i) A domain representation id-admissibléf it is x-admissible for alk.

As for S-admissibility, note that the functianin the definition above is not
assumed to be a representation function, in particulagadmot be onto.

5.2 Admissibility as Universality

We will see here that the notions of admissibility due to 8der and Hamrin are
all notions of universality in the appropriate spectrumc#kalso that universality
can be seen as being a terminal object in the appropriatgagtas observed in
Section 3.1.

W-admissibility is not intrinsically a universality noticas it is defined differ-
ently, but W-admissible representations are univers8pier(X, CRep(X), <.)
as they are continuously equivalent to universal CW domgnasentations.

The other notions of admissibility are nearly formulateduas/ersality con-
ditions already, but there is a small difference in that ergality requires just
representations to factor through the universal repratent but admissible rep-
resentations require that all continuous maps to the spemddsfactor through the
representation (these continuous maps could be viewedréal representations
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of the space). Thus, we have something to prove for each afdhmssibility no-
tions considered. The essential step in these proofs igardisum construction.

Proposition 5.4. A domain representatioD, D%, p) in DRep? (X) is x-admissible
if, and only if, it is universal iMDRep? (X).

Proof. (=): All domain representations iDRep? reduces to as-admissible
representatiorD by definition ofx-admissibility, saD is universal.

(«): Let E ax-based domain with a dense totali*. We need to show that
any continuous : E® — X factors throughD.

ConstructF' = E @ D, the disjoint union off’ and D. Clearly, F' is x-based.
The totality F® = E®R U DR is dense. Defingr : F}* — X by

pr(f) = { lf), f € B

pp(f), otherwise

Continuity of p- follows from the continuity ot andpp on the disjoint spaceB™
andDR®. Thus,(F, F'®, pr) is a densex-based domain representationf Since
D is universal there exists a continuogis F' — D representing the identity on
X.

Let. : E — F be the continuous embedding Bfinto F'. Leté = ¢ : £ —
D. By construction we havepé = pp¢r = e showing thate factors through
D. O

Proposition 5.5. A domain representatioiD, D®, p) in DRep” (X) is H-admissible
if, and only if, it is universal iMDRep” (X).

Proof. Idem as above without cardinality considerations. O

Proposition 5.6. A Cantor domain representatidd@, C®, p) is S-admissible if, and
only if, it is universal inCRep(X).

Proof. Assume without loss of generality that the underlying al@isof Cantor
spaces contains the symbdlsand 1. The disjoint sum of two Cantor domain
representationéC, CR, p;), i = 0, 1 is the Cantor domain representatigh C®, p)
where

CR={0u:ueCtu{lu:ueccCl},

and )
| po(v), if u=0v;
plu) = { p1(v), ifu=1v.
The rest of the proof is identical to the proofs above. O

It is known that W-admissibility implies S-admissibilityititin CRep, and
trivially we have that H-admissibility implies-admissibility for anyx.

By characterisation results of Schroder [23, Theorem &8]kamrin [18, The-
orem 6.8] we have that spaces have S-admissible reprdasastift and only if,
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they havew-admissible representations. We would like to relate Sissitility
andw-admissibility directly using reductions, which would kesg if we had a nat-
ural class of domain representations that contains Gtfiep andDRepl). The
obvious choice would b®Rep,,, but representations universal DRep? (X)
need not be universal in the supercl@Rep,,(X).

6 Representations of the reals

Here we will look at three different representations of neamnbers. The first is
the customary interval domain, the second is a substruofues interval domain
that allow for more efficient computations, and the thirdresponds to binary
expansion of the reals.

Let R be the ideal completion of all closed rational intervalsethgr with the
real line ordered by reverse inclusion. The representingnehtsR? of this do-
main are all ideals that have singleton intersections; eesgmting ideal is mapped
by pr to the single element of its intersection. Defipg by

nr(z) ={la,b] :a <z <b, a,b e Q}.
Lemma 6.1. (R, RR, pr, nr) is an admissible representation of the reals.

Proof. A standard proof shows that the representation is a densetretomain
representation. O

In [8] centred dyadic approximations are considered focieffit implementa-
tions of exact real arithmetic. These form an interestirgssucture of the interval
domain.

Definition 6.2. A centred dyadic intervak represented by a triplen, e, s) of the
form
a=(m=*e?27°,

where themantissam and theexponents are integers, and therror terme is a
natural number. A reat is approximatedy a« if

|z —m27% <e277%,
or equivalently,
x€[(m—e)27% (m+e)27°.

Fix 7 > 0. A centred dyadicj-approximationis a centred dyadic interval where
the error term is strictly bounded 1y.

We will assume thaj is fixed throughout and we will simply writeentred
dyadic approximation

Let R q. be the ideal completion of all centred dyadic approximaitogether
with the real line ordered by reverse inclusion. RepreegnﬁilementsRCRd&L are
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again ideals with singleton intersection and the reprasgritinction pz_, . is de-
fined as before.

