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The aims of this talk

» to outline a constructive theory of digital computation based
on coinduction, and its application to computable analysis

» to show that program extraction from proofs is a
practical method for obtaining certified programs

)
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Introduction

Background

» Exact Real Arithmetic via infinite streams of digits
Edalat, Potts, Stinderhauf, Heckmann, Escardd, Vuillemin,
Ciaffaglione, Gianantonio, Bertot, Niqui, Blanck ...

» Coalgebraic modelling of infinite data
Jacobs, Rutten, Adamek, Kurz, Altenkirch, Ghani, Hancock,
Pattinson, Escardd, Pavlovic, Pratt, ...

» Program extraction from constructive proofs
Tatsuta, Schwichtenberg, Letouzey, O'Connor, Spitters,
Bertot, Niqui, Bauer, Taylor, B, ...

» Domain-theoretic modelling and termination proofs
Plotkin, Edalat, Pattinson, Escardé, Coquand, Spiwack,
Buchholz, B ...
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Introduction
e

Example: computing with signed digits

J1JCR xel

[-1
= { 1a0a } a= (an)nEN € SDh¥

D

[e.e]
xX~a & X:Zan-2_(”+1)

n=0

A function f : T — T is represented by a function f : SD¥ — SD¥ if

Vx,a (x ~a= f(x) ~ f(a))
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Introduction

Power series as infinite composition

> (n 1 1
> a,-27(r) = S(a0+ 5(a1+ ) = avag(ava(-.)
n=0

where avg : 1 — I, avg(x) := 3(d+x) (d € SD).

Therefore
X~a << X=avg 0avy O...

AV :={av_j,avpg,av1} CT— L

(I, AV) is an example of a digit space.

6/45



Introduction
Digit spaces

We study digit spaces (X, D), where X is a set and D C X — X,
and characterise the functions f : X — Y that have a continuous
digital representation f : D¥ — EY.

The characterisation does not refer to infinite objects (like streams
of digits), but uses a combined inductive/coinductive definition.

Program extraction yields implementations of f by finitely
branching non-wellfounded trees.

We also consider metric digit spaces (X, o, P, D), where o is a
metric on X and P C X is dense, and study the relation between
digital representability and uniform continuity.



Induction and coinduction
e

Induction

¢: P(U) — P(U) is monotone if X C Y implies (X) C d(Y).

A set X C U is ®-closed if (X) C X.

u®d, the set inductively defined by @, is the least ®-closed set.

Closure ~ ®(ud) C pud
Induction if ®(X) C X, then u® C X
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Induction and coinduction
e

Coinduction

A set X C U is ®-coclosed if X C ®(X).

v®, the set coinductively defined by ®, is the largest ®-coclosed
set.

Coclosure vd C d(vd)
Coinduction if X C ®(X), then X C v
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Digit spaces
O

Digital maps (motivation)
Let x = avy, ocav, o.... Consider h: I — I
Writing a digit

h(x) = hoavyoavy o...
= avpo((av, o h)oava oav, o...) if h[I] C av[I]

Reading a digit

h(x) = hoavyoav, o...

= (hoavy)oavy o...

After reading finitely many digits writing must be possible again.

= Edalat, Potts, Escardo, ...
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Digit spaces

Digital maps (informal definition)
Let (X, D) and (Y, E) be digit spaces.

For any set F C X — Y we define (inductively) J(F) as the least
subset of X — Y such that

(W) ife€ Eand f € F, then eof € J(F);
(R) if fod e J(F) for all d € D, then f € J(F).

The set C of digital maps is (coinductively) defined as the largest
subset of X — Y such that

CccJ()

i.e. Cis the largest fixed point of 7.
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Digit spaces
Digital maps (formal definition)
Let (X, D) and (Y, E) be digit spaces.
We define the set C C X — Y of digital maps as follows.
Let F, G range over subsets of X — Y

and let vF.... stand for vAF ... e.t.c.

