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Abstract

Implementation techniques for exact computations are described
and to some degree evaluated. In particular, two basic algorithms for
exact computations are identified and investigated. The very impor-
tant choice of approximations is examined, in particular for the space
of the reals. The proposed approximations contain an error term and
it is argued that the error term should be variable, but bounded.

1 Introduction

Ezact real arithmetic is an attempt to provide an implementable data type for
the reals. The real numbers will be proper real numbers without any rounding
off errors or limitations in size. (We will, strictly speaking, incorrectly assume
that computers have sufficient memory for any computation, or equivalently,
that computers are as powerful as Turing machines.) Since a computer may
only represent countably many of the uncountably many real numbers, even
if the memory of the computer can be indefinitely extended, there will be
real numbers that cannot be represented within a computer. However, these
non-representable numbers have in common that they are not approximable,
there cannot simultaneously exist procedures giving all upper bounds and all
lower bounds respectively. Thus, most common quantities in mathematics,
e.g., V2, , e, and sin 2, are representable in exact real arithmetic. Among
the exceptions are the Q-numbers of Chaitin [8].

Systems for general purpose exact real arithmetic have been implemented
by several people, see for example [15, 10]. Some of these participated in a

*Supported by STINT, The Swedish Foundation for International Cooperation in Re-
search and Higher Education.



competition between systems for exact real arithmetic [4] in Swansea. We
aim here to give a survey of common techniques and some choices that an
implementor needs to consider. The main aim is to provide background and
describe some ways of achieving exact computations. Some relative compar-
isons between different solutions will also be made, but the conclusions of
these are, in general, very loosely formulated since proper testing has yet to
be made. One could in fact say that there is not yet any agreement on what
should be reasonable benchmarks for these systems.

The main reason for exact real arithmetic is obviously a hope that com-
putational errors will be avoided without having to perform separate error
analysis. The correctness depends on choosing correct algorithms for each
function, and on the correct implementation of each of these algorithms.
Whereas the former is readily verified in mathematics, the latter concerns
the more unwieldy problem of verifying computer programs. So far, no sys-
tem comes with a proof of its correct implementation. The only verification
that has been performed is that different systems agree for a number of
problems. Agreement to high precision is not a proof of correctness but is
nevertheless a useful indication. Thus, faith in the correctness is limited by
our trust of the implementations.

1.1 General purpose exact real arithmetic

A general purpose system for exact real arithmetic is of course necessary
before any attempt is made to incorporate a proper data type for the reals
into a programming language. For an exact real arithmetic to be general it
has to supply a finite set of basic operations that can be combined to evaluate
any desired real expression. Thus, the system needs to provide the basic
arithmetic operations, logarithms, exponentials, trigonometric functions, and
SO on.

1.2 The underlying theory

The theoretical foundations for this approach to a real data type is the sub-
ject Computable Analysis [16, 22, 1]. There exist several flavours of com-
putable analysis; we will use the one based on the definitions of Grzegorczyk
and Lacombe [11, 14]. The main point about computable analysis is that
all operations will be implementable on an ordinary computer (given that
it has enough memory). This is in contrast to, for example, Blum—Shub-
Smale’s abstract model of computations on the reals [6]. The most notable
difference is that equality and the ordering are not computable operations
in computable analysis. However, the abstract model of computation given
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Figure 1: Traditional picture of a binary operation.

by Tucker and Zucker [20, 19], does truly model the behaviour of concrete
computations of discontinuous functions such as equality.

1.3 Calling interface

The theoretical model of computable analysis uses special Cauchy sequences
(recursive Cauchy sequences with recursive moduli) to represent the reals.
The Cauchy sequences are easy to pass around in mathematics, but they
are not that easy to handle as input to, and output from, a computer. The
traditional dataflow picture (cf. Figure 1, where input and output in our
case should be thought of as pairs of a Cauchy sequence and a modulus) of
an operation as a box taking arguments and generating output is therefore
not the best one to illustrate the calling interface.

