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Abstract. We study the symmetric conflict matriz of a multi-clause-set,
where the entry at position (i, j) is the number of clashes between clauses
i and j. The conflict matrix of a multi-clause-set, either interpreted as a
multi-graph or a distance matrix, yields a new link between investigations
on the satisfiability problem (in a wider sense) and investigations on the
biclique partition number and on the addressing problem (introduced by
Graham and Pollak) in graph theory and combinatorics. An application
is given by the well-known class of what are called 1-uniform hitting
clause-sets in this article, where each pair of (different) clauses clash in
exactly one literal. Endre Boros conjectured at the SAT’98 workshop
that each l-uniform hitting clause-set of deficiency 1 contains a literal
occurring only once. Kleine Biining and Zhao showed, that under this
assumption every l-uniform hitting clause-set must have deficiency at
most 1. We show that the conjecture is false (there are known star-
free biclique decompositions of every complete graph with at least nine
vertices), but the conclusion is right (a special case of the Graham-Pollak
theorem, attributed to Witsenhausen). A basic notion for investigations
on the combinatorics of clause-sets is the deficiency of multi-clause-sets
(the difference of the number of clauses and the number of variables). We
introduce the related notion of hermitian defect, based on the notion of
the hermitian rank of a hermitian matrix introduced by Gregory, Watts
and Shader. The notion of hermitian defect makes it possible to combine
eigenvalue techniques (especially Cauchy’s interlacing inequalities) with
matching techniques, and can be seen as the underlying subject of our
introduction into the subject.

1 Introduction

Consider a multi-clause-set F' and its clause-variable matrix M (F) (a matrix
over {—1,0,+1}, where each row represents a clause). Using |M(F)| for the
matrix obtained from M (F') by taking absolute values for each entry, we see

|M(F)|- [M(F)|" = M(F) - M(F)" =2 Cy(F),

where A is the transposition of matrix A, and Cs(F) is the symmetric conflict
matriz of F, where the entry at position (¢, ) is the number of clashing literals
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between clauses ¢ and j of F. It follows, that the number of variables in F
must be at least the maximum of the number of positive and the number of
negative eigenvalues of Cy4(F) — the number of variables, which is the number
of columns of M (F'), is a kind of a bottleneck in the above matrix multiplication;
see Lemma 4 together with Lemma 5. For uniform hitting clause-sets with m
clauses, defined as (multi-)clause-sets F' where the entries of C(F') are constant
except of the diagonal (which is always zero), the symmetric conflict matrix has
m — 1 negative eigenvalues and one positive eigenvalue, and we conclude that
every uniform hitting clause-set must have at most one clause more than it has
variables (i.e., its deficiency is at most one). This observation is attributed to
Witsenhausen by Graham and Pollak ([9]), and has been the starting point for
many investigations in graph theory and combinatorics. We review the basic
notions and techniques, but formulated in the language of (multi-)clause-sets,
which turns out to be a natural language for this kind of problems, providing a
unifying point of view.

The addressing problem of Graham and Pollak (see Chapter 9 in [23]) consid-
ers a graph G and its distance matriz A, which is a square matrix of order |V (G)]
with the distance in G between node ¢ and node j at position (i, j). The problem
is to attach “addresses” to the nodes of G, which are tuples from {0, 1, *}" for
some n to be minimised, such that the distance between nodes ¢ and j equals
the “distance” between their addresses, where the distance of two addresses is
computed by first removing all positions where at least one of the two addresses
has a *, and then taking the Hamming distance of the remaining {0, 1}-vectors.
Identifying the positions in the address vectors with variables, and interpreting 0
as “positive”, 1 as “negative” and * as “not there” we see, that an addressing of
G corresponds to a multi-clause-set F' € MCLS with C4(F') = A. For example,
1-uniform hitting clause-sets with m clauses correspond to addressings of the
complete graph K,,. Interpreting addresses (in our terminology, clauses) as code
words, the address problem has been introduced into coding theory in [22].

Given a multigraph G, a biclique partition is a list of edge-disjoint sub-graphs
of G (not necessarily induced) covering together all edges of G, such that each
of these sub-graphs is a complete bipartite graph. Using the adjacency matrix
A of G each biclique decomposition corresponds to a multi-clause-set with sym-
metric conflict matrix A — each node is a clause, each biclique represents a vari-
able, where the “left side” stands for the positive occurrences, while the “right
side” stands for the negative occurrences, and each edge represents a conflict.
1-uniform hitting clause-sets correspond to biclique partitions of the complete
graph (again). For literature see [15].

This article seeks to present an introduction into a new area of research,
and nearly no proofs are given, but all proofs can be found in the underlying
report [15]. The organisation is as follows: After presenting some notations, in
Section (3] we lay the foundations by investigating conflict matrices and their
properties, most notable the hermitian rank and the classes of conflict matrices
with bounded hermitian defect, where the hermitian defect is an upper bound
for the maximal deficiency. Then in Section 4/ we collect observations and results



on hitting clause-sets, and apply our general results derived from the study of
conflict matrices. Finally in Section 5 a counterexample to the conjecture of
Endre Boros is discussed. Some main results are as follows:

1.