C = vFuG{eof|ecE,feF}U
(h:X —Y|vdeDhode G}

When we wish to make explicit the dependency of C on the digit
spaces (X, D) and (Y, E), we write Cp g or even C(x p) (v F)
for C.



Digit spaces
O

|dentity and composition

Identity Lemma

Let (X, D) be a digit spaces.
(a) idx € CD,D-
(b) D C Cp,p.

Composition Lemma

Let (X;, D;) (i=1,2,3) be digit spaces.
If f e CD1,D2 and g € CDg,D;,: then gof € CDl,D3-
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Digit spaces

The category of digit spaces

By the Identity Lemma and the Composition Lemma, digit spaces
and digital maps form a category.

Product Lemma

The category D has finite products.
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Digit spaces

Digital global elements
The set of global elements of a digit space (X, D) is

Cp = Cy1,(x,p)

where 1 denotes the terminal object (1, {id;}) in D. We identify
Cp with a subset of X.

Global Element Lemma

hl
Cp=vA{d(x)|deD,xeA} =

{doodlo. .. ‘ (dn)nEN S Dw}
Application Lemma
If f € Cpg and x € Cp, then f(x) € Cg.

Proof: Composition Lemma.
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Program extraction

Formalisation

» First-order logic with equality and free predicate constants
and variables.

» Least and greatest fixed points uX.{X | A}, vX.{X| A},
where A is strictly positive in X.

» Axiom schemes for least and greatest fixed points (induction
and coinduction are unrestricted).

» Other (mathematical) axioms must be non-computational, i.e.
contain neither free predicate variables nor the propositional
connective V.

» Intuitionistic logic.

General goal: The system should be support a direct
formalisation of common mathematical theories.
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Program extraction

Example

» Predicate constant € for set membership.

» Ad-hoc individual constants: ), R, <, 0, 1, ....
» Ad-hoc function constants: +, %, ....

» Non-computational axioms of set-theory.

>

Non-computational axioms stating that R (more precisely
{x | xeR}) with 0,1, 4, %, < is a real closed field.
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Program extraction
O

Example (ctd.)

Positive binary natural numbers:

pX Ay |y =1V3IxIc(X(x)Ace€{0,1} Ay =2xx+c)}

The real interval I =[—1,1]:

vX Ay |yl S 1A3x3c(X(x) Ace{0,1,~1} Ay = X;C)}

~ Cay

The general theory of digit spaces can be formalised as well.
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Program extraction

Realisability

» Realisability language: Extension of the object language by a
new sort for program terms.

» Program terms: untyped A-terms with pairing/projections,
injections/case analysis, and recursion.

» Equations for program terms as extra axioms.

» For each formula A in the object-language we define a
predicate r(A) in the realisability language. The formula
r(A)(M) (also written Mr A) intuitively means that the
program term M ‘“realises” A.
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Program extraction
O

Definition of realisability

If Ais non-computational:

r(A) = {0[A}
If A is non-computational, but B is:

HAAB)=r(BAA) = {x|AArB)(x)}
r(A—B) = {x|A—r(B)(x)}
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Program extraction

Definition of realisability (ctd.)

In all other cases:

r(X(@®) = {x|X(x.1)}
r(AAB) = {{xy)[r(A)(x) Ar(B)(y)}
r(AvB) = {inl(x) | r(A)(x)} U{inr(y) | r(B)(y)}
H(A—B) = {f|¥x(r(A)(x) = r(B)(&)}
r(vy A) = {x|vy (r(A)x))}
r(AyA) = {x|3y(r(AX)}
(X P) = pX{(x7) | r(P(7))(x)}
r(wX.P) = vX{(x.7) | r(P(7))(x)}
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Program extraction

Soundness

From a closed derivation of a formula A one can extract a program
term M and a derivation of r(A)(M).

Proof: Induction and coinduction are realised by terms modelling
structural recursion and corecursion:

Itxps = somapyp(ltxps)
Coitx ps = mapyp(CoitxPs)os

The terms mapy p, which are defined simultaneously, realise the
monotonicity of P w.r.t. to X.
In fact, the following stronger statement is required:

r(®)(Pog) C r(®)(P) o mapxs(x)8



Program extraction

Program Extraction Theorem

A program term is called a data term if it is built from () by
pairing and injections.