It is shown in [8, Lemma 3.7] thak 4., iS hot a domain, but that it is a bifinite
domain (or SFP-domain). Nevertheless we will show that vadpect to reducibil-
ity Rq. is equivalent to the interval domain. The following lemmawshk that even
though finite suprema does not exist in generakin, there is a sufficiently rich
substructure oR.q, Where finite suprema exist.

Lemma 6.3. Within the substructure of all centred dyadic 1-approxiimag finite
suprema exist.

Proof. It is sufficient to show that the supremum @f= (m + 1)27° andb =
(n+1)2~"is a centred dyadic 1-approximation. Assume without loggeoierality
thatt > s.

If the distance between the centre points.@ndb, that ism2~* andn27¢, is
less than the radius af that is2~*, then the centre df must be at least—! away
from boundary of:, meaning thab is contained iru, sob is the supremum.

The remaining case is that the centré &g on the boundary af. Assume that
the centre ob is the upper end-point af, i.e.,n2™" = (m+1)27%. The supremum
ofaandbis ((2n — 1) £ 1)27¢1, O

Theorem 6.4. The representation® andR .4, are equivalent.

Proof. The inclusion map fronR.q4, t0 R represents the identity on the real line
SOR.q, reduces toR.
For the other direction defing on compacts by

¢(la,0) =| [{m+1)27° 1 [a,b] S (m£1)27%, 27° < |b—al},
1

if a # b and by
¢([a,a]) =| |{(m +1)27* : ais approximated bym + 1)27°},

otherwise. The |, in the former equation gives finite suprema in the substractu
of centred dyadic 1-approximations. Note that the suprensuaken over a finite
set because there can only be finitely many 1-approximatongining the inter-
val when the radii of the 1-approximations are bounded. Hoersd supremum is
taken over a directed set.

Extend¢ to a continuous function. Thep represents the identity on the real
line. Thus,R reduces toR q,. [l

Restricting the interval domaiR to the unit interval gives an admissible rep-
resentation of the unit interval which we denote®y; ;.

We will construct a representation corresponding to biexpansion. For sim-
plicity we restrict ourselves to the unit interval. Let trentpact elements be finite
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binary expansions, and |€2|, ;; be the ideal completion over the prefix ordering
of finite binary expansions. A maximal element of the domairresponds to an
infinite binary expansion. Letp : Dy ;) — R be the mapping of an infinite binary
expansion into the corresponding real number. Note thatrdasior dyadic point
will have two representations in the domain, for examélis represented by both
0111... and.1000.... The domainD|, ;) is a dense representation of the unit
interval.

Construct a monotone mapfrom compact elements d|, ) (that is, finite
binary expansions) t&, ;; by mapping.b; ... by, to the interval

a a+1
on’ on |7
wherea is the integer numbel, ... b,. Extend¢ to a continuous functio :

Dip,1) — Rpp,1)- The functiong induces the identity on the unit interval £9), ;
reduces tdk g,

Lemma 6.5. The representatiofk|, ;; does not reduce t®g y).

Proof. Assume thatRy ;) reduces taDjy ;). Then by Lemma 3.1D, ;) would

be a retract representation. Consider where the embeddiugjwend%. If the
embedding of% isto.0111... then the preimage of the basic open &étis the
non-open intervalo, %]. If % instead is embedded into000 . . . then the pre-image
of 7.1 is the non-open intervﬁ%, 1]. This contradicts the existence of a continuous
embedding, and hence, thay, ;) is a retract representation. Thgy, ;) does not
reduce taDy 1.

Indeed,Dyg ) is not an admissible domain representation nor is its coornd-
ing TTE representation S-admissible.

We also know that representing the reals by binary expassomnot an ap-
propriate choice when considering computability of ogerat on the domain. It
is well-known that neither addition nor multiplication israputable on binary ex-
pansions of real numbers.

Example 6.6. Consider computing addition on infinite binary expansiofifie
sum of 1 = 0.010101... and§ = 0.0010101... is 3. However, for whatever
finite amount of the inputs that is inspected even the firsafbitr the binary point
of the output is not determined. Thus, we cannot effectizelypute addition.

Theorem 6.7. The cardinality ofSpec(R, DRep(R), <.) is infinite.

Proof. Letb > 2 be a base. Leb, be the domain representation of the reals using
baseb expansions of the reals. Lgbe a prime such thatdoes not dividé. Then
the fraction% has an infinite expansion in bakeThere is no continuous reduction

of Dy to D, since any finite prefix of the expansion bfin Dy, is not enough to
determine if it should be sentt6... or.1...in D,. The result follows as there
are infinitely many prime numbers. O
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As the proof shows, there are infinitely many non-equivatentntably based
domain representations of the reals.
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