In Subsection 3.3 the central (and novel) notion of hermitian defect is intro-
duced, the difference of the order of a symmetric matrix and its hermitian
rank. Strengthening the Graham-Pollak theorem by using interlacing in-
equalities, in Theorem (11 we obtain the central result of this section, that
for every multi-clause-set F' and every strict sub-multi-clause-set F’ the de-
ficiency of F” is strictly less than the hermitian defect of F (while the defi-
ciency of F itself is less or equal to the hermitian defect).

In Subsection 3.4 exact multi-clause-sets are introduced, which realise the
symmetric conflict number of its symmetric conflict matrix. While deciding
exactness of multi-clause-sets is co-NP complete, the strengthening of this
notion by the notion of eigensharp multi-clause-sets is decidable in polyno-
mial time, where a clause-set is eigensharp if its hermitian defect coincides
with its deficiency. From our central result on the hermitian defect we ob-
tain immediately, that every eigensharp multi-clause-set is matching lean,
i.e., has no non-trivial matching autarky (Theorem [14)).

The class MCLS5, (1) of multi-clause-sets with hermitian defect at most
one is investigated in Subsection [3.5. Theorem 19/ completely characterises
eigensharp, matching lean and matching satisfiable multi-clause-sets F' €
MCLS;, (1), where it turns out, that the necessary condition §(F) > 1 (i.e.,
0(F) = 1) for the first two cases respectively §(F) < 0 for matching satisfi-
ability are also sufficient. In Theorem 26/ we show, that unsatisfiable multi-
clause-sets in MCLS;, (1) are exactly the saturated minimally unsatisfiable
clause-sets of deficiency one.

In Subsection 3.6/ the classes MCLS;, (k) and MCLS;_(k) of multi-clause-
sets are introduced, where the symmetric conflict matrix has at most k pos-
itive respectively negative eigenvalues. Again these classes are stable un-
der formation of sub-multi-clause-sets and under application of partial as-
signments (Lemma [28). Theorem 29 applies the Perron-Frobenius theorem
to show, that the largest eigenvalue of the symmetric conflict matrix of a
multi-clause-set is also largest with respect to its absolute value. It follows
MCLS;, (1) € MCLS; (1) (Theorem [30).

Hitting clause-sets are studied in Section 4! (every two clauses clash), and a
fair amount of different characterisations and properties are given. Theorem
32 shows, that the class of unsatisfiable hitting clause-sets is exactly the class
of all minimally unsatisfiable clause-sets which stay minimally unsatisfiable
under applications of any partial assignments. For uniform hitting clause-
sets (every two clauses clash in the same number of literals) it is shown
(Theorem [33)) that they are contained in MCLSj, (1).

6. A counterexample to the conjecture of Endre Boros is given in Section 5.

For all proofs see [15], where also a list of open problems is given (see [16] for
the status of these (and other) open problems).



2 Some notations

We use N ={1,2,...} and Ny = N U{0}. The universe of variables is denoted by
YVA. Clauses are finite and complement-free sets of literals, the set of all clauses is
denoted by CL. The empty clause is denoted by L := 0 € CLS. A (finite) multi-
clause-set is a map F': CL — Ny such that only for finitely many clauses C we
have F(C') # 0; the set of all multi-clause-sets is denoted by MCLS. The empty
multi-clause-set is denoted by T := (0)cece € MCLS. For F,F' € MCLS
the relation F < F’ holds iff for all C' € CL we have F(C) < F'(C), while
F < F' is equivalent to F < F' and F # F’. The multi-clause-set F + F’
is defined via (F + F')(C) := F(C) + F'(C). The number of clauses in F is
defined as ¢(F) := 3 e F(C), while the number of occurrences of a literal =
in F is denoted by #z(F') := > _cccrnec F(C). The set of variables occurring
in Fis var(F) = Ucecr,p(o)zo var(C), and the number of variables in F
is n(F) := |var(F)|. For F € MCLS we have n(F) = 0 iff for all clauses
C € CL\ {L} we have F(C) = 0. The deficiency of F is §(F') := ¢(F) — n(F),
while the maximal deficiency is 0*(F') := maxp<p 6(F’). Due to 6(T) = 0
we have 0*(F) > 0. RASS denotes the set of all partial assignments, which
are maps ¢ : V. — {0,1} for finite set V of variables. The domain of a partial
assignment ¢ is denoted by var(y) := V, while the size of the domain is denoted
by n(p) := |var(¢)|. The application of partial assignments ¢ € RASS to multi-
clause-sets F' € MCLS is denoted by ¢ * F € MCLS, where for C € CL we
have
PO = S F(C),
c’ecL
ex{C'}={C}