A formula is is called a data formula if it contains no free predicate
variables and every subformula which is the premise of an
implication or of the form v®(%) is non-computational.

Theorem

From a proof of a data formula A, one can extract a program term
M with the property that M reduces to a data term provably
realising A.
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Program extraction

Remarks on related formal approaches

» Tatsuta defines g-realisability for coinduction and treats
quantifiers differently. He uses realisability to extract
witnesses for existential quantifiers while we we directly
extract witnesses for inductive and coinductive predicates.

» Escardd’s Real PCF is a typed A-calculus while our (and
Tatsuta's) realisers are untyped. Real PCF is intended to be
used as a programming language by humans. Real PCF terms
can be viewed as fragments of proofs. Can Real PCF be
enriched to a full proof calculus?
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Program extraction

The realisers of Cay

In order to get an intuitive understanding of realisability one can
assign types to realisers.

Recall:

AV = {an|d€SD}
Cav = vXA{d(x)|deAV,x e X}

The type of realisers of Cav(x) is

SD¥ :=va.SD x «
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Program extraction

The realisers of Cay av

Recall:
Cavav = vF.uG.
{eof:I—-1|ecAV,feF}U
{h:T1—1|VYde AV hoavy € G}

The type of realisers of Cay(f) is

va . pfB.SD x a + (3

= Hancock, Pattinson, Ghani.
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Program extraction

Understanding vor. uf3.SD x a + 33

Define T as the largest solution of the domain equation
T=SDxT+T?

i.e. the elements of T are non-wellfounded trees with two kinds of
nodes:

» Writing nodes: W(d,t) where d € SDand t € T.
» Reading nodes: R(t_1,ty,t;) where t; € T.

va . puf3.SD x a + 33 corresponds to the set of those trees in T
that have on every infinite path infinitely many writing nodes.
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Metric digit spaces

Metric spaces

A metric space X = (X, o, P) consists of
> aset X,
> a metric o on X,
> a dense set P C X (of concrete elements).

For a rational number € > 0 and p € P we define

Be(p) = {x € X | o(p,x) < ¢}

For convenience, we only work with metric spaces that are
bounded, i.e. X C Bp(p) for some M >0 and p € P.
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Metric digit spaces

Uniform continuity
Let X = (X,P,0) and Y = (Y, Q, 7) be metric spaces.

Let 0, € range over positive rational numbers and x, x’ over X.

Recall that a function f : X — Y is uniformly continuous (u.c.)
if
VeddVx,x € X

o(x,x') <8 = 71(f(x),f(x)) <e
The computational content of this definition is a “backwards
function” that computes the § from the e.

This backwards function is neither sufficient nor useful for efficient
implementations of u.c. functions.

Therefore, we work with a different definition of uniform continuity.
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Metric digit spaces

m-continuity
Let again X = (X, P,0) and Y = (Y, Q, ) be metric spaces and
let p range over P, a, b range over R™, and set

5:={6€Q"|d<a}=(0,a]NQ.

A modulus is a relation m C QT x QT such that

Vb3a m[a] C b

A relation f C X x Y is m-continuous, if
v, p3e € m(8)Iq f[Bs(p)] € Be(q)

Note that the realisers of m-continuity have type Q x Q — Q x Q
and compute a “forward” information.

Lemma

A relation f C X x Y is m-continuous for some modulus m iff it is
a partial function which is uniformly continuous on its domain.
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Metric digit spaces

Lipschitz conditions and contractivity

For A > 0 we define
my = {(5,€) | € < A6}
Clearly, my is a modulus and my o m, = my,.
A relation f C X x Y is called Lipschitz if it is my-continuous for

some A > 0. If A < 1, we call f contracting.

