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Abstract

We show that metric spaces and continuous functions between them are domain representable
using the category of Scott-Ershov domains. A notion of effectivity for metric spaces is thereby
inherited from effective domain theory. It is shown that a separable metric space with an ef-
fective metric can be represented by an effective domain. For a class of spaces, including the
Euclidean spaces, the usual notions of effectivity are obtained. The Banach fixed point theorem
is a consequence of the least fixed point theorem for domains. A notion of semieffective domains
is introduced and used to give a new proof of Ceitin’s theorem.
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0. Introduction

In this paper we consider effectivity for possibly uncountable topological algebras.
We do this in a uniform way using Scott-Ershov domains, i.e., consistently complete
algebraic cpo’s. Domain theory is a well-established general theory of approximations.

A topological algebra is domain representable by a structured domain if there is a
quotient epimorphism from a substructure of the domain onto the topological algebra.
Thus the algebra is represented as a quotient of a subspace of the representing domain.
It is known that every locally compact topological algebra has a domain representation.
We show that every metric algebra has a domain representation. Banach’s fixed point
theorem for complete metric spaces is then a consequence of the existence of least
fixed points for continuous functions on the representing domains. These facts partially
explain why both domains and metric spaces provide good semantics for programming
languages. The fact that metric algebras, among others, are domain representable in-
dicates the richness and versatility of the notion of domains in combination with a
concept of totality.
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We consider a natural notion of effective metric spaces and show that every such
space can be represented by an effective domain. In this way the general effective the-
ory of domains is exported to the represented algebra. As an example, Ceitin’s theorem
is proved using the generalisation of the Kreisel-Lacombe—Schoenfield theorem to do-
mains. Applying the Kreisel-Lacombe-Schoenfield theorem in our situation forces us
to simultaneously consider a weaker notion of effective domain, where the consistency
relation on compact elements is not necessarily decidable.

Studies of domain representations started with [14, 15, 16]. The representation of
metric spaces using cpo’s with weights and distance was considered in [19].

In the first section we establish some of the necessary prerequisites from domain the-
ory. Then, in the second section we consider domain representations of metric spaces.

1. Scott-Ershov domains

Definition 1.1. A Scott-Ershov domain, or simply domain, is a consistently complete
algebraic cpo.

For a thorough treatment of domains see Stoltenberg-Hansen et al. [13]. We use
their notation except that we denote the set of compact approximations of an element
x by X. We recall the following definition.

Definition 1.2. A structure D = (D;C, L;x),...,xp54n,..., ) is a structured domain
or Z-domain for a signature X if
(1) (D;C, 1) is a domain,
(11) each x; € D, where p is given by Z, and
(iii) each y; is a continuous n;-ary operation on D, that is, y;: D" — D is con-
tinuous, where D" is given the product topology, and ¢ and the arities n; are given
by Z.

The following definition is from [17].

Definition 1.3. A topological Z-algebra 4 = (4;ay,...,ap;01,...,0,) is representable
by a Z-domain D = (D;C, 1;4,,...,dp; 61,...,04) if there is a Z-substructure Dy =
(D4;4y,...,0p;6),...,64) of D and a X-epimorphism

L’A:DA — A

which is continuous with respect to the subspace topology of D4. The triple (D, Dy, v4)
is a domain representation of A.

All domain representations considered in this paper will be quotients in the sense
that the witnessing epimorphism is a quotient mapping. This is equivalent to

Dy/~ = 4

being homeomorphic, where x ~ y < v4(x) = v4(y).
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The representing domain D contains both proper approximations and total or com-
plete representations of elements of A, the latter constituting the set Dy. In fact in cur
case all elements in D4 will be fotal in the following abstract sense [1].

Definition 1.4. An element x in a domain is total if for all elements y and z

xC y, x Cz= y is consistent with z.

Let D be a domain and let M C D be a set of total elements. Then the consistency
relation on M, denoted by ~, is an equivalence relation. It is easily shown that, if D
and E are domains and M C D and N C E are sets of total elements, then a continuous
function f: D — E satisfying f[M]CN induces a continuous function f: M/~ —
N/~ in the obvious way.