We are, in general, more interested in getting some approximation of the
real number. Hence, the interface to exact real arithmetic is not simply the
input numbers, but also a specified precision for the resulting approximation.
Similarly, the input is not regarded as sequences which are read element by
element, but rather as functions taking an accuracy and returning an element
of the Cauchy sequence within that accuracy. The situation is depicted in
Figure 2. The user would input/supply the operation f with the boxes
z and y, and the desired precision p, the output is the approximation c
of f(z,y). It might be necessary for the operation f to compute several
different approximations of the arguments x and y. There is a semblance of
lazy operations in that arguments are not evaluated until an approximation
is needed. However, there is more than laziness to the calling scheme since
expressions may be evaluated multiple times in order to generate sufficiently
good approximations.

Note that neither the Cauchy sequence nor the modulus is depicted. This
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Figure 2: A binary exact real operation.

is reasonable given the calling interface suggested. The Cauchy sequence and
the modulus is a part of the implementation of the operation, not part of the
interface.

It has become common to say that implementations use fast Cauchy
sequences. The interpretation is then that successive calls will be made to
the operation with accuracy 27" for the nth call. The resulting sequence of
approximations is indeed a Cauchy sequence which has a fast convergence to
the limit.

Having established that input and output of real numbers will not be done
by sending around the sequences themselves but rather some approximation,
we have to decide on the form of these approximations, which is the topic of
the next section.

2 Approximations

In general, approximations are based on the existence of a countable dense set
within the space. We will consider here mainly the case of approximations of
real numbers as it is the most basic case. In particular, the rationals are dense
in the reals. If one takes the rationals as the basis for approximations there
are two equivalent ways of constructing approximations. To approximate a
real point z either take a closed interval [a,b] with rational endpoints that
contains x, or take a pair of rational numbers (c, €) such that |t —c| < e. The
two approaches are obviously equivalent. An approximation of the form [a, b]
can also be given as ((a+b)/2, (b—a)/2), and conversely, (c, e) can be given as
[c—e, c+e]. However, from an implementational point of view the midpoint-
error representation is preferable since in practice the representation of the
rational number e can be kept very small compared to the representations of
the numbers a, b and c.

Using rational numbers to approximate real numbers and performing
computations on these approximations entails a need to represent exactly
rational numbers with huge denominators. For example, the simple opera-



tion of squaring a rational approximation p/q results in a number p?/q? that
requires double the memory to store.

By approximating these rationals in turn it is however possible to keep the
size of the approximations down. In fact, within every interval there exists
a simplest rational. The simplest rational is the one with a minimal positive
denominator and among these the one with the smallest absolute value of
the numerator. Finding the simplest rational approximation available may
be time consuming. Therefore, it is often convenient to choose a dyadic
approximation, numbers of the form m - 27% where m and s are integers,
since these are more readily arrived at, see Example 4.1.

For the reasons explained above an often suitable choice for approxima-
tions of real numbers are dyadic approximations of the form

a=(m=+e)27°,

where m, s € Z, and e € N. The value e is usually bounded. In fact, e may
be fixed to be 1, but we will see that the more general form is preferable. We
will use a and b to denote approximations, m and n to denote mantissas (or
significands), s and ¢ to denote exponents, and e to denote error terms.
We will say that a real z is approrimated by an approximation a =
(m+e)27* if
z€[(m—e)27% (m+e)2°.

An approximation of the form (m + €)27% is a p-approzimation if
e27° <277

that is, if k = [log, e] then (m + €)2 7P ¥ is a p-approximation.

To avoid an increase in size of the dyadic approximations during the
course of a computation rounding of intermediate results needs to be done
rather often. We will assume that rounding takes place after each elementary
operation. For example, let z be approximated by a = (m + €)27°. An
approximation of z? is b = (m? £ (2me + €?))27%*, which takes double the
storage space compared to a. But rounding b will often give an approximation
that lose very little precision (relative to the magnitude of z) and avoids
increasing the size.

These dyadic approximations are just floating point numbers with error
terms. Recall that a floating point number is of the form

(=1)%-m-2°%,

where S is the sign bit, m is the mantissa, and s is the exponent. The
mantissa in double precision floating point numbers (ANSI/IEEE Standard
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754/854) is between 252 and 2°% — 1 (which fits into 52 bits since the leftmost
bit, always 1, need not be stored). The exponent ranges from —1074 to 971
(the remaining two possibilities for the exponent covers some special cases like
zero, non-normalised numbers and infinity). Thus, floating point numbers
are special cases of the approximations above where both the mantissa and
the exponent are bounded and the error term is missing. The inclusion of
the error terms in the approximations is what will give us the ability to claim
that we are doing exact real arithmetic.