Lemma A relation f C X x Y is A-continuous iff it is a partial
function and 7(f(x), f(x")) < A-o(x,x’) for all x,x" € dom(f).
Hence a function is Lipschitz iff it is Lipschitz in the usual sense.
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Metric digit spaces

Metric digit spaces
A metric digit space X = (X, 0, P, D) is a metric space (X, o, P)
together with a set of digits D C X — X.

(X,0,P,D) is called

» contracting if there is A < 1 such that all d € D are
contracting with factor A.

» invertible if d 1 is u.c. for all d € D.

» covering if there is an ¢y > 0 such that, for all ¢ > 0 and

p € P, either there exists d € D with B.(p) C d[X], or € > ¢o.

» finitely covering if there is a finite subset of D which is
uniformly covering.

Example: (I, AV) has all these properties.
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Metric digit spaces

Characterisation of uniform continuity

Characterisation Lemma

Let X = (X,0,P,D) and Y = (Y, 7, Q, E) be metric digit spaces.

Set U:={f: X =Y |fuc}and C:=Cppg.
(a) If X is contracting, and Y is invertible and covering,
then U C C.

(b) Assume D is finite. If X is invertible and finitely covering,
and Y is contracting, then C C U.

Corollary (change of digits)
Let (X, 0, P) be a metric space and let D,E C X — X. If D is
contracting, and E is invertible and covering, then Cp C Cg.

Proof
The identity function on X is u.c. and hence in Cp g, by (a).
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Case studies

lterated maps
The family of logistic maps (transformed from [0,1] to I = [—1, 1]):

fo:I—1, f(x)=ax(l-x3)—-1 (0<a<?2).

fa is 2a-Lipschitz, hence uniformly continuous (Lipschitz Lemma),
hence in C := Cay av € I — I (Characterisation Lemma (a)).

Hence the iterated maps f;" are in C (Composition Lemma)
and therefore define signed digit stream transformers (Application
Lemma).

The extracted program computes 100 digits of £,7(2/3), where
n < 600, in approximately 15 minutes (GHC).

The main point of this example is to demonstrate the memoizing
effect of the tree representation of u.c. functions (see also Hinze,
Altenkirch).

Similar case studies were carried out by Escardd, Plume,
Marcial-Romero, and Blanck (up to 10° iterations). 3445



Case studies

™

For the metric digit space (I, AV) we have /4 € Cp.

Proof We use the formula

-3 (3G G )
ie. /4 = fo(fi(...)) where

1 nx
fo(x) == §+ TR

Hence we have 7/4 € Cg where F := {f, | n € N}. Since F is
contracting and AV s invertible and covering, it follows, by the
Change of Digits L., 7/4 € Cp.
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Case studies

Integration

For a co?tinuouslfunction f:I— R we set
Jf= [, f= [, f(t)dteR.

Lemma

(a) [(avjo f) = avy([f)
(b) [f=3(f(foav_y)+ [(foav)).

(see also Escardd, Simpson, Scriven)

Integration Lemma
Let (X, o, P, D) be a covering and invertible metric digit system
and f € Cpgav av. Then the function mapping (a, b, x) € 12 x X

to fab f(x, t)dt is well-defined and uniformly continuous.
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Conclusion

Conclusion

» “Proofs as programs” deserves a “last chance”.

» New (correct!) programs extracted that would have been
difficult to “guess”.

» Using a fine tuning of realisability it is possible to do abstract
mathematics as usual, and still get computational content.

» A viable approach to GC6 (Dependable systems evolution,
verifying compiler)?

37
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Conclusion

Further work

» Clarify connections with related work.

» Implement and automate (joint work with the Munich logic
group (Minlog) and Anton Setzer (Agda)).

» Overcome limitations: no finite system of contracting and
uniformly covering digits exists on the compact metric space
of non-empty compact sets with the Hausdorff metric (joint
work with Dieter Spreen).

» Power series via higher type digits.

v

“Realiser sensitive” logic:
Vx (A(x) — B(x) — C(x)) vs.
Vx (A(x) — =B(x) vV C(x)) for decidable B(x).
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