An algebraic structure is effective if there is an onto numbering from a subset of
the natural numbers, the codes, to the elements of the structure such that the functions
and relations are tracked by recursive functions and relations between the codes. We
denote an effective structure 4 with a numbering a by (4, ). An effective structure is
computable if the domain of the numbering is r.e. and if the equality relation is also
tracked by a recursive relation.

Let (4,a) and (B, B) be effective structures. A partial function g: 4 — B is (&, f)-
computable if there is a partial recursive function § such that dom g o x C dom g, and
such that g(a(m)) = B(g(m)), for m € domgo a.

A set CCA is a-decidable (a-semidecidable) if a~'[C] is recursive (r.e.). A re-
cursive (r.e.) index for 2~![C] is called a recursive (r.e.) x-index of C. A set C C A
is weakly x-semidecidable if there is an r.e. set W C Q, such that C = a[W]. For
computable structures a-semidecidable and weakly a-semidecidable coincide.

When regarding computability on a conditional upper semilattice, abbreviated cus/,
i.e. a partially ordered set where any two elements with an upper bound have a least
upper bound, we are not only interested in having a decidable ordering but also
in having a decidable consistency relation and the ability to compute suprema of
finite consistent sets. Therefore we consider a cusl to be of the form P = (P;C,
Cons, U, L).

Definition 1.5. Let P be a cusl. Then (P,«) is a computable cusl if « is a computable
numbering of the structure P = (P; C, Cons, ), L). A domain D is an effective domain
if there is an « such that (D, ), the cusl consisting of the compact elements of D, is
a computable cusl. We denote this effective domain by (D, «).

We will need to somewhat weaken the notion of an effective domain in order to
facilitate the representation of effective functions between metric spaces.

Definition 1.6. Let D be a domain. Then (D,«) is a semieffective domain if (D.,a)
is a computable partial order with least element, together with a computable binary
supremum function.
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Clearly any effective domain is semieffective. Note also that consistency on D, will
be a-semidecidable because the order is decidable. Thus we can effectively search for
an upper bound of a finite set, and if it exists we can compute its supremum.

Semieffective domains will appear in this paper as certain subsets of effective do-
mains. A typical situation is as follows.

Lemma 1.7. Let (D,a) be an effective domain, and let B, be a nonempty o-semideci-
dable subset of D, that is closed downwards with respect to . Then B, is a cus!
and there is a numbering B such that the inclusion 1: B, — D. is computable and
such that (B, ) is a semieffective domain, where B is the completion of the cus! B
in D.

Proof. Clearly, B, is a cusl since it is downwards closed.
Let B be the completion of B, in D, i.e.,
B={xeD:3CB.},

where ¥ denotes the set of compact approximations of x. Let W = «7![B,] and let
i:w— W be arecursive enumeration of W. Then we define §: v — B, by f = aol.
It is clear that i tracks the inclusion function with respect to § and «. It is easily
verified that (B, ) is a semieffective domain. O

The standard theory for effective domains also holds for semieffective domains. We
briefly verify this for the parts we need.

Definition 1.8. Let (D,a) be a semieffective domain. Then x € D is an (a-)compu-
table element if X is a-semidecidable. An r.e. index of a~![X] is an (a-)index of the
computable element x.

Let Dy denote the set {x € D: x is computable}. Note that D, C D.

Definition 1.9. Let (D,«) and (£, ) be semieffective domains. A continuous function
f 1D — E is (a, B)-effective if the relation R C D, x E. defined by

R(a,b) & bC f(a)

is (a, f)-semidecidable.

Lemma 1.10. Let (D,2), (E, B) and (F,7y) be semieffective domains and let f: D — E
and g: E — F be continuous and (a, §)-effective and (B, y)-effective, respectively.

(1) If x € D is x-computable then f(x) € E is B-computable.

(it) The composition h = g o [ is (a,7)-effective.