This set of dyadic approximations is not necessarily the best for all appli-
cations but it does have two important properties that many other choices do
not possess in conjunction. Firstly, efficient algorithms have been developed
to compute all common operations, see, for example, [7]. Multiplication can
be computed in O(nlognloglogn), where n is the size of the operands, by,
e.g., the Schonhage-Strassen method [13, 17]. Secondly, for any bounded
interval (assuming that the error term is bounded) the storage space needed
for a p-approximation of any point in the interval is merely p + logp + c,
where c¢ is some constant. For unbounded intervals this is clearly not true
since the representation of the integer part becomes unbounded. However,
with a change of semantics of the notion of precision to be the number of
significant digits, as often done in science, a similar statement is true even
for unbounded intervals.

Approximations based on arbitrary rational numbers does not have any
bound on the amount of storage needed for p-approximations even on com-
pact intervals. The process of finding the simplest rational for any point will
give bounds on the storage but will also incur a lot of computation.

Various signed digit representations of the reals can also be considered.
These representations share the limited space requirement of dyadic represen-
tation. However, sofar, there seems to be no complete implementation of all
fundamental operations (including transcendental functions) using directly
the signed digit representation. Thus, though an elegant representation, it
should not outperform the dyadic representations, at least as long as the
hardware does not directly support signed bits. Yet other alternatives are
approximations that uses continued fractions, either purely as [21], or as
linear fractional transformation [9]. While both methods may require even
less storage than dyadic representations, there still does not exist methods
for many elementary operations that are as efficient as those for dyadic ap-
proximations. For linear fractional transformations this is investigated by
Heckmann [12].

Approximations for other metric spaces can easily be constructed. Choos-
ing among different kinds of approximations for general metric spaces will
be even more difficult than choosing approximations for real computations.



In the real case, some subset of rational intervals are the obvious way to ap-
proximate reals, so we essentially had to consider how to represent the chosen
dense set of rationals. For arbitrary metric spaces one furthermore has decide
on the dense set to use and sometimes even on which metric to use. Con-
sider, for example, finding approximations of the real continuous functions
on a compact interval. Approximations could be closed spheres (according
to some norm) with centres in some dense set, e.g., polynomials or piecewise
linear functions. Selecting the best approximations will probably depend on
what operations are to be performed. Hence, an extensive study is needed
in order to decide on a set of approximations for general computations.

2.1 Structure of approximations

The dyadic approximations above can be given a notion of how good they
are in terms of an ordering. An approximation b is above an approximation
a (or b is better than a), a C b, if the interval approximated by b is included
in the interval approximated by a. It is customary to reverse the ordering
notion in this way.

The reverse inclusion ordering C introduced above is only a pre-order.
The order is not antisymmetric since, for example, (m + e)27% approximates
the same interval as (2m + 2¢)27°~!. The least upper bound of two approxi-
mations would be the intersection of the intervals approximated, which again
is a dyadic interval. However, in the case of a bounded generalised error term,
this dyadic interval might not be representable with an error term within the
bound. For example, suppose the error term is to be strictly bounded by 27.
The least upper bound of (04 (27 —1))2° and (14 (27 —1))2° is the interval
represented by (14 (297! — 3))27!, which clearly cannot be represented with
an error term within the bound. Hence, the approximations do not form
a cusl, and the ideal completion of the pre-order is therefore not a Scott-
Ershov domain. There is, however, a complete set of minimal upper bounds,
(0£ (27 —2))2% and (1 + (27 — 2))2° In fact, the ideal completion of the
pre-order is an algebraic cpo that satisfies the conditions of an SFP-domain.
Thus, the computability on the set of computable reals can be modelled as
in [18, 2, 3].

2.2 Computer representations of the approximations

To compute with the dyadic approximations considered here they need to be
mapped to existing data types. The error term would normally be bounded
so this may be represented by any integer data type. The exponent can
be arbitrarily large in principle, however, there is no point in being able to
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represent exponents that would require the mantissas to be larger than the
available memory. A 64-bit exponent is therefore enough for most practical
implementations today. The mantissas are arbitrarily large integers, and
hence they must be represented with some form of big integer package unless
a data type of this sort is included in the language.

