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I The greedy colouring algorithm

We have introduced the important notion of a
vertex colouring of a graph G. The minimal number
of colours needed to colour G is called the chromatic
number χ(G).

No algorithms are known, which could find an
optimal vertex colouring (realising the chromatic
number) in polynomial time.

(Often this is expressed as “No efficient algorithms
for finding optimal vertex colourings are known.”,
which is misleading in my opinion, since there are
elaborated colouring algorithms (much more so than
for example for sorting (!)), but those algorithms are
not polynomial time, and simply because of this fact
they are coined “inefficient”.)

This lecture we will see a so-called “heuristical
algorithm” for vertex colouring, which simply says,
that the design principles of the algorithm and their
effects are not fully understood yet (which is actually
true of most algorithms, if not of all).
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The general greedy colouring strategy

Let’s call a partial vertex colouring of a graph
G a map f with dom(f) ⊆ V (G) such that for all
edges e = {v, w} ∈ E(G) with e ⊆ dom(G) we have
f(v) 6= f(w).

Thus a vertex colouring of a graph G is a partial
vertex colouring f of G with dom(f) = V (G). The
empty map ∅ (which has an empty domain) is a partial
vertex colouring for every graph.

Now the general greedy colouring algorithm to
compute a vertex colouring of a finite graph G works
as follows:

First by some strategy the vertices or G are ordered.
Then, starting with the empty assignment, we run
through the vertices of G in the given order and
extend the partial vertex colouring by assigning the
first “colour” in N to them which does not violate the
colouring condition.
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In more details:

1. Choose a vertex order V (G) = {v1, . . . , vn}.

2. Start with the empty partial vertex colouring f := ∅.

3. For i running from 1 to n do:

(a) Determine the set N of vertices w adjacent to vi

with w ∈ dom(f).
(b) Let c := min(N \ f(N)) be the minimal “colour”

not used by any neighbour of vi.
(c) Set f := f ∪{(vi, c)} (that is, extend the domain

of f by including vi, and let f(vi) := c).

4. Output the vertex colouring f : V (G) → N of G.

What can we say about GGCA (the “general greedy
colouring algorithm”) ?!

Obviously GGCA outputs a (proper) vertex
colouring f for its input G, where the “colours” used
are natural numbers. The image of f is an “interval”
of natural numbers (we don’t skip one), and thus
|f(V (G))|, the size of the image of f (the number of
colours used by this colouring) is equal to the maximal
“colour” ever used (for non-empty V (G)).
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Examples

Reminder: The complete bipartite graphs Kn,m,
n, m ∈ N0, are defined as follows:

• The vertex set consists of two “layers”, namely
vertices (i, 1) for i ∈ {1, . . . , n} (the first “layer”),
and vertices (j, 2) for j ∈ {1, . . . ,m} (the second
“layer”).

• Every two vertices from different layers are joined
by an edge, and there are no other edges.

Thus “complete bipartite graphs” are in fact bipartite
(a bipartition is given by the two layers). For example

K2,3 = (1, 1)
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It is easy to see (exercise), that for every vertex order
GGCA finds an optimal colouring for Kn,m.
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Now let Gn, n ∈ N0 be Kn,n without the edges
{(i, 1), (i, 2)} for i ∈ {1, . . . , n}. Thus G0 is the graph
with no vertices, G1 consists of two isolated vertices,
while

G2 = (1, 1)
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Obviously GGCA returns an optimal colouring for
G0, G1, G2. However, for Gn, n ≥ 3, when choosing
the order

(1, 1), (1, 2), (2, 1), (2, 2), (3, 1), (3, 2), . . . , (n, 1), (n, 2)

GGCA will use n colours, while two colours suffice (a
proof of this fact is left as easy exercise)!
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Finding a good order for GGCA

A crucial role is played by the vertex order V (G) =
{v1, . . . , vn}. Once this order is fixed, the algorithm is
completely determined.

As we have seen, there are choices for the order
where the performance of GGCA becomes very bad (in
terms of colours used). Obviously in our example, there
are other vertex orders which yield optimal colourings.

Are there always orders yielding an optimal
colouring ?!

Lemma Consider a finite graph G and a vertex
colouring f of G using colour set C. Using any order
C = {c1, . . . , ck} of colours, we order the vertices as
follows:

First come all vertices (any internal order) getting
colour c1 by f . Then come all vertices getting colour
c2 by f , ..., and finally come all vertices getting colour
ck by f .

Using such a vertex order, GGCA on input G will
return a vertex colouring f ′ using at most k colours.
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How to find a good vertex order ?

If graph G has n := |V (G)| ∈ N0 vertices, then by
running GGCA on all n! = n · (n− 1) · · · · · 2 · 1 orders
of V (G) we can find an optimal vertex colouring of G.

Corollary For a finite graph G we can find an
optimal vertex colouring of G (using χ(G) colours) in
time O(‖G‖ · |V (G)|!).

Very soon this (exact) algorithms becomes
infeasible; for example 30! ≈ 2.652528598 · 1032, and
thus even if we can process one billion (109) orderings
per second, it will take ≈ 1023 seconds, i.e., trillions of
years!

We need a less time-consuming way of finding a
(reasonable) vertex ordering.

Looking at what went wrong with the example
graphs Gn, we see that we can avoid assigning
colours “too optimistically” to vertices by not “jumping
around”, but always looking for new vertices which are
somehow constrained in their choice of colour.
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II Combining the general greedy

colouring strategy with graph traversal

“Jumping around” is exactly excluded by using
graph traversal. We obtain TGCA (“traversal
greedy colouring algorithm”) by using a vertex order
produced by graph traversal (using any buffer).

Actually, we can integrate vertex colouring into the
graph traversal as follows:

This visitor object is responsible for assigning
colours (positive integers) to vertices. Every time
Visitor::new vertex is called with a new vertex v,
the visitor runs through all vertices adjacent to v and
determines the first free colour.

We see that TGCA is an instance of the
graph traversal function template, using a
“colouring visitor”, while there are no (additional)
requirements on the marking and buffer object.

(Obviously, using graph traversal in this way is
a bit wasteful, since we explore the neighbourhoods
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of new vertices now twice; in order to overcome this
source of inefficiency we have to introduce new visitor
event points in graph traversal, but in this lecture
we are not so much interested in these details (however,
they are crucial for every efficient library(!)).)

In what sense does TGCA improve GGCA ?!

First we have to say, that TGCA runs always in
linear time (in the size of the input), while GGCA is
not a concrete algorithms, but a scheme, depending
on the choice of the vertex ordering (TGCA specialises
GGCA).

Likely, TGCA now lost the potential of GGCA to
return an optimal colouring. (I guess there are graphs
such that for every starting point and every buffer used,
the colouring returned by TGCA uses more colours than
necessary.)

There is one important class of graphs where TGCA
is always guaranteed to produce an optimal colouring
(while GGCA may fail, as we have seen), namely
bipartite graphs.
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Theorem For inputs G with χ(G) ≤ 2 TGCA
computes an optimal colouring. Thus if TGCA
returns a colouring using k ≤ 3 colours, then we
know that k is best possible (i.e., k = χ(G)), while in
case of k ≥ 4 in general we only know 3 ≤ χ(G) ≤ k.

Proof: Assume χ(G) ≤ 2. We have to show
that TGCA always computes a colouring f of G using
(only) χ(G) colours. Assume to the contrary, that
TGCA uses more than two colours. Consider the first
vertex w getting colour 3 by TGCA. We reached w by
a tree edge e1 with source v1, and since there must
be another vertex adjacent to w which already got a
colour (different from v1), there must be a back edge
e2 from w to some vertex v2. Thus we found a closed
walk W from the start vertex r to v1, then via e1 to w

and via e2 to v2, and finally from v2 back to r:

v1 : i

u
u

u
u

u e1
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r : 1
I

I
I

I
I

w : 3

e2
uuuuuuuuu

v2 : j

i, j ∈ {1, 2}, i 6= j.
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The start vertex r got colour 1. Every vertex
encountered before w has colour 1 and 2, and having
colour 1 means that the distance to the start vertex in
the spanning tree computed by the traversal is even,
while having colour 2 means that the distance is odd.
Thus the length of the closed walk W is “even + odd
+ 2”, which is odd.

W in general is not a circuit, since the path from
r to v1 could share an initial part with the part from
r to v2. But in any case, W can be decomposed into
three walks W = W1 W2 W3, where W1 is the common
initial part, W2 is a circuit, and W3 is the reversal of
W1. It follows that W2 must be of odd length.

Thus G has a circuit of odd length.

In other words, G contains a subgraph isomorphic
to Ck for odd k, and it is easy to see that χ(Ck) ≥ 3
for odd k. We conclude χ(G) ≥ 3 contradicting our
assumption χ(G) ≤ 2.

√
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Examples where also the combined

strategy fails

Consider G = 6 7 9 8
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If we use TGCA with breadth-first search, following
the numerical order, then TGCA needs four colours;
however, if we flip the order of the last two vertices,
then TGCA needs only three colours (which is optimal).

So we have seen an example where TGCA with a
certain vertex order fails to find an optimal colouring,
but succeeds with another ordering. I leave it as a
non-trivial exercise to find a graph where TGCA under
all possible circumstances will fail (I’m not 100% sure
whether such an example exists, but I quite believe it)
— this can be the start for a nice third-year project!
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2, 3 or 4 colours

The last graph is an example for a planar
graph without triangles (that is, having no (induced)
subgraph isomorphic to K3), and according to a
Theorem of Grötschel every such graph can be coloured
with at most three colours. Can we find such colouring
efficiently?!

Deciding whether a graph is 2-colourable can be
done in polynomial time. What about deciding whether
a graph is 3-colourable?! If TGCA returns a colouring
using three colours for input G, then we know χ(G) =
3, but as we have seen, TGCA can return for example
a colouring using four colours for inputs G, but where
we have χ(G) = 3. In fact, complexity theory yields
strong arguments that deciding 3-colourability is much
harder than deciding 2-colourability — and this even so
for 3-colouring of planar graphs (where we can always
find efficiently a 4-colouring)!
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III Deciding k-colourability

Consider a given graph G.

• Until now we have concentrated on finding the
chromatic number χ(G) and an associated optimal
colouring.

• Now a different “parameterised” point of view is
that additionally we have a “target” k ∈ N0, and
the question is whether χ(G) ≤ k holds or not.

Obviously the “sliced question” χ(G) ≤ k is easier to
answer than the full computation of χ(G):

1. In the positive case we have only to exhibit a
colouring using at most k colours, where this
colouring might not be optimal in case of k > χ(G).

2. In the negative case we have an easier task if
k < χ(G) − 1, since we do not need to exclude so
many possibilities.

The move from the computational problem “compute
χ(G) ∈ N0” to the decision problem “decide whether
χ(G) ≤ k holds or not” can be applied in many
situation, and often turns out to be useful.
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Algorithms

Having now the target k, we can design specific
algorithms for specific k:

• A watershed is the jump from k = 2 to k = 3.

• The differences between algorithms for different k ≥
3 are typically more in the specific supporting data
structures.

The main algorithm for fixed k is the backtracking
algorithm:

1. A running partial colouring f is maintained, initially
empty, which colours only some vertices (properly).

2. This partial colouring is extended stepwise by
colouring a yet uncoloured vertex.

3. If this turns out to be impossible, the algorithms
backtracks and tries another choice (out of the k

colours).

4. Either in this way we find a proper k-colouring, or
we find that the instance is not k-colourable.
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Summary

• partial vertex colouring

• the general greedy colouring algorithm (GGCA)

• finding an optimal order in time (essentially) n!

• the traversing greedy colouring algorithm (TGCA)

• deciding bipartiteness in linear time

• 2-colourability is easy to decide, 3-colourability
(likely) is hard

• deciding k-colourability via backtracking.
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