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Introduction

Linear logic (LL) [Gir87] has been used in implicit computational complexity to characterize various complexity classes within the proofs-as-programs approach. This can then be the basis of type systems to guarantee
complexity properties on lambda-calculus.
As duplication is controlled in LL by the connective ! the key idea of this line of work is to consider
variants of this system with a weaker version of the !, so as to restrict the computational complexity of
the reduction procedure. However this results in different systems for characterizing the various complexity
classes: Light linear logic [Gir98, AR02] and Soft linear logic [Laf04] for the class FP of polynomial time
functions, Elementary linear logic [Gir98, DJ03] for elementary functions, the type system ST AB [GMR08]
for P SP ACE . . . By contrast in [Jon01] Jones characterizes in a common functional language (a read-only
language) a hierarchy of complexity classes, each class being obtained by restricting the order of arguments
allowed in the program. We would like to characterize in a similar way a hierarchy of complexity classes by
a single logic, by considering various types.
The system of Elementary linear logic offers the advantage of simplicity and for instance its proof-nets
and its geometry of interaction models are arguably easier to analyze than those of LL or light linear logic.
In the present work we show how by considering various types in Elementary linear logic extended with
type fixpoints we can characterize the classes P, EXP, and more generally the hierarchy of classes k-EXP for
k ≥ 1.
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Characterization of the classes P and k-EXP

We consider intuitionistic affine elementary logic with type fixpoints (see [DLB06]). Actually for our purpose
it is sufficient to consider its multiplicative fragment. The grammar of types is:
A ::= α | A ( A | A ⊗ A | !A | ∀α.A | µα.A
The rules of this system, IEALµ , are given on Fig. 1. This system only differs from the intuitionistic version
of elementary linear logic without additive connectives [Gir98, DJ03] by the fact that we have added the
fixpoint construction (rules Lµ and Rµ ) and allowed for general weakening (rule (Weak)).
Let us denote the following types respectively for booleans, n-ary finite types, tally integers and binary
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Axiom and Cut.
A`A

Ax

Γ ` A ∆, A ` B
Cut
Γ, ∆ ` B

Structural Rules.
Γ, !A, !A ` B
Contr
Γ, !A ` B

Γ`A
W eak
Γ, B ` A
Multiplicative Rules.
Γ ` A ∆, B ` C
L
Γ, ∆, A ( B ` C (
Γ, A, B ` C
L
Γ, A ⊗ B ` C ⊗

Γ, A ` B
R
Γ`A(B (
Γ`A ∆`B
R⊗
Γ, ∆ ` A ⊗ B

Exponential Logical Rule.
Γ`A
!Γ `!A
Second Order Rules
Γ, C[A/α] ` B
L∀
Γ, ∀α.C ` B

Γ`C α∈
/ FV (Γ)
R∀
Γ ` ∀α.C

Fixpoint Rules
Γ, A[µα.A/α] ` B
Lµ
Γ, µα.A ` B

Γ ` A[µα.A/α]
Rµ
Γ ` µα.A

Figure 1: The system IEALµ
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words:
B
B

n

= ∀α.α ( α ( α
= ∀α.α ( . . . ( α, with n + 1 occurrences of α

N

= ∀α.!(α ( α) ( !(α ( α)

W

= ∀α.!(α ( α) ( !(α ( α) ( !(α ( α)
n

We denote: 2n0 = n, 2nk+1 = 22k . Recall that elementary functions are the functions computable on a
Turing machine in time O(2nk ), for some k.
The standard results of elementary linear logic [DJ03] still hold in the setting of EALµ :
• for any integer d, any proof of N ( !d N represents an elementary function (complexity soundness);
• for any elementary function f : N → N there exists an integer d and a proof of N ( !d N representing
it (extensional completeness).
Now, by considering alternative types we can delineate more complexity classes:
Theorem 1 We consider the system EALµ .
• The functions representable by proofs of !W ( !2 B (resp. !W ( !3 B) are exactly the class P (resp.
EXP);
• More generally, for any k ≥ 0, the functions representable by proofs of !W ( !k+2 B are exactly the
class k-EXP.
where:
k-EXP
EXP

=
=

i

∪i∈N DT IM E(2nk ),
1-EXP.