An alternative that merits mention is the choice made by Miiller [15] in
his implementation. There, the mantissa together with the exponent is repre-
sented by an arbitrary precision floating point number. The error term then
needs to be handled separately. We have chosen the form here with explicit
exponents since we have some theoretical points to explain, there might also
be some minor gains to be made by having the error term as well-defined as
it is in our approach. On the other hand, the floating point approach can
take advantage of already implemented transcendental functions and so on.

3 Computing an exact real operation

Let f be an operation on the reals. We would like to implement this operation
as a part of exact real arithmetic. We will for simplicity often assume that
f is a unary function.

The call to the operation f will have as arguments a function g that
computes arbitrarily good approximations of the input x and an integer p
specifying which element in the Cauchy sequence is to be returned, i.e., that
a p-approximation of the result is desired.

Algorithm 1. To compute a p-approximation of f(z).
1. Choose gq.
2. Compute a g-approximation a = (m +€)27° of z.
3. Compute m' = f(m) and an error term €’ from a.

4. If a p-approximation o’ = (m” £e")27" of f(z) can be constructed from
m' and €', then return a'.

5. Increase g and repeat from 2.

Compare this algorithm with Figure 2. We note that the operations may
return an approximation where the scaling factor, ¢ above, is greater than p
(and, in fact, has to be larger if the error ¢” is allowed to be greater than 1).

The choice of ¢ in the first step of the algorithm is arbitrary, and if
care is not taken, it may result in very poor performance. If ¢ is taken
larger than necessary and the computation of x is expensive compared to



the computation of f (for example, x = €'% and f the identity function)
then much time may be wasted in computing a good approximation of x.
Similarly, if f is hard to compute compared to z (for example, z = 2, and
f the logarithm function) and ¢ is chosen too small, and later increased in
too small steps in step 5, then much time may be wasted computing f on
approximations where the result has to be thrown away.

Is there a way to compute a good value of ¢7 Yes, in some cases, there
is. Given some initial approximation of the inputs it is often possible to
compute a sufficient accuracy of the input to guarantee that the output will
have the desired accuracy. For example, if an approximation of the input to
the reciprocal function is away from zero we can, using our knowledge of the
reciprocal function, compute an input accuracy that will guarantee that the
answer is accurate enough.

Definition 3.1. A first approximation for a function f is an approximation
a of the input such that f'(z) is bounded for all x approximated by a.

For example, any approximation a such that 0 is not approximated by a
is a first approximation of the reciprocal function.

First approximations are very common for real functions. The real line,
and hence any approximation, is a first approximation for sine and cosine.
Likewise for the two arguments of addition. For multiplication it is sufficient
that both arguments are bounded for it to be a first approximation.

Using first approximations we can modify Algorithm 1.

Algorithm 2. To compute a p-approximation of f(z).
0. Generate approximations of x until a first approximation is found.

1. Compute ¢ from the first approximation.

[\)

. Compute a g-approximation a = (m + €)27% of x.
3. Compute m' = f(m) and an error term €’ from a.
4. Construct a p-approximation a' = (m" +€")27* of f(z), and return it.

The unbounded iteration that may occur in the Algorithm 1 has in the
Algorithm 2 been confined to the search for a first approximation in step 0.

Algorithms 1 and 2 are the basis for those used in the exact real arith-
metic systems constructed by Miiller [15] and Lester [10] respectively. Miiller
applies his algorithm bottom-up in the expression tree while Lester applies
his algorithm top-down. The choice of bottom-up or top-down is natural
given the nature of the algorithms. In fact, Miiller’'s implementation makes
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use of having found a first approximation in the computation of the new
bound ¢ in step 5, thus often avoiding more than one recomputation of the
function f. Hence, the boundary between the two algorithms need not be as
strict as presented.