Proof. Standard. OO

Note that the standard proof is uniform in f,g and x.
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Definition 1.11. Let (D,«) be a semieffective domain and suppose D, € C CD. Then
(C,7) is a constructive subdomain of (D,a) if y: Q, — C is a surjective numbering
such that ., C w is recursive, and

(1) the inclusion mapping 1: D, — C is (a,y)-computable, and

(ii) the relation R(n,m) & a(n) C y(m) is r.e., that is ﬂf;) is x-semidecidable
uniformly in m.

Note that y-equality is not decidable in general.
Let (D,a) be a semieffective domain. We introduce the notation

Consi (H) = (3m < k)}Vx € H)(x C a(m)),

where H C D, is a finite subset. Cons; is clearly a decidable relation uniformly in &
over Z(D,.), the finite subsets of D..

Theorem 1.12. Let (D,x) be a semieffective domain. Then there is a numbering
&: w — Dy such that (Dy, %) is a constructive subdomain of (D, ).

Proof. We modify the proof for effective domains given in [13].

Consider some fixed standard enumeration {W,: e < w} of the r.e. sets, where W
denotes (a canonical index for) the finite part of W, generated by stage # in the standard
enumeration.

Define a function f: Z/(w) — w by

_ J pn[a(n) = | o[H]] if H is consistent,
JUH) = {T, otherwise.

Then f is a partial recursive function since the supremum is computable in D..
Next we simultaneously define the finite sets /)" and the function g by

¥° = {k}, where & is an index for L;

pr+l { vru VVeg(e’") u{f(¥"u W;y(e’”))} if Cons,(¥" U Wég(e,n)),
) 4 otherwise.

gle, n)= (um < n)(W," ZV").
Note that we can effectively compute a canonical index for V. Let
Vo=U{I":n < o}

Then ¥, is an r.e. set since a canonical index of V) is obtained recursively from e and
n. Note that m<n = V" C V" and that «[},"] is a directed set for every n. It follows
that «[V,] is directed. Thus we may define &(e) = | Jo[V.].

It is straightforward to prove that (D;,%) is a constructive subdomain. [

The numbering & will be called the canonical numbering of Dy.
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Let D be a domain. Recall that a basis for the Scott topology on D are the sets
B.={xeD:aCx}, foracD..

Definition 1.13. Let (D, o) be a semieffective domain.
(1) A set U CD is effectively open if there is an r.e. set W such that

U = U Bat(e)-
ecW
An re. index of W is an index of the effectively open set U.
(i) If BC D then U CB is effectively open in B if there is an effectively open set
V CD such that U = ¥V N B. An index of V is also an index of U.

Definition 1.14. Let (D,a) and (E, ) be semieffective domains and suppose B C D and
CCE. Then f: B — C is effectively continuous if there is a total recursive function
g such that

' ByeyNCl= U (BuymNB).

meW, .

We state here some further results from domain theory without proofs. The proofs
are in essence the same as the original proofs for effective domains.

Theorem 1.15 (Ershov [5]). Let (D,a) be a semieffective domain. Then U C Dy is
a-semidecidable iff U is effectively open in Dy.

The theorem is uniform in the sense that there are recursive functions which take
an d-index to the corresponding index as an effectively open set and conversely.
The following is a generalisation of the Myhill-Shepherdson theorem.

Theorem 1.16. Let (D,a) and (E, ) be semieffective domains. Then a function f: Dy
— Ey is (&, B)-computable iff there is a continuous (x, f)-effective function f: D — E
such that f|p, = f.

Finally, we have a generalisation of the Kreisel-Lacombe-Schoenfield theorem due
to Berger [1]. Note that we have relaxed the requirements on D to be semieffective,
whereas E is assumed to be effective.

Let (D, ) be a semieffective domain. Then M C Dy is effectively dense in D if there
is a total recursive function d such that for each n € w,

a(n) C ad(n) € M.