where ¢ x {C"} is the empty set in case ¢ satisfies C, while otherwise p* {C'} =
{C"}, where C” is obtained from C’ by removing all literals whose variables are
in the domain of . Clause-sets, that is, finite sets of clauses, can be identified
with multi-clause-sets F' : CL — {0,1}. The set of all clause-sets is denoted by
CLS, and the operation of RASS on CLS is defined as via ¢ * F := t(p * F) for
F € CLS and ¢ € PASS, where t : MCLS — CLS is the canonical projection
morphism, which contracts multiple clause occurrences. For F' € MCLS and a
clause-set F’ € CLS we define F\ F’ € MCLS by (F \ F')(C) := F(C) for
C € CL\ F', while (F\ F')(C) := 0 for C € F'. By MUSAT we denote
the class of minimally unsatisfiable clause-sets, while by SMUS AT we denote
the class of saturated minimally unsatisfiable clause-set, which are minimally
unsatisfiable clause-sets which become satisfiable when any literal is added to
any clause (another notion used for example in [3] instead of “saturated” is
“maximal”). For any class C C MCLS of multi-clause-sets and any measure
f: MCLS — Ny we define for k& € Ny

Cs(k):={FeC: f(F) <k}

It follows that for example MUSAT;(1) is the class of minimally unsatisfiable
clause-sets of deficiency 1.



The clause-variable matriz M (F') for F € MCLS is a ¢(F) x n(F)-matrix
over {—1,0,+1}. The order of rows and columns of M(F) is arbitrary, but
fixed in any given context. The matrix Ey,; ; is the square matrix of order
m with entry 1 at position (¢,7) and 0 elsewhere. Furthermore we use J,, :=
>ty >jey By for the all-one matrix, while the identity matrix is denoted
by Ipm := >..%  Em.ii- The transposition of a matrix A is denoted by At We
consider m x n-matrices for m, n € Ny; for example the m x 0-matrix is the clause-
variable matrix of the multi-clause-set F' given by F'(L) = m and F(C) = 0 for
C € CL\ {L}. If we speak in this article of a graph respectively of a directed
graph, we mean a simple undirected graph respectively a simple directed graph
(without loops and without parallel edges), while a (directed) multigraph is still
loopless, but may have parallel edges.

3 Conflict matrices

A conflict matriz is a square matrix of order m € Ny with entries in Ny and with
zeros on the main diagonal (in other words, a conflict matrix is the adjacency
matrix of some directed multigraph). A symmetric conflict matriz is a conflict
matrix which is symmetric (in other words, symmetric conflict matrices are the
adjacency matrices of multigraphs). Addition of (symmetric) conflict matrices
yields again a (symmetric) conflict matrix. For F € MCLS let Cs(F') be the
symmetric conflict matriz of F, which is a square matrix of order ¢(F) with
entries C5(F); ; := |C; N Cj| (the number of literals = € C; with Z € C;), where
the C; are the clauses of F' (in some order; with multiplicities). And let C,(F")
be the asymmetric conflict matriz of F, a square matrix of order ¢(F) with
entries C,(F);; = |(C; N VA) N Cj| (the number of positive literals € C;
with T € C;). Obviously Cg(F') is a symmetric conflict matrix, while C,(F') is a
conflict matrix, and we have

Co(F) = Co(F) + Co(F).

Lemma 1. For every conflict matriz A there is F € MCLS with C,(F) = A,
and for every symmetric conflict matriz A there is F € MCLS with C5(F) = A.

The underlying (trivial) construction is very wasteful with variables, and it
is natural to seek to minimise the number of variables used in F', or, in other
words, to maximise the deficiency of F'. This problem is the underlying theme
of investigations in this context, and will be studied from Subsection 3.1 on.
Consider F, F' € MCLS with F’ < F. The symmetric conflict matrix Cq(F’) is
a principal submatrix of Cg(F'), and the asymmetric conflict matrix C,(F”) is a
principal submatrix of C,(F) (“principal submatrices” are obtained by deletion
of rows and columns with the same indices). Since application of partial assign-
ments can be realised by first removing all clauses satisfied by the assignment,
and then eliminating all remaining literal occurrences falsified by the assignment,
where these occurrences have become pure, for any partial assignment ¢ € RASS
also Cs(p * F') resp. C,(¢ * F) is a principal submatrix of Cg(F') resp. C,(F).