The advantage of using Algorithm 2 is that reevaluations using f need
not be made. However, there may still occur reevaluations of « within step 0.
The risk of getting something which is not a first approximation is often very
low, in fact, in one sense the probability is often zero. For example, allowing
only approximations where the error is 1, for the case of the reciprocal func-
tion there are only finitely many (three) approximations with scaling factor
p that contain 0, whereas infinitely many approximations avoid 0. Of course,
one can also argue that the three approximation with scaling factor p = 1
that contain 0 covers half the Riemann circle, and therefore that the prob-
ability is about one half for approximations with scaling factor 1. Still, for
approximations with scaling factor p = n one would then get a probability
O(27™), which is very small for reasonable n.

One drawback of using Algorithm 2 is that the computed ¢, although
it may be optimal for arbitrary input, might be greater than necessary for
certain inputs as shown below.

4 Constructing approximations

An important part in the algorithms presented is constructing approxima-
tions that are as good as possible given some intervals of reals that must
be approximated by the approximations. We start with the simplest oper-
ation of constructing an approximation with a bounded error term from an
approximation that has a too large error term.

Example 4.1 (Rounding). Suppose we are given a dyadic number m -27°
and an error term e - 27°. What is the best possible approximation of the
form (n & €')27%, where €' is bounded, that can be returned? (By best we
mean the largest possible value for the scaling factor t.)

Consider first the case where €' is to be 1. If e < 257! then (n £ 1)2 5tk
where n = round(m/2¥), that is, the nearest integer to m/2*, is a correct
approximation. Since n is the nearest integer to m/2F the difference is less
than or equal to 1. The error e/2* is also less than or equal to  so the total
error is less than 5 + 1 = 1 which is the error margin given in (n £ 1)275*,

The worst case is when the fractional part of m/2 is exactly 3. It is clear
that for any e > 2*~! the interval approximated by (m 4 €)27* is not covered
by (n 4 1)27°** for any n. On the other hand, if m is a multiple of 2¥ then
(m/2% £1)275%% is a correct approximation for any e < 2%,
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Figure 3: Rounding an approximation (m + €)27°.

Thus, if the error is less than or equal to % “in bit £” then we can always
find a correct approximation by rounding £ bits. Sometimes, this is possible
even if the error is between 3 and 1 “in bit 7.

Consider now the case where €' is to be strictly bounded by 27, i.e., fit
within j bits. Figure 3 indicates that what needs to be done is to cut both
m and e off so that the new error term is small enough. A cut of at least
k = q— j bits is required, where ¢ is the number of bits in the representation
of e. Let n be the result of rounding m/2* to the nearest integer. Then
an error is introduced that must be added to e. We may now create e’ by
rounding upwards the new error term divided by 2*¥. The rounding may
result in €’ needing more bits to represent than e, therefore, it is sometimes
necessary to repeat the process after increasing the value of £.

Computing the actual rounding made in the computation of n above is
important if j is small, 1 or 2. For larger j (> 10), it is often better to
approximate this rounding by the worst case of rounding one half, since this
very seldomly will be the cause of an overflow in ¢’.

We now move on to the construction of approximations of the result of
operations. The first example is addition.

Example 4.2 (Addition). Let us assume that all approximations have an
error term of 1. As already stated above the value ¢ in step 1 of Algorithm 2
may be computed from p without references to first approximations. In fact,
letting ¢ = p + 2 is sufficient.

Suppose the approximations for x and y are (m + 1)277 and (n + 1)27¢
respectively. The sum of these approximations is

mE+1)2 %4+ (n£1)27 %= ((m+n)£2)277 2,

If m+n is even then the above is equal to (3(m+n)+1)27P~! which actually
can be used as a (p+ 1)-approximation of the sum. If m 4+ n is odd then the
best possible approximation with an error term of 1 is if %(m—l—n) is rounded to
the nearest integer; this yields the p-approximation (round(}(m+n))+1)277.
Thus, about half of the additions “lose” one bit of precision and the other
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half will “lose” two bits of precision. The computation of ¢ in Algorithm 2
will have to allow for a loss of two bits.

We will use the terminology that k£ bits are lost when the result af-
ter a computation is a (p — k)-approximation given that the inputs were
p-approximations.

If many additions are performed then the size needed from the input
arguments might be largely overestimated. However, for a simple sum of the
form Zgﬂo x; a p-approximation of the sum can be computed from (p+11)-
approximations of the inputs. The error is 100027 < 1 for the sum which
guarantees correct rounding to a p-approximation. Thus, a real problem only
arises when the additions are interspersed with other operations.