Theorem 1.17. Let (D,a) be a semieffective domain, let (E, ) be an effective domain
and let M CDy be effectively dense in D. If F: M — E; is an (4, §)-computable
function such that F(x) is total in E for each x € M then there is an (3, B)-computable
Sfunction G: Dy — Ey such that F(x) C G(x) for every x € M.
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2. Representability of metric spaces

In this paper our main interest is in representing effective metric spaces. However, we
begin by sketching the simpler case where effectivity is disregarded. Proofs have been
omitted since they are easily extracted from the slightly more complicated situation
considered later. For details see [2].

For a metric space X, we denote the interior and closure of a subset 7 of X by F °
and F, respectively. We denote the open sphere centered in x € X and with radius »
by B(x,r).

Let P be a family of nonempty closed sets of X and assume that X € P. We order
P by reverse inclusion, i.e., for F,F’' € P,

FCF &FDF.

Then P = (P;C,X) is a partial order with least element X. Elements of P should be
seen as approximations of elements in X, where F approximates x iff x € F. We want P
to be sufficiently rich so that we can perform certain operations on the approximations
of elements in X.

Definition 2.1. Let X be a metric space and let P be a family of nonempty closed
subsets of X including X. Then P = (P;C,X) is a closed neighbourhood system if
the following are satisfied:

() if FFFcPand FNF' # () then FNF' € P, and

(i) if x € U, where U is open, then (IF € P)(x € F°AF CU).

Condition (i) makes P, ordered with reverse inclusion, into a cusl. Thus two ap-
proximations are consistent if their intersection is nonempty. P is an approximation for
X in the sense of [17].

Clearly, the set of all closed nonempty subsets of a metric space X is a closed
neighbourhood system. Consider the domain D built from the closed neighbourhood
system by ideal completion. We define a converging ideal to be an ideal that contains
closed sets with arbitrarily small diameter. A converging ideal naturally represents
exactly one point in the metric completion of X. Let Dy denote the set of converging
ideals, and define a natural epimorphism, vy, from Dy onto X by mapping an ideal
onto the point it represents. Then (D, Dy, vy ) is a domain representation of the metric
completion of X. Considering subspaces, we obtain the following result.

Theorem 2.2. Every metric space is domain representable.

Given two metric spaces and domain representations of them we want to represent
the continuous functions between the metric spaces with continuous functions between
the corresponding domains. In defining a continuous function between the domains it
is clear what values are to be given to converging ideals, the problem is to give values
for all approximations in such a manner that the image of all compact approximations
of a converging ideal constitutes a converging ideal.
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Theorem 2.3. Let X and Y be metric spaces and let P and Q be closed neighbourhood
systems for X and Y, respectively. Let D and E be the domains constructed as
above. Then every continuous function f: D — E, such that f[Dx]C Ey, induces a
continuous function f:X — Y. Conversely, every continuous function f: X — Y
can be represented by a continuous function f: D — E.

The following commutative diagram describes the correspondence.

Proof. f(I)={G e Q:(3F e I)f[F]CG°)}. O

A corollary is that every metric algebra is domain representable.

In computer science both domains and metric spaces have been used as models in
denotational semantics. (For a discussion see [12].) Our results may be seen as a partial
explanation why both methods are successful in giving semantics. This is further sup-
ported by the following observation that the unique fixed point of a contraction mapping
f on a complete metric space is the least fixed point of the canonical function f rep-
resenting f on the domain. Least fixed points and fixed points of contractions are the
keys to giving semantics to recursions using domains and metric spaces, respectively.
A version of this result for ultrametric spaces has been proven in [13, Chapter 8].

Theorem 2.4. Let X = (X,d) be a bounded complete metric space, and let P be a
closed neighbourhood system containing all nonempty finite intersections of closed
balls of the form B(x,r), where x € X and r € Q.. Assume that f is a contraction
on X, that is, there exist a rational ¢ < 1 such that d(f(x), f(¥)) < c¢-d(x,y), for
all x,y € X. Let f: P — P be the canonical function representing f. Then the least
fixed point, fix(f), of f is an ideal converging to the unique fixed point of f.