For a class C of symmetric conflict matrices stable under formation of principal
submatrices let

MCLS(C) := {F € MCLS : C4(F) € C}

be the set of multi-clause-sets with symmetric conflict matrix in C. It follows
that MCLS(C) is stable under sub-multi-clause-set formation and application
of partial assignments. Examples for such classes C are given as the classes of all
symmetric conflict matrices A defined by one of the following conditions:

1. A> J, — I, for arbitrary m € Ny; the corresponding multi-clause-sets are
the hitting clause-sets considered in Section 4}

2. A=k-(Jm — L) for some fixed ¥ € N and arbitrary m € Ny; the corre-
sponding k-uniform hitting clause-sets are considered in Section 4;

3. A has no entry 1; the class of corresponding “resolution-free” clause-sets has
been considered in [17];

4. op(A) <k for some fixed k € Ny (see Subsection 3.5); the “hermitian defect”
0n(A) is introduced in Subsection 3.2, and gives an upper bound on the
deficiency of multi-clause-sets F' with Cs(F) = A; we will see that dy,(k -
(Jm — Im)) = 1 for k,m # 0 (cf. example [2));

5. i4(A) < k resp. i_(A) < k for some k € Ny, where i1 (A) is the number of
positive resp. negative eigenvalues of A (see Subsection 3.6); we will see that
dn(A) <1 implies iy (A) < 1.

3.1 Symmetric and asymmetric conflict number

For a symmetric conflict matrix A let ng(A), the symmetric conflict number of
A, be the minimal n(F) for F' € MCLS with Cs(F) = A. And for a conflict
matrix A let n,(A), the asymmetric conflict number of A, be the minimal n(F)
for F € MCLS with C,(F) = A. Obviously we have n(F) > n,(C,(F)) >
ns(Cs(F)). For conflict matrices A the asymmetric conflict number n,(A) is the
biclique partition number of a directed multigraph with adjacency matrix A,
while for symmetric conflict matrices A the symmetric conflict number ng(A4) is
the biclique partition number of an undirected multigraph with adjacency matrix
A. Thus we can apply [12] and conclude, that the decision problem ns(A) < k,
where the input size is k plus the size of the graph with adjacency matrix A, is
NP-complete.

Lemma 2. Consider a conflict matriz A.

1. The asymmetric conflict number n,(A) is the minimal q € Ny, such that
there are {0, 1}-matrices By, ...,Bq of rank 1 with A= B1 +---+ By.

2. If A is symmetric, then ns(A) is the minimal ¢ € Ny, such that there are
symmetric {0, 1}-matrices Bu,..., By of rank 2 with A= By + --- + B,.

Lemma 3. For every conflict matrix A of order m € Ny the asymmetric conflict
number n,(A) is the minimal q € Ng such that there is an m x ¢-matriz X and
a g x m-matriz Y over {0,1} with A=X-Y.



3.2 The hermitian rank

Since every presentation A = B4 B? for a symmetric conflict matrix A and a con-
flict matrix B corresponds to one possible choice for the polarities of conflicting
(clashing) literals, the following lemma holds.

Lemma 4. For every symmetric conflict matriz A the symmetric conflict num-
ber ng(A) equals the minimal asymmetric conflict number n,(B) for conflict ma-
trices B with B+ Bt = A. Thus by Lemma3 if follows that ng(A) is the minimal
q such that there are {0,1}-matrices X,Y with A = XY +Y'X", where X has
q columns andY has q rows.

For any symmetric real matrix A let ¢4 (A) be the number of positive eigen-
values of A, and let i_ (A) be the number of negative eigenvalues of A. Following
[10], the hermitian rank h(A) of A now is defined as

h(A) := max(iy(A),i_(A)).

See for example [18], Chapters 10 and 11 for background information on orthog-
onal geometries. The following characterisations of the hermitian rank are direct
consequences of the results from [10].

Lemma 5. Consider a symmetric real matriz A. Now the following three quan-
tities are equal to the hermitian rank h(A):

1. the minimal number k € Ny such that there are real matrices X,Y with
A=X'X —-Y'Y, where X,Y both have k rows;

2. the minimal number k € Ny such that there are real matrices X,Y with
A=Y'X + XY, where X,Y both have k rows;

3. the minimal rank(B) for real matrices B with A = B + B'.

Corollary 6. For all symmetric real matrices A, B we have h(A+ B) < h(A) +
h(B). It follows, that for X = A+ B we have h(X) > h(A) — h(B).

3.3 The hermitian defect

Let 0n(A) := m — h(A) be the hermitian defect of a symmetric real matrix A of
order m, and for F € MCLS let 0, (F) := dn(Cs(F)). For rational matrices A
the hermitian defect can be computed in polynomial time. Since a conflict matrix
has trace zero, and the trace of a symmetric real matrix equals the sum of its
eigenvalues (with multiplicities), for every non-empty conflict matrix A we have
0n(A) > 1. By Lemma 4 together with Lemma [5] the following reformulation of
the Graham-Pollak Theorem is a direct consequence.

Corollary 7. For every conflict matriz A we have ng(A) > h(A). It follows
that for every multi-clause-set F' € MCLS the deficiency of F is at most the
hermitian defect of F, i.e., §(F) < 6n(F).



For a real symmetric matrix A of order m let 61(A) > --- > 6,,(A) denote
the eigenvalues of A (in descending order). If B is a real symmetric matrix of
order m’ < m, then it is said that the eigenvalues of B interlace the eigenvalues
of A iff we have (see Chapter 9 in [8])

0:1(A) > 6,(B), 02(A) > 02(B), O (A) > 0, (B)
0,(A) < 0(B),  On1(A) <Om_1(B), ... Op_mir(A) < 6:(B).

Lemma 8. Consider two real symmetric matrices A, B such that the eigenvalues
of B interlace the eigenvalues of A. Then 6,(B) < dn(A) holds.

Since the eigenvalues of a principal submatrix of a symmetric real matrix A
interlace the eigenvalues of A (see Theorem 9.1.1 in [8]), we obtain the following
fundamental property of the hermitian rank.

Corollary 9. For every real symmetric matriz A and every principal submatrix
A’ we have §,(A”) < 6 (A). It follows that for every F, F' € MCLS with F' < F
and every partial assignment ¢ we have op(F') < 0p(F) and dn(p * F) < on(F).

Corollary 10. VF € MCLS : §*(F) < 0n(F).
A further strengthening is possible (compare [1]).
Theorem 11. For all F,F' € MCLS with F' < F we have 6(F') < 0n(F).

Corollary 12. For multi-clause-sets F € MCLS with §(F) < o,(F) — 1 we
have §*(F) < op(F) — 1.

3.4 Exact and eigensharp multi-clause-sets

A conflict matrix A is called eigensharp if ng(A) = h(A) holds. Thus a conflict
matrix A is eigensharp iff there is F € MCLS with C4(F) = A and 6(F) =
0n(F) = 0n(A). Every zero matrix 0 - .J,, is eigensharp. The notion “eigensharp”
was introduced in [12] for biclique partitions of graphs; it seems more natural to
put the matrix A into the foreground, while the graph with adjacency matrix
A is only one possible representation of A — another possible representation is
to consider a graph such that its distance matriz is A. To decide whether F' €
MCLS or a symmetric conflict matrix is eigensharp can be done in polynomial
time. Call F € MCLS ezact if n(F) = ng(Cs(F)) holds, and call F' eigensharp if
0(F) = 0n(F') holds. Thus F' is eigensharp iff F'is exact and Cs(A) is eigensharp.
Every FF € MCLS with n(F) = 0 is eigensharp, and if Cs(F') has at least
one entry equal to n(F) then F must be exact. Eigensharp multi-clause-sets
correspond to eigensharp addressings as introduced in [5], while exact multi-
clause-sets have been called optimal addressings in [5]; the term “exact” is taken
from the literature on biclique decompositions. It seems worth to note, that in
our context a certain shift of attention takes place: While in [5] an eigensharp
addressing is attached to a graph (i.e., distance matrix), in our context the multi-
clause-set (addressing) is more dominant, and the distance matrix is derived from
it. To decide whether F' € MCLS is exact is co-NP complete.



Lemma 13. If a multi-clause-set F' € MCLS is exact, then F' does not contain
pure literals, and if F is eigensharp and F # T, then we have §(F) > 1.

For exact multi-clause-sets F' in general §(F) > 1 need not hold; e.g. F' =
{{v1, ..., v}, {v1,..., Uk }} is exact with §(F) = 2 — k. However, if F is exact
and Cq(F) is the distance matrix of a non-empty connected graph, then Winkler
proved 6(F) > 1 (Theorem [15). We seek to generalise this result. In [14] the
notion of matching lean clause-sets has been introduced, and the equivalence of
the following conditions for FF € MCLS have been proven (for us Criterion [3
can be taken as a definition of matching leanness):

1. F is matching lean.
2. F has no non-trivial matching autarky.
3. For all F" € MCLS with F’ < F we have 6(F’) < §(F).

Theorem (11! together with Criterion 3l immediately yields
Theorem 14. FEvery eigensharp multi-clause-set is matching lean.

A matrix is called a distance matrix if it is the distance matrix of some
finite metric space. The following result of P. Winkler (see Chapter 9 in [23])
considers special distance matrices, where the underlying metric space is given
by the distances of nodes in some (undirected) graph.

Theorem 15. For every exact multi-clause-set F', where Cs(F) is the distance
matriz of some non-empty connected graph, we have 6(F) > 1.

Conjecture 16. Every exact multi-clause-set ' € MCLS, where the symmet-
ric conflict matrix Cgq(F) is the distance matrix of some connected graph, is
matching lean.

3.5 Multi-clause-sets with hermitian defect one

For k € Ny let HD(k) be the set of all real symmetric m x m-matrices A for
m € Ny with zero diagonal and hermitian defect d,(A) < k. Thus we have
MCLSs, (k) = MCLS(HD(k)). MCLSs,(0) just contains the empty multi-

clause-set T. By Lemma |8 we get immediately the following closure properties.

Lemma 17. For all k € Ny the set HD(k) is stable under formation of principal
submatrices, and so is the subset of HD(k) consisting of all conflict matrices.
Thus MCLSs, (k) is stable under application of partial assignments and forma-
tion of sub-multi-clause-sets.

In [13] the classes MCLS 5+ (k) of multi-clause-sets with bounded maximal defi-
ciency have been introduced, and it has been shown, that several hard problems
like satisfiability decision or computation of the maximal autark subset are de-
cidable for these classes in polynomial time; see [6] for an alternative proof of
the main result, and see [21] for the fixed parameter tractability of these classes.
By Corollary 10 we get



Theorem 18. For all k € Ny we have MCLSs, (k) C MCLSs+ (k).

Using the set of matching satisfiable multi-clause-sets as studied in [14], the fol-
lowing theorem follows immediately from Theorem [14/ and Corollary [12; match-
ing satisfiable (multi-)clause-sets have been introduced in [7] under the name
“matched formulas”, and are characterised by the condition 6*(F') = 0.

Theorem 19. Consider F € MCLS;,(1).

1. The following three conditions are equivalent:
(a) F is eigensharp
(b) F is matching lean
(c) 6(F)=1VF=T.

2. F is matching satisfiable iff 5(F) < 0.

By Theorem [15 we immediately obtain the following result, which proves Con-
jecture[16/for all FF € MCLSs, (1) (as we will see, this contains the two extremal
cases of trees and of complete graphs).

Theorem 20. If the symmetric conflict matriz A is the distance matriz of some
graph, and 6,(A) <1 holds, then A is eigensharp. In terms of multi-clause-sets,
consider F' € MCLS;, (1) such that Cs(F) is the distance matriz of some graph,
and F is exact. Then F is eigensharp (and thus F is matching lean, and in case
of F # T we have §(F) =1).

Which multi-clause-sets are in MCLSs, (1) ? The general question seems to be
fairly complicated, but we will completely characterise the unsatisfiable elements
of MCLS;, (1) in Theorem [26. Before doing so, we consider a special class of
matrices with hermitian defect one. A symmetric real matrix A of order m € Ny
is of strictly negative type if for all z € R™, z # 0 with ;" x; = 0 we have
xtAxr < 0, and A has a zero diagonal. By definition we have, that if A is of
strictly negative type, then also every principal submatrix of A is of strictly
negative type.

Lemma 21. For every matriz A of strictly negative type we have 6, (A) < 1.

Lemma 22. Consider F € MCLS, such that Cs(F) is the distance matriz of
a tree, where each edge length can be an arbitrary positive real number. Then
Cs(F) is of strictly negative type (as shown in Corollary 7.2 of [11]), and thus
(by Lemma21]) we get F € MCLSs, (1).

It is well known that J,, — I,,, € HD(1) for m € Ny. Since for any symmetric
matrix A and A € Ry we have h(A4) = h(A- A), it follows that with A € HD(1)
also A+ A € HD(1) for every A € Ry is the case.? We can generalise these
considerations by the following theorem, admitting one “exceptional position”.

! For m > 1, the matrix J,, — I,, has the eigenvalue —1 with multiplicity m — 1 (this
follows immediately from rank(J,,) = 1; we remind the reader that for symmetric
matrices the algebraic multiplicity of an eigenvalue is equal to the geometric multi-
plicity), while the eigenvalue m — 1 has multiplicity 1 (just note that (1,...,1)" is
an eigenvector of Jn, — Irn).

2 Perhaps the conceptionally easiest proof is obtained by h(Al, — AJpm) > R(ALy) —
h(AJm) =m — 1, using Corollary [6/ (and h(A) = h(—A)).



Theorem 23. For ecvery A € Rsg and —\ < p < X the matriz A\, u) =
AN (= L)+ (Empq+ Emgp) is of strictly negative type for allm € N and
1 <p<q<m. In general A(\ pn) is a distance matriz, and in case of u =0
the matriz A(X\, ) is the distance of some connected graph (namely the complete
graph K, with m nodes).

Lemma 24. For any symmetric matriz A with zero diagonal and of order at
least 2 in case there are indices i # j with A; ; = 0 we have 0p(A) > 2.

Lemma 25. Consider F € MUSATs(1). Then Cs(F) is a {0, 1}-matriz (i.e.,
there are no two clauses with two or more clashing literals), and F € SMUSATs(1)
holds if and only if Cs(F) = Jopy — Lory (i-e., iff every pair of two (different)
clauses clash exactly in one literal).

Theorem 26. MCLS;, (1) NUSAT = SMUSAT;5(1). In words: The unsatis-
fiable multi-clause-sets with hermitian defect one are exactly the saturated min-
imally unsatisfiable clause-sets with defect 1.

Corollary 27. Consider FF € MUSAT5(1). Then F is eigensharp if and only
if F € SMUSAT;(1) holds.

Consider F' € MUSAT;5(1) \ SMUSAT;5(1). The question is now whether F'
is not exact or Cq4(F') is not eigensharp. The simplest example for F' is given by
F = {{a},{b},{a,b} }. We see that in fact here Cs(F) is eigensharp, since we
have Cs(2 - {v} + {v}) = Cs(F), and thus F is not exact. Is this the case for all
elements of MUSATs(1) \ SMUSAT;(1) 7

3.6 Multi-clause-sets with only one positive eigenvalue

We will see, that HD(1), the class of symmetric distance matrices A with d,(A) <
1, consists (exactly) of the empty square matrix together with those A with
one non-negative eigenvalue, where all other eigenvalues are negative. To this
end let us consider the class of symmetric distance matrices A, which either
are zero matrices or have exactly one positive eigenvalue; more succinctly we
can describe this class as the class of all conflict matrices A with i (A) <
1, and further generalisation for k € Ny, considering multi-clause-sets, yields
the classes MCLS;, (k) and MCLS;_(k) where iy (F) := i+(Cs(F')). We have
MCLS;, (0) = MCLS; (0) = {F € MCLS : C4(F) is a zero matrix }, and
thus MCLS+(0) is the set of all FF € MCLS where every literal is a pure
literal for F. For every F € MCLS we have h(F) < n(F), and thus F €
MCLS;, (n(F)) N MCLS;_(n(F')). Furthermore

F e MCLS;, (1) = h(F) = i_(F) = rank(Cy(F)) — iy (F)

3 While this paper was in the refereeing process, Xishun Zhao proved that in fact
every F € MUSAT;5(1)\SMUSAT5(1) is not exact. And the author realised, that
furthermore the class of symmetric conflict matrices of FF € MUSAT5(1) is exactly
the class of adjacency matrices of connected graphs (no parallel edges, no loops), and
thus there are FF € MUSAT;5(1) with non-eigensharp symmetric conflict matrix.



holds, where i4 (F) = 1 for F # T. By the interlacing inequalities from Subsec-
tion 3.3/ we get

Lemma 28. If A is a symmetric real matriz, and B is a principal submatriz
of A, then iy (B) < ii(A) and i_(B) < i_(A) holds. It follows that for every
k € Ng the classes MCLS; (k) and MCLS;_(k) are stable under formation of
sub-multi-clause-formation and applications of partial assignments.

Since A € HD(1) of order at least 2 has no zero eigenvalue, the claim that
A has exactly one positive eigenvalue, while all other eigenvalues are negative,
reduces to the claim A € MCLS;, (1). We use the Perron-Frobenius theorem
now to prove this claim, which needs a bit of preparation. A symmetric conflict
matrix A is called irreducible if the graph with adjacency matrix A is connected
(see Section 3.2 in [2]), and we call F' € MCLS irreducible if Cs(F') is connected.
Due to completeness of resolution, every minimally unsatisfiable clause-set is
irreducible. If F' € MCLS does not contain pure literals, then F' is not irreducible
iff there exist Fy, Fo € MCLS\{T} with F' = Fy + F» and var(F;)Nvar(Fy) = 0,
and thus the assumption, that F' is irreducible, is in fact a very natural one
(otherwise F' is the variable-disjoint union of two non-empty multi-clause-sets).
The following theorem is a direct consequence of the Perron-Frobenius theorem
(see Theorem 31.8 in [23], or Theorem 8.8.1 in [§]). We remind at the notation
0;(A) for the eigenvalues of a symmetric real non-empty matrix A in descending
order (so that 6;(A) is the largest eigenvector), and for ' € MCLS we use
0;(F) := 6;(Cs(F)).

Theorem 29. Consider a multi-clause-set F € MCLS with ¢(F) # 0. For all
1 < i < e(F) we have |0;(F)| < 61(F). If F # {1}, then in fact 61(F) > 0
holds. For any multi-clause-set T < F' < F we have 01(F') < 61(F). If F is
irreducible, then 01(F) > 0 has multiplicity one (01(F) is a simple root of the
characteristic polynomial of Cs(F')), and the eigenspace belonging to 01(F) is
generated by a vector whose coordinates are all positive.

Theorem 30. We have MCLS;s, (1) € MCLS; (1).

We conclude this section by an important class of matrices with at most one
positive eigenvalue. A square real matrix A of order m € Ny is of negative type if
for all z € R™ with Y_" | #; = 0 we have 2 Az <0, and A has a zero diagonal.
By definition we have, that if A is of negative type, then also every principal
submatrix of A is of negative type.

Lemma 31. For every matriz A of negative type we have i (A) < 1.