Allowing the error to be different from 1 in the approximation of the sum
is clearly one way to avoid the rounding that is otherwise necessary for odd
results.

Example 4.3 (Multiplication). As for addition, we assume that all error
terms are 1. The product of the approximations ¢ = (m 4+ 1)27° and b =
(n£1)2tis

(mn =+ (m+n+1))27°"".

Thus, if we can find first approximations so that m and n are bounded by 2*
and 2 respectively, then the error term m+n+1 is bounded by 2% 4 2% +1.
So, if k = k' then the best bound for the error term is 2¥*! 4+ 1, which means
that rounding has to be made of the last £+ 3 bits in the result mn to get an
error term of 1. Let £ = min(s, ¢), then the result after rounding is a (k — 3)-
approximation, so we have a loss of 3 bits. Note, that in almost all cases
rounding k + 2 bits is sufficient, but the single worst case when m = n = 2*
requires us to always round £ + 3 bits.

If k£ # k' then rounding of max(k, k') 4+ 2 bits is always sufficient. Again,
for many examples it is actually sufficient to round max(k, k') 4+ 1 bits.

4.1 Generalised error terms in approximations

Sofar, we have often assumed that the error term in an approximation is
1. By generalising the error term to take on other values we may reduce
the number of times rounding make it necessary to throw bits away. The
generalised error terms are related to the notion of guard bits in floating
point computations. Another advantage of generalising the error term is
that we may use an error term of 0 to denote an exact dyadic number.
Consider again Example 4.2. There we claimed that if the computed sum
was odd, then rounding was necessary to get an approximation with an error
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term of 1. Given two p-approximations a = (m £ €)27° and b = (n +¢')277,
their sum is
a+b=(m+nx(e+e))27°,

which is a (p — 1)-approximation since e + ¢’ < 257t and may be a p-
approximation or better if at least one of @ and b is a (p + 1)-approximation
or better. So by generalising the error term we never lose more than one bit
regardless of whether the result is odd or even.

However, this must come at a cost, and it does. The error term may
eventually grow to be large compared to the mantissa of the approximation.
Hence, we have lost the bound on the storage size of an approximation even
if we only consider a compact interval. Furthermore, the handling of the
error term may add significantly to the cost of each operation.

These considerations, make it desirable to bound the error term. For
example, the error term may be required to fit within one computer word.
With this scheme some extra cost for operations is still incurred, but it ought
to be balanced by the reduced size of the mantissas used to compute a result
of a certain precision. Also, bounding the size of the error term limits the
exponent s needed in a p-approximation ¢ = (m £ e)27° to p + [log, €],
solving our first problem.

It may be feared that bounding the error terms would eliminate the gains
demonstrated above. However, the benefits are not entirely lost. For exam-
ple, adding one thousand (p + 11)-approximations will automatically give a
p-approximation if the bound on the error terms is at least 2'!. This holds
even if the naive method of using a loop and a partial sum is used to compute
the sum. On the other hand, there will always be situation when it turns out
that having a bound results in a loss of an “unnecessary” bit occasionally.
Computing the effect of generalised but bounded error terms is a statisti-
cal problem that depends on the bit patterns of the partial results in the
computation.

The bound for the error term might be taken to depend on the size of
the mantissas. This has not been considered here. Also, the optimal value
of the bound should be investigated.

5 Conclusions

The dyadic representations presented here have merits as pointed out in this
article. Mainly, limited storage requirement and efficient implementation
of all operations. They seem to be the most viable choice, which is also
supported by the results in [4]. The generalisation of the error terms may
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be important in implementing exact real arithmetic since it may reduce the
size of the approximations used in the computation.

The choice between the two algorithms presented is open when looking
at the results. But the conclusion here is that for small expressions (few
operations to be performed) calculated to high precision, Algorithm 2 should
be better. But when many operations are to be performed, in particular if
the resulting precision is low, then Algorithm 1 may be the better choice.
Utilising generalised error terms is easier in Algorithm 1 and this will to
some extent influence the choice algorithm. A further study of this is clearly
necessary.
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