Proof. We can, without loss of generality, assume that the metric is bounded by 1.
Select xo € X. We have that B(xp,1) = X. Let 7 = fix(f) = I_JKmf-n(.L). We
know that / is an ideal and that f(J) = I. We have to show that / is converging.
ﬂf(J_)QB(xl,c), where x; = f(xo), since B(x1,¢) € f(B(xg, 1)) :f(J_). In general,
we have that ﬂf-"(_l_)_C_B(x,,,c" ), where x,,1 = f(x,). Hence diam(fn(J_))sc", for
n € N. Since ¢ — 0 as n — oo we have that / is converging. [J
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Corollary 2.5 (Banach’s fixed point theorem). Let X = (X,d) be a complete metric
space, and let f be a contraction on X. Then there exists a unique x € X such that

() =x.

Proof. Select xo € X, and let a = d(xg, f(x¢)). Consider the bounded subspace

X':B<x0,L>.
1—-¢

Clearly f takes X’ into X’. Using Theorem 2.4 we obtain a fixed point in X' and
hence in X. The uniqueness is proven as usual. [J

We now formalise the notion of an effective metric space. An effective metric space
is a subspace of the metric completion of a computable metric space. A computable
metric space is a computable set together with a computable metric on the set with
values in a computable ordered archimedean field. Here are the precise definitions.

Definition 2.6. Let K be an ordered field. Then (K,7y) is a computable ordered field
if 7 is a computable numbering of the structure K = (K; <,+,-,0,1).

The ordered field of rational numbers is computable. Further examples are obtained
from [8], where Madison shows that the real closure of a computably ordered field is
computable.

We let R, denote the structure of recursive reals with its canonical effective num-
bering p. Let (K, y) be a computable archimedean ordered field. Then X is isomorphic
to a subfield of R, see for example [4]. Furthermore, Lachlan and Madison [7] prove
that any computable ordered subfield of R is computably embedded into (Ry, p). That
is, there is a (7, p)-computable embedding of X into R;.

Definition 2.7. A computable metric space is a triple ((4,%),(K,7),d), where
(i) (4,2) is a computable set,
(i1) (K,7) is a computable archimedean ordered field,
(iii) d : 4> — K is an (2,7)-computable metric on 4, that is, d is a metric and there
exists a recursive function d : Q2 — Q. satisfying 7 od=dods ie., d tracks d.

Given a metric space (4,d) we let A* denote the metric completion of A with respect
to the metric d. We let d denote the induced metric on 4* as well.

Definition 2.8. Let ((4,2),(K,7),d) be a computable metric space and let X satisfy
ACX CA* Then X = (X,(4,2),(K,7),d) is an effective metric space.

In this paper we are mainly concerned with the cases X = A* and X = the recursive
completion A4; of A4 (defined below).

A first example of a computable metric space is @ together with the canonical
computable numbering of @, where the distance function takes values in the computable
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ordered field @ and is defined by d(x, y) = [x — y|. Note that the metric completion
of Q is R, so R is an effective metric space.

By using Weierstra’s approximation theorem and Sturm’s theorem [18] we can
show that C[0, 1], the space of continuous functions from [0, 1] into R with the sup
norm, is an effective metric space. Further examples of effective metric spaces include
R” and certain L”-spaces (see [2]).

We now define the notion of a computable element of an effective metric space.

Definition 2.9. Let ((4,x),(K,7),d) be a computable metric space. An element of
x € A* is computable if there is an x-computable sequence, (a,), of elements of A4,
such that for each n,d(a,,x) < 27". We denote by 4, the set of computable elements
of 4*.

An index for the sequence (a,) will be called an d-index for x. Let ©2; be the set of
d-indices. Thus we have a numbering & : Q; — A; defined by &(e) = lim,_,.c a({e}(n)).
Clearly A4, is an effective metric space.

Let d be the restriction to A of the metric on 4* induced by d. Then d takes
its values in R, and is (&, p)-computable since there exists a computable embedding
of (K,y) into (Ry,p) and since we can effectively pass to the limit of effectively
converging sequences in Ry.