4 Hitting clause-sets

A hitting clause-set is a clause-set where every two (different) clauses clash in
at least one literal. We use HZT for the set of all hitting (multi-)clause-sets;
note that in a hitting multi-clause-set in fact no clause can occur more than



once. Obviously we have F' € HIT < Cy(F) > Jopy — Io(r) (recall example (1
from Section [3). Another basic characterisation of HZ7 is that it is the set of
(multi-)clause-sets such that there is no partial assignment falsifying two clauses
of F' at the same time. Some selected properties of F' € HZ7T are:

1. For every ¢ € RASS we have o« F' € HIT.

2. For every clause C' we have that F + {C} € HZT holds iff p¢ is a satisfying
assignment for F.#

3. Y cer2 9 <land FeUSAT & Y . p 2719 =1.

4. If F is unsatisfiable, then F' € SMUSAT. It follows 6*(F) = 6(F), and a
necessary condition for F' # {1} being unsatisfiable is that there must exist
a variable v € var(F') with #,(F) < §(F) and #z(F) < 6(F) (see Lemma
C.2 in [13]); furthermore we must have §(F) > 1.

Every satisfiable hitting clause-set stays satisfiable when flipping the polari-
ties of arbitrary literal occurrences (see [4J20] for more on such clause-sets). Let
MUS AT, be the set of minimally unsatisfiable clause-sets F' such that for every
partial assignment ¢ with n(p) <k (i.e., ¢ uses at most k variables) also ¢ * F'
is minimally unsatisfiable; since F' is a clause-set, the application of partial as-
signments contracts multiple occurrences of clauses created by the application,
so that for example for any assignment ¢ with var(F) C var(p) the clause-set
¢ * I is minimally unsatisfiable (which for ¢(F) > 2 would not be the case for
multi-clause-sets F'). By definition we have MUSATy = MUSAT, while in
[13] it was shown MUSAT, = SMUSAT.

Theorem 32. HIT N USAT = (e, MUSAT.

For k € N let UHZ Ty, the set of uniform k-hitting clause-sets, be the set of
all hitting clause-sets where every two (different) clauses have exactly k conflicts.
The set of uniform hitting clause-sets is denoted by UHZIT := |J,cnUHIT.
By definition we have F' € UHIT; < Cy(F) = k- (Jo(r) — Io(r)) (recall example
2 from Section 3). UHZIT; can be characterised as the class of all clause-sets
such that any two (different) clauses have a (non-tautological) resolvent. It is
UHIT, stable under application of partial assignments, and for F' € UHZT}
and any clause C' we have F' + {C} € UHIT} iff p¢ is a satisfying assignment
for F' which satisfies exactly k literals in every clause of F.

Theorem 33. UHIT C MCLS;,(1).

In [3] the property 6(F) < 1 has been concluded for ' € UHZT; from a
conjecture of Endre Boros; in Section 5/ we will give a counterexample for this
conjecture, but as we now know, 6(F') < 1 in fact must hold (for all FF € UHZT).
The following corollary follows also from the result of [3] that every F' € UHIT;
with §(F) > 2 must be satisfiable (together with known characterisations of
minimal unsatisfiable formulas of deficiency 1).

4 For a clause C the corresponding partial assignment o falsifies (exactly) all literals
in C, while for a partial assignment ¢ the corresponding clause C, consists of all
literals falsified by ¢ (partial assignments are finite).



Corollary 34. Consider F € UHITy, for k € N. If k > 2 and F # {L}, then
F e SAT. If k = 1, then F is unsatisfiable iff F' is a saturated minimally
unsatisfiable clause-set.

5 On a conjecture of Endre Boros

At the SAT’1998 workshop in Paderborn, Endre Boros conjectured that every 1-
uniform hitting clause-set F' different from {_L} with defect §(F) = 1 contains a
variable v € var(F'), such that we have #,(F) = 1 or #5(F') = 1. In other words
the conjecture states, that every minimum (or exact) biclique decomposition of
the complete graph must contain a star (or claw). Now in [19] this question has
been discussed in detail, and the smallest counterexample to the conjecture is
given by a decomposition of the Ky into one K5 4 and seven Kj o (that is, one
variable has a (2, 4)-occurrence, while all other variables have (2, 2)-occurrence).
The clause-variable matrix of a corresponding clause-set is

In [19] for every K, with n > 9 a minimum
starfree biclique decomposition has been con-
structed, using four ad-hoc decompositions of
Ko, ..., K12, and then showing how from a
given minimum starfree biclique decomposi-
tion of K, one for K, 4 can be obtained. It
would be interesting whether a more system-
atic approach is possible using constructions
from the area of (multi-)clause-sets.

++ + -

A star-free multi-clause-set has #,(F), #5(F) > 2 for all v € var(F). Now it
is naturally to ask whether for arbitrary k, A € N there are eigensharp k-uniform
hitting clause-sets with #,(F), #z(F) > X for all v € var(F) ?!
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