
Swansea University

Department of Computer Science

CS 342 Constraint Satisfaction Problems and

Applications 2008/09

Coursework II

Oliver Kullmann, November 24, 2008

Deadline: Friday, December 12, 2008

Submission only at the student’s office.

This course works constitutes 10% of the over-

all marks for CS 342.

The possible marks for individual exercises

sum up to 208. Results over 100 marks are

capped. Obviously, you do not need to solve

all of them, but at least reading through all the

exercises and understanding the problem is rec-

ommended.

When handing in your course work, please

state clearly on top of your first sheet the

module code, your name and student number,

“Coursework II” and the date. For each sin-

gle exercise, state the exercise number together

with the heading for the exercise. Please an-

swer clearly, and in complete sentences. Write

legibly!

If you use any other material than the script

for CS-342 for the current academic year, you

must make a reference — otherwise your course-

work is treated as plagiarism, and it will get

zero marks. Your submission must be written

in its entirety solely by you; material from other

sources must be rewritten by you, using your

own formulations, fitting it into the frame of

this module, and extending it using your own

explanations.

Answers for selected exercises will be dis-

cussed in an exam-preparation lecture in the

new year.

1 The notion of an autarky

(27 marks)

An autarky for a clause-set F ∈ CLS is a

partial assignment ϕ ∈ PASS such that every

clause of F “touched” by ϕ is satisfied by ϕ,

that is,

∀C ∈ F : var(ϕ) ∩ var(C) 6= ∅ ⇒ ϕ(C) = 1.

1. Show that ∅ is an autarky for every F ∈
CLS. [2 marks]

2. Show that a satisfying assignment ϕ for F

is an autarky for F . [2 marks]

3. A literal x is called pure for F ∈ CLS, if

there is no clause C ∈ F with x ∈ C. Show

that if x is pure for F , then 〈x → 1〉 is an

autarky for F . [4 marks]

4. Show that for any autarky ϕ for F we have

ϕ ∗ F
sat

≡ F . [5 marks]

5. Show that ϕ is an autarky for F if and only

if for every F ′ ⊆ F we have ϕ ∗ F ′ ⊆ F ′.

[6 marks]

6. Show, using Part 5, that if ϕ and ψ are

autarkies for F , then also ψ◦ϕ is an autarky

for F . [8 marks]

2 Resolution for 2-CNFs (15

marks)

For p ∈ Z let

p–CLS :=
{

F ∈ CLS : rk(F ) ≤ p
}

be the set of all clause-sets where each clause

has maximal length p.

1. Given two resolvable clauses C,D, show

that |C|, |D| ≤ 2 implies |C ⋄D| ≤ 2.

[3 marks]

2. Use Part 1 to show that the SAT problem

for F ∈ 2–CLS is decidable in polynomial

time. Hint: How big is Res∗(F ) here?

[7 marks]

3. Using the algorithm from Part 2, show how

we not only can decide SAT for 2–CLS in

polynomial time, but we also can compute

a satisfying assignment in case one exists.

[5 marks]

3 Hitting clause-sets (16

marks)

1. Show that if F is a hitting clause-set, then

for every variable v also DPv(F ) is a hitting

clause-set. [10 marks]
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2. Can we construct hitting clause-sets using

a SAT solver ? [6 marks]

4 Unit clause propagation

(16 marks)

1. Show that for every clause-set F ∈ CLS
there exists a partial assignment ϕ ∈ PASS
with r1(F ) = ϕ ∗ F . [8 marks]

2. We have defined the reductions r0, r1.

Can you think of a way to define reduc-

tions r2, r3, . . . , extending the given scheme

(yielding stronger, but still poly-time com-

putable reductions) ?!

[8 marks]

5 Autarkies for 2-CNFs (18

marks)

1. Consider F ∈ CLS and a partial assign-

ment ϕ ∈ PASS such that rk(ϕ ∗ F ) ≥
rk(F ). Show that ϕ is an autarky for F .

[5 marks]

2. Consider F ∈ 2–CLS and a partial assign-

ment ϕ with r1(F ) = ϕ ∗ F . Show that if

⊥ /∈ ϕ ∗ F , then ϕ is an autarky for F .

[2 marks]

3. Give a SAT algorithm for F ∈ 2–CLS
running in polynomial time based on Part

2. [11 marks]

6 Horn clause-sets (16

marks)

A Horn clause-set is a clause-set F ∈ CLS
such that each clause C ∈ F contains at most

one positive literal.

1. Interprete Horn clause-sets using the in-

terpretation of clauses as implications (re-

member Prolog(!)).

[5 marks]

2. Show that for any partial assignment ϕ and

any Horn clause-set F ∈ CLS also ϕ ∗ F is

a Horn clause-set. [2 marks]

3. Show that if for a Horn clause-set F we have

rk(F ) ≥ 2, then F must be satisfiable.

[5 marks]

4. From Parts 2 and 3 derive a poly-time SAT

decision algorithm for the class of Horn

clause-sets. [4 marks]

7 Writing a SAT solver (100

marks)

Write a SAT solver in the programming lan-

guage of your choice (for example C, C++, Java

or Haskell), and submit an archive including the

commented source code, a README file with

user instruction, and in case compilation is nec-

essary a makefile. Your package should work

on any Unix/Linux platform, and it should also

include a subdirectory with test cases.

The input is the DIMACS format (see Lecture

01a for an example): After some lines starting

with “c” (for comments) we have a line “p n c”,

where n is the number of variables and c is the

number of clauses; then come the clauses, where

a variable is a positive natural number (written

in standard decimal notation, without leading

zeros), and negation is denoted by “−” (with-

out intervening spaces), and a clause is finalised

by a “0”. Note that while comments and the pa-

rameter line always occupy full lines (and they

are completed by the line-end marker), clauses

are not restricted to lines. Easy decoding first

reads full lines as strings, and once it found the

parameter line (recognisable by the leading let-

ter), reading switches to reading integers (liter-

als are never zero, so we can recognise the end

of a clause) until the end of file.

The output is whether the instance was found

satisfiable or unsatisfiable, and in the satisfiabil-

ity case also a satisfying assignment. Just write

output to standard output — do not use any

graphical user interface, but just write a plain

command-line program with the file name of the

input file as parameter (you could also read from

standard input, but do not use some hard-coded

file name).

The easiest solver to implement should be a

basic DLL solver (using recursion).
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Clause-sets are represented as containers of

clauses, while clauses are represented as con-

tainers of literals. Literals can be represented

by integers. Partial assignments can be repre-

sented by vectors with three possible entries per

variable (one for “undefined”; you need partial

assignment to store the satisfying assignment).

Concentrate on getting it running (with a

reasonable design) — efficiency considerations

should come only later (and likely you don’t

have time for them). So the emphasise is on

readability and correctness (elegance would also

be nice). Your solver should be able to process

examples with up to 30 variables. Look at my

home page for resources of benchmarks in the

Internet — if your solver could handle one of

those bigger instances, that would be great, but

it is not required to get full marks.
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