We now set out to represent effective metric spaces by effective domains.

Below we let ((4,a),(K,7),d) be a computable metric space. We will show that
we can represent the effective metric space 4* = (4*,(4,x),(K,7),d) by an effective
domain. The domain will consist of approximations of elements of 4. A straightfor-
ward choice is to let the approximations be certain closed subsets of 4 ordered by
reverse inclusion. But, as is easily seen, it is often impossible to compute on such ap-
proximations. For example, to decide whether two approximations are consistent, i.c.,
have a nonempty intersection, we intuitively have to enumerate elements of 4 until we
find an element that belongs to both of the approximations, which clearly is only a
semidecidable process in general.

As approximations we are going to consider all closed balls with rational radii
centered in points belonging to 4. We will define operations on these balls considered
as formal objects and not as sets, and thus the balls will be called formal balls, and
denoted by F,,, where a € 4 and r € Q.. We will sometimes use the set theoretic
notations x € F, , and F, , C V when F,, is considered as the set {x € 4* : d(a,x)<r}.

It will help to think about the following concepts when formal balls are interpreted
as closed spheres in, e.g., R2,

Two formal balls F, ,,F; ; are consistent, denoted F, , T Fp 5, if d(a,b)<r +s. Note
that two formal balls may be consistent even though their intersection is empty. A finite
set of formal balls is pairwise consistent if every pair of formal balls are consistent.

A formal ball F,, is contained in another formal ball F, ;, denoted F;, < Fp, if
d(a,b) + r<s. This containment relation implies set theoretic inclusion, and is clearly
transitive. A finite set of formal balls is permissible if it is pairwise consistent and has
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no formal ball contained in another, i.e.,
{Fa.rs--+Fa,.r, } permissible <
Vi,j(l<i,j<n Ni#j = Forn 1 For N Fap, XFar)

Both consistency and containment are decidable because the metric function d takes
values in the computable ordered field K. It follows that it is decidable whether or not
a finite set of formal balls is consistent.

Let P be the set of all finite permissible sets of formal balls. Let ¢ and 7 range over
P. We are about to make P into a cusl. To do that we need to specify the ordering
relation. We define for m,n>0,

Fori 1<isn}E{R 1< j<m}&Vi<ndj <mF,, 7 F,;)

It is a partial order because the relation is defined on permissible sets of formal
balls. The empty set is the least element. We note that two permissible sets ¢ =
{For,i1<i<n}and 1= {F, :1<j<m} are consistent if for every i and j, F;,
and Fj, s, are consistent. The supremum of ¢ and 7 is ¢ Ut = g(o U t), whenever o
and 7 are consistent, where the function g takes a consistent set of formal balls into a
permissible set of formal balls by removing any formal ball containing another formal
ball. We have shown that (P;C, 1) is a cusl.

We identify a singleton set with its only element, i.e., we denote ¢ = {F, ,} by F,,.

_Lemma 2.10. The structure (P,C,Cons, ), 1) is a computable cusl with a numbering
0 obtained uniformly from ((4,2),(K,v),d).

Proof. Let : be a computable embedding of @, into (X,y). Let §: w — &, where
F is the set of formal balls, be defined by 6((m,n)) = Fym), ). Let 5 = {e: o[D,]
permissible}, where D, is the finite set of numbers with canonical index e. Then Q; is
recursive. Now we define &: Q5 — P by 5e) = d[D,]. Clearly (P,5) is a computable
cusl. (O

Let D denote the ideal completion of the cusl P of permissible sets. Then (D, )
is an effective domain. Note that the numbering have been chosen so that we can
extract all information about a permissible set from a é-index, i.e., given m such that
é(m) = {Fors-sFayr } € D, we can compute n and all a;,r; for i = 1,...,n, from
the index m.

Definition 2.11. Let / be an ideal over P.
(i) An element x € A* is approximated by I if

(Vo € INVE,, € 6)(x € F,,).

(ii) The ideal / is converging if for any ¢ > 0 there exists a formal ball F,, € ]
such that r < ¢.