Remark 1 Note that we do not use fixpoints in the final types involved. However, technically speaking the
fixpoints are used in the proofs of completeness, in order to simulate polynomial time (resp. k-exponential
time) Turing machines, as we will see in Sect. 3.2.
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Proof sketch

We outline here the proof of the first claim of Theorem 1, showing that !W ( !2 B characterizes P. The
characterizations of the other classes can then be obtained in a similar way.

3.1

Complexity soundness

In order to prove the complexity bound we study the cut elimination process and take advantage of the
assumption that the conclusion of the proof is of type !W ( !2 B in order to derive a sharper bound.
For that, as usual in linear logic it is convenient to use proof-nets to analyse cut elimination as proof-net
reduction.
We do not recall in this extended abstract the definition of elementary linear logic proof-nets and their
reduction steps but refer the reader to e.g. [Bai08]. The fixpoint rules Lµ and Rµ can be handled by two
new nodes µ and µ and with a reduction rule similar to that of multiplicative nodes (see [BCDL11]).
Now, given a proof-net R, the depth of a node is the number of exponential boxes containing it, and the
depth d(R) of R is the maximal depth of its nodes. We denote by |R|i the number of nodes at depth i and
by |R| the total number of nodes.
Now we can state the key Lemma:
Lemma 2 (Size bound) Let R be a proof-net with:
3

• only exponential cuts at depth 0,
• k cuts at depth 0.
Let R0 be the proof-net obtained by reducing R at depth 0. Then we have:
|R0 |1 ≤ |R|k0 .|R|1 .
So if we have a bound on the number k of cuts we obtain a polynomial bound on the size of the proof-net
R0 after reduction at depth 0. In any case we can bound k by |R|0 , but then we basically recover the usual
exponential bound [Gir98].
We will need another result:
Lemma 3 (Readback) Let R be a proof-net of conclusion !B with:
• no cut at depth 0,
• only exponential cuts at depth 1.
Given R, one can in constant time decide whether it reduces to true or false.
Finally we get:
Proposition 4 (PTIME soundness) Let R be a normal proof-net of conclusion !W ` !2 B. Then there
exists a polynomial P such that:
any proof-net obtained by cutting R with a proof-net representing a word of length n can be evaluated in
a number of steps bounded by P (n).
Proof :[sketch] Reduce cuts at depths 0, 1 and non-exponential cuts at depth 2. One can check that this
can be done in a polynomial number of steps by using Lemma 2. Then extract the result using the readback
Lemma 3.
2

3.2

Extensional completeness

The following simulation of polynomial time Turing machines is quite standard. The only trick is on the
choice of the type to represent the configurations.
Any polynomial on one variable can be represented in EALµ (or EAL) with a proof of !N ( !N .
Moreover we have a proof length : W ( N .
Using type fixpoints we can define the following type WS for Scott binary words [DLB06, BT10, RV10]
and Conf igS for the configurations of a one-tape Turing over a binary alphabet:
WS
Conf igS

= µβ.∀α.(β ( α) ( (β ( α) ( (α ( α)
= WS ⊗ WS ⊗ B n .

We also have proofs respectively for computing the initial configuration from a word, and for testing
whether a configuration is accepting :
init : W ` Conf igS
accept? :

Conf igS ` B

We consider a Turing Machine M with running time bounded by a polynomial q. One can give a proof
representing its step function:
step : Conf igS ` Conf igS .
Then we can simulate the execution of M in the following way:
iterate step q(|w|) times on input (init(w)) so as to get:
!W ` !2 Conf igS .
Composing this proof with accept? we get:
!W ` !2 B.
4

Remark 2 Without type fixpoints we can define using second-order a type Conf ig based on Church integers
(following [AR02]). However the problem is then that the corresponding term accept? has type Conf ig ` !B.
So we obtain for the simulation in the end the type !W ` !3 B, which is not what we need . . .
Acknowledgements . The author would like to thank Jean-Yves Girard whose initial question, whether
P could be characterized in elementary linear logic, triggered this work.
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