
University of Wales Swansea
Department of Computer Science

CS 232 Algorithms and Complexity 2007/08

Coursework II
Oliver Kullmann, November 26, 2007

Deadline: December 14, 2007 Submission
only at the student’s office.

This course works constitutes 10% of the over-
all marks for CS 232.

The possible marks for individual exercises
sum up to 180, with 100 marks for basic ex-
ercises; results over 100 will be capped. Obvi-
ously, you do not need to do all exercises, but
you should at least read through them and un-
derstand them enough, so that all exercises seem
plausible to you.

When handing in your course work, please
state clearly on top of your first sheet the
module code, your name and student number,
“Coursework II” and the date. For each sin-
gle exercise, state the exercise number together
with the heading for the exercise. Please an-
swer clearly, and in complete sentences. Write
legibly!

When using external sources, then you must
make references (even for the lecture script)!
The complete coursework must be written in
its entirety by you. If you are using material
from the scripts of previous years, then you must
thoroughly rephrase it in your own words.

Since we cannot return your coursework to
you, please keep a copy for yourself.

1 Graph colouring (40

marks)

Basic exercises
1. Determine whether or not graphs from the

following graph classes are bipartite, and
prove your answer correct:

(a) the grid graphs Grn,m;

(b) trees.

[10 marks]
2. In the lecture we presented the algorithm

TGCA and showed that it decides bipar-
titeness in linear time. TGCA is a “front

end” to GGCA, just presenting some vertex
order the general greedy colouring strategy.
Here is another strategy to find a good ver-
tex order:

Amongst all remaining uncoloured vertices
v, choose one such that the colour value v

gets in the greedy colouring algorithm is a
number as large as possible.

(Recall the we use elements of N for colour-
ing, and that for a vertex always the small-
est possible colour c ∈ N0 is chosen. So
the strategy altogether is a “max-min strat-
egy”,) The motivation for this strategy is
that the total number of colours realised by
the algorithm (which is to be minimised) is
the largest colour value some vertex gets,
and that we attack the “problems” better
as soon as possible.
Show that GGCA employed with such a
vertex order does not decide bipartite-
ness (i.e., whether a graph is 2-colourable).
Come up with a variation of the strat-
egy that works for deciding bipartiteness,
arguing that your strategy always main-
tains a good colouring. Hint: In order to
prove that your algorithm colours a bipar-
tite graph with not too many colours, you
can assume that some bipartition is given,
and then you can study how your strategy
behaves on it.

[10 marks]
Somewhat more advanced exercises

3. For a graph G denote by ∆(G) the maximal
vertex degree. Show that χ(G) ≤ ∆(G)+1.
Can we also (efficiently) find such a colour-
ing ? And are there graphs with χ(G) =
∆(G) + 1 ? [10 marks]

4. Design an “intelligent” algorithm (in
pseudo-code) for solving the k-colouring
problem (whether a graph is k-colourable
or not), and discuss the potential savings
compared to the algorithm simply enumer-
ating all possible (potential) colourings.

[10 marks]

2 The Euclidean algorithm

(50 marks)

Basic exercises



1. Compute the Euclidean sequence and the
Euclidean extension sequence for the fol-
lowing pairs of numbers a, b; in each case
state explicitely how to represent gcd(a, b)
as a linear combination of a and b:

(a) 63, 54

(b) 111, 63

(c) 255, 188

(d) 100, 112

(e) 1000, 339.

[10 marks]
More advanced exercises

2. Find worst-case examples for the Euclidean
algorithm, that is, a recipe for producing
pairs of numbers a, b such that the Eu-
clidean algorithm needs maximally many
steps before termination. Explain your
choice. [10 marks]

3. Find an efficient algorithm, which for given
integers a, b, c ∈ Z decides whether integers
x, y ∈ Z with a · x + b · y = c exists, and
which in the positive case computes some
such x, y. [10 marks]

4. Regarding the extended Euclidean algo-
rithm and the sequences x0, x1, . . . and
y0, y1, . . . , show that we have x0 ≥ 0, x1 ≤
0, x2 > 0, x4 < 0, x5 > 0 and so on, as well
as y0 ≤ 0, y1 ≥ 0, y2 < 0, y4 > 0, y5 < 0 and
so on (compare the remarks in the script).

[20 marks]

3 Modular arithmetic (50

marks)

Basic exercises
1. Explain how modular addition, subtrac-

tion and multiplication works, showing also
some example calculations.

[10 marks]
2. Assume that the multiplication table of Zn

is given. How then can we easily determine
elements which are invertible (multiplica-
tively), and find their inverses in the posi-
tive cases?

[10 marks]
3. Decide, which of the following elements are

invertible, and if they are, then show how
to compute the inverse:

(a) 7 in Z15

(b) 18 in Z34

(c) 121 in Z156

(d) 9 in Z19

(e) 3006 in Z3007.

[10 marks]
4. Compute the following exponentiations

(show your calculations; use a pocket cal-
culator; hint: not in all cases the binary ex-
pansion of the exponent is actually needed):

(a) pow3(2, 6646636268076544)
(b) pow16(7, 122)
(c) pow10000(20, 1000000)
(d) pow121(64, 240)
(e) pow133(99, 11578).

[10 marks]
More advanced exercises

5. Using fast exponentiation we can handle
even very large exponents. However, are
exponents (much) larger than the modulus
really necessary, or could we restrict our-
selves always (via some simple reduction)
to the case where the exponent, say, is not
larger than the modulus? Try to find some
literature on this subject.

[10 marks]

4 Cryptography (40 marks)

In the following we assume p = 59, q = 67, and
thus n = 59·67 = 3953 and N = ϕ(n) = 58·66 =
3828. As encryption key we use e = 1115.

Basic exercises
1. Encrypt the plaintext message m = 3600,

and show that decryption gives back the
original message (show your computations).

[10 marks]
2. Decrypt the ciphertext message c = 2566,

and show that encryption of the resulting
plaintext gives back the ciphertext (show
your computations). [10 marks]

3. Discuss possibilities how to break RSA.
[10 marks]

More advanced exercises
4. Discuss how in principle graph colouring

could be used for public key cryptography
(as a replacement for RSA). [10 